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CAXBRnrai: 
PBIVTSD  AT  THX  UVIYXBaiTT  FRI8& 


PREFACE  TO  THE  FIRST  EDITION. 


The  design  of  this  Work  is  to  facilitate  the  stadj  of  Theoretical 
Mechanics,  hj  presenting  to  the  student  a  systematic  collection 
of  Problems  in  illustration  of  the  more  important  principles  of 
the  science.  The  want  of  anj  such  treatise,  it  is  believed,  has 
been  felt  bj  manj  as  a  serious  impediment  to  the  acquisition 
of  adequate  ideas  in  this  branch  of  mathematical  philosophy. 
Much  importance,  it  may  be  observed,  was  attached  by  the  great 
discoverers  of  the  mechanical  theories  to  the  full  discussion 
of  numerous  problems,  as  will  be  evident  from  a  reference 
to  the  works  of  the  three  Bemoullis,  of  Leibnitz,  and  of 
D'Alembert,  and  to  the  beautiful  investigations  scattered 
throughout  so  long  a  series  of  volumes  of  the  St.  Petersburgh 
Transactwna,  by  the  liberal  hand  of  Euler. 

The  author  of  this  volume  has  endeavoured,  as  much  as 
possible,  to  direct  the  attention  of  the  student  to  the  original 
memoirs  of  which  he  has  so  largely  availed  himself.  This 
he  has  done,  partly,  to  enable  the  beginner  to  obtain  more 
detailed  information  than  is  compatible  with  the  nature  of 
this  work,  on  particular  questions  which  may  excite  an  interest 
in  his  mind:  his  chief  object,  however,  has  been,  to  oflFer 
every  facility  to  those  who  have  already  overcome  at  least 
the  elementary  difficulties  of  the  subject,  for  acquiring  a 
practical  familiarity  with  the  historical  development  of  the 
science.  Although  it  be  admitted  that  useful  and  exact  knowledge 
may  be  obtained  from  even  an  exclusive  perusal  of  the  concise 
and  methodical  treatises  which  are  generally  adopted  for  the 
purpose  of  academic  instruction;  yet  it  may  be  asserted  with 
confidence,  that  an  excessive  adherence  to  such  a  system  of 
study,  must  deprive  the  student  of  much  delightfrd  and  most 
valuable  information. 


IV  PREFACE   TO  THE   FIRST   EDITION. 

In  legard  to  the  mode  in  which  the  author  of  this  treatise  has 
completed  the  task  which  he  has  proposed  to  himself,  he  feels 
every  degree  of  diffidence,  and  would  willingly  that  it  had  been 
undertaken  by  an  abler  hand.  In  apology  for  the  imperfections, 
of  which  either  he  is  himself  aware  or  which  may  have  eluded 
his  observation^  he  can  plead  only  the  fact  of  engrossing  occupa- 
tions, or  of  perhaps  insufficient  preparation  for  a  work  requiring 
greater  research  than  was  originally  contemplated. 

Many  of  the  problems  in  this  volume  have  been  extracted, 
with  appropriate  modifications,  from  the  Ancient  Transactions  of 
the  various  Academies  and  learned  Societies  of  Europe ;  many 
have  been  selected  from  the  Cambridge  Senate-House  Papers ; 
and  for  not  a  few  the  author  is  under  obligation  to  the  contribu- 
tions of  his  friends.  In  arriving  at  original  sources  of  informa- 
tion, it  is  scarcely  necessary  to  state  that  great  assistance  has 
been  obtained  from  the  historical  matter  of  Lagrange  a  Micamque 
Analytique,  and  from  MorUttda's  Hiatoire  des  MatMmatiques. 

Cambsidob,  October,  1842. 


PREFACE  TO  THE  SECOND  EDITION. 


In  preparing  for  the  press  a  Second  Edition  of  this  Treatise,  the 
author  has  adhered  to  the  general  design  of  the  First  Edition ; 
he  has,  however,  effected  numerous  alterations  and  corrections, 
many  of  which  are  due  to  the  kind  suggestions  of  readers  of  the 
work ;  he  has  also  considerably  augmented  the  matter  of  those 
chapters  which  in  the  former  edition  appeared  to  be  inadequately 
supplied  with  problems.  Certain  entirely  new  chapters  have 
also  been  written;  one  on  the  Attractions  of  Solid  Bodies,  two 
on  Miscellaneous  Problems,  and  one  on  Live  Things. 

Cambridge,  Bth  September^  1855. 
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STATICS. 


CHAPTER  I. 


CENTRE  OF  GRAVITY. 


Let  dm  represent  an  element  of  the  mass  of  a  body  at  any 
point  Xj  y,  Zj  referred  to  any  three  co-ordinate  axes,  rectangular 
or  oblique,  and  let  x,  y,  z,  denote  the  co-ordinates  of  the  oentj-e 
of  gravity  of  the  body ;  then  the  formulas  for  finding  the  values 
of  X,  y ,  Zy  are 

jxdm  lydm  Iz 

5=-7 ,     y  =  —f — ,      i  = 


Izdm 


\dm  Idm  \dm 


the  limits  of  the  integrations  being  determined  by  the  form  of 
the  body. 

K  the  body  be  bounded  by  a  surface  expressible  by  a  single 
algebraical  equation  in  a;,  y^  z,  the  evaluation  of  each  of  the 

expressions  ixdnif  lydm,  Izdm,  \dm,  will  require  the  perform- 
ance of  the  operation  of  integration  on  a  single  function  of 
a?,  y,  Zy  between  appropriate  limits;  if,  however,  the  body  be 
bounded  by  discontinuous  surfaces,  the  evaluation  of  each  of 
these  expressions  will  require  the  integration  between  proper 
limits  of  several  Amotions  of  a?,  y,  «,  corresponding  to  the  several 
discontinuous  surfaces;  the  sum  of  the  definite  integrals  of 
these  functions  being  the  required  value  of  the  expression. 

The  idea  of  the  centre  of  gravity  of  material  bodies  is  due 
to  Archimedes,  by  whom  the  centres  of  gravity  of  various  areas 
w.  s.  1 


2  CENTRE  OF  ORAYITY. 

were  investigated  in  his  treatise,  entitled  'Eircircd«ir  UroppoKucw 
9  KsPTpa  pap&w  ivttndmp.  He  likewise  determined  the  centre  of 
gravily  of  the  parabolic  conoid.  Among  the  mathematical  suc- 
cessors of  Archimedes  who  have  cultivated  the  science  of  the 
centre  of  gravity,  may  be  mentioned  Pappus*,  Gnido  Ubaldi*, 
Lucas  Valerius*,  La-Faille*,  Guldin*,  WaUis*,  Carr^^  Varignon®, 
Clairaut^ 

Sect.  1.     Symmetrical  Areti. 

Let  X  be  the  abscissa  and  y  the  ordinate  of  any  point  in  the 
circumference  of  a  plane  area,  symmetrical  with  respect  to  the 
axis  of  x;  the  axes  of  co-ordinates  being  either  rectangular  or 
oblique.  Then  the  centre  of  gravity  of  any  portion  of  this  area 
intercepted  between  any  assigned  pair  of  double  ordinates  will 
lie  in  the  axis  of  a?,  and  its  distance  x  from  the  origin  will  be 
given  by  the  formula 


jxjf  dx 

^«7 — 

jydx 


where  the  integrations  are  to  be  performed  between  limits  de- 
pending npon  the  positions  of  the  intercepting  ordinates. 

The  value  of  x  is  sometimes  more  readily  obtained  by  polar 
co-ordinates,  when  the  formula  will  be 


-//• 


\f^coB0d0dr 

Ijrd0dr 
where  r  denotes  the  distance  of  any  point  within  the  area  from 

>  Maihemai,  ColUeL,  lib.  8,  publUhedJor  tkejbrti  time  in  1568. 

'  In  duo$  Arekimedu  ^qu^nderanUum  Ubrot  Parapkrans,  IBdS. 

"  De  Cattro  QramiaHs  SoKdorum,  1001. 

*  De  CeiUro  OrcaniaJtU  parHMM  CireuU  et  Ettiptie  Theor^mata,  1032. 

^  Centrobaryea,  1635. 

"  OperOf  torn.  i.  cap.  4  et  5, 1670.  . 

7  Afeture  dee  Sttrfaeee^  1700. 

"  Mim,  de  i  Acad,  dee  Seiencee  de  Paris,  1714. 

»  Mim.  de  VAead.  dee  Seiencee  de  Pane,  1731,  p.  159. 
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the  origin,  and  0  the  inclination  of  r  to  the  axis  of  x.  The 
nature  of  the  limits  in  the  double  integrations  will  depend  upon 
the  form  of  the  area  in  eax^h  particular  case. 

Supposing  the  area  to  consist  of  several  portions,  the  bounda- 
ries of  which  are  defined  by  distinct  equations,  the  above  for- 
mula must  be  replaced  by 


x  =  — , 

I.  jjf^  cos  0d0dr 
^{{rdedr 


■II' 


where  2  represents  the  summation  of  the  integrations  performed 
in  regard  to  the  several  portions  of  the  area. 

(1)  To  find  the  centre  of  gravity  of  the  area  of  any  portion 
BA  G  (fig.  1)  of  a  parabola  cut  off  by  any  chord  BC. 

Let  JF^  be  a  tangent  to  the  parabola  at  a  point  P  parallel  to 
the  chord  GB\  firom  P  draw  Px  parallel  to  the  axis  of  the 
parabola.  Then,  Px  and  Py  being  taken  as  the  axes  of  x 
and  y,  the  equation  to  the  curve  will  be 

y*  =  imx,  ^ 

m  being  the  distance  of  the  point  P  firom  the  focus. 

Hence,  if  PJ?  =  a, 

\  xydx      \  a^dx         % 
I  ydx       I  a^dx     t^ 

Jo  Jo 

Archimedes,  'EirisrcdMv  Uroppowuc&v^  Lib.  il.  Prop.  8 ;  Guldin,  Ceu" 
trcbaryca,  Lib.  I.  cap.  9,  p.  121. 

(2)  To  find  the  centre  of  gravity  of  the  area  of  the  Cissoid  of 
Diocles,  JEAE\  (fig.  2). 

1—2 


CENTBE  OP  GRAVITY. 

The  equatidn  to  the  conre  is 


a  —  x 

I 


hence  x^''-. \}2^ (Ij. 


x« 


but  1 i  da?  =  —  2a*  (a  —  a;)^  +  6  (x*  (a  —  a:)^  dir, 

and  therefore  I  r  <ic  =  5  /  ia?*  (a  —  a?)"  die 

^o(a-a;)*  -'o 

=  5al   rcfe  — sl  ^da;  =  |al  \dx\ 

^o(a  — a;)*  •'•(a  — a:)*  •'•(a  — a:)* 

hence  from  (1)  we  have 

I  ;  dx 


(a  — a;)" 


hia-'xY 


(3)  To  find  the  centre  of  gravity  of  the  sector  ABG  (fig.  3) 
of  a  circle,  of  wliich  C  is  the  centre. 

From  G  draw  the  straight  line  CBlx  bisecting  the  sectorial 
area ;  and  draw  Cy  at  right  angles  to  Cx.  Let  (7J?=  a,  and 
^  ACx=^a\    then,  Cxy  Cy^  being  the  axes  of  x  and  y. 


i 7 (1). 

^lydx 


Now  the  equations  to  the  straight  line  CA^  and  to  the  circle  of 
which  AEB  is  an  arc,  are  respectively 

y  =  .T  tan  a,    y*  =  a'  —  a^ ; 
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also  CF  is  equal  to  a  cos  a ;  hence 

sfayda;^  r"**tanaaj*<ir+r     aj(a»-a:^*d!r (2), 

and     'Zjydx=^r     tanaajdic+[       {cf-^a^^dx. (3). 

Now,  by  the  ordinaij  processes  of  the  Integral  Calculus, 

I       tan  aa?dx=ia^  sin  a  cos' a, 


and  r     a;(a"-a:')*da:  =  Ja*8in*a; 

hence  from  (2)  we  have 

J^ix}fdx:=:^a*  sina (4). 

Again,  I       tanaxe2a;s=^a' sina  cosa, 

i^d  I       (a'-aj*)*(ic«i(a'a  — a'sinacosa); 

hence  from  (3)  we  have 

Z  lyc2a;s^a'a (5). 

From  the  relations  (1),  (4),  (5), 

^  a'  sin  a     «    sin  a 
^aa  a 

This  result  however  may  be  obtained  more  readily  by  polar 
ocHordinates :  let  P  be  any  point  in  the  area  of  the  sector; 
CP=^ry  ^FCx=^0;  then 

af^coB0d0dr     ia^f  coB0dd 
0  J-*  4    sma 


6  CENTBB  OP  GRAVmr. 

We  might  have  effected  the  double  integration  in  a  different 

order;   thus 

j;-       w      "•      K 

*^  TtrF¥tL  .-a 

I  /    rdrdO  2a  I  rdr 

2  sin  aAcf     «    sin  a     «  radius  x  chord 
2a.  ^a'        *       a       *  arc 

According  to  the  former  order  of  integration,  the  sector  A  GB 
is  conceived  to  be  subdivided  into  an  infinite  series  of  infinite* 
simal  triangles  having  a  common  vertex  (7,  their  bases  being 
elements  of  the  arc  AJEB;  according  to  the  latter  order,  we  con- 
ceive the  sector  to  be  made  up  of  a  series  of  circular  rings  of 
indefinitely  small  breadth,  having  a  common  centre  C. 

Carr^ ;  Mesure  des  SurfixceSy  &c.  p.  76. 

(4)  To  find  the  centre  of  gravity  of  the  segment  AEBF 
(fig.  3)  of  a  circle* 

The  construction  and  notation  remaining  the  same  as  in  the 
preceding  example,  produce  CP  to  cut  the  chord  AB  in  Q  and 
the  arc  AEB  in  R. 

Then,  if  CQ^t\ 


-_  U; 


f'  COS  ddddr 

*~       Pv«  (^)* 

M  rdBdr 


Now,  since  r'  =  a a  >  we  have 

'  cos  r' 


Jycostfd»rfr=J(a*-Ocos^d»  =  Ja*(l-^)costfd»; 

hence        fyfcoB0d0dr^ia'ncoB0^^^d0 

=s  Ja*  (sin  0  —  cos* a  tan 0),    fi-om  ^  =  —  a  to  ^=  +  a, 
=  fa'(sina  — oos'a  sin  a)  =|a*  sin' a (2). 
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Again,        j^rde^fe— i(a«-0<W-ia»(l-^)d», 
and  therefore 

8  fl^  (a  —  sin  a  COB  a) (3). 

Hence,  from  (I),  (2),  (3),  we  get 

5  =  |a 


sin' a 


a  —  sin  a  cob  a 


This  resolt  maj  be  obtained  as  easily  by  rectangular  co- 
ordinates ;  thus,  putting  a  cos  a  ss  a', 

I  xydx 

^-^f. W; 

j  ydx 
but  y*  =  a*  — a?; 

hence  I  xydx^\  xicf  —  a?y  dx 

J  a'  J  a' 

=  — J(a*  — a^*,  between  limits,  as|a'sin*a • (5). 

Again,  \ydx^\  {cf^sfydx 

=5  (a*  —  a^*  a?  +  la^  (fl^  —  a?)"*  cfe,  between  limits, 

»=i(a*  — a^^aj  +  ^o'sin'*-,  from  x^a  to  a?^a, 

s:  — ^fl^s]nacoBa  +  ia'a»^a^(a  — sinacosa) (6). 

Hence  from  (4),  (5),  (6),  there  results 

,           sin'  a 
X  =  «a : . 

^    a  —  8m  a  cos  a 


• 
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In  the  i&tegratioxis  by.  polar,  co-ordinates  .the  segmental  area 
is  conceived  to  be  made  up  of  fnistoms  of  an  infinite  nmnber  of 
infinitesimal  triangles  intercepted  by  the  chord  AB^  C  being 
the  common  vertex  of  the  triangles,  and  a  series  of  elements  of 
the  arc  AEB  heing  their  bases;  on  the  other  hand,  when 
rectangular  co-ordinates  axe  made  use  of,  the  segment  is  con- 
ceived 'ta  be  made  up  of  an  infinite  ntimber  of  indefinitely  thin 
parallelograms  parallel  to  the  chord  AB. 

Guldin ;   Centrobaryca,  Lib.  I.  cap.  9,  p.  107. 

(5)  To  find  the  centre  of  gravity  of  any  portion  of  a  semi- 
cubical  parabola  comprised  between  the  curve  and  a  doable 
ordinate. 

The  equation  to  the  curve  being  a^^s?,  we  shall  have 

(6)  To  find  the  centre  of  gravity  of  the  whole  area  of  the 
curve  of  which  the  equation  is 


X 


X  =  Ja. 

(7)  To  .find  the  centre  of  gravity  of  a  semi-ellipse,  the  bisect- 
ing  line  being  any  diameter. 

If  the  bisecting  diameter  be  taken  as  the  axis  of  y,  and 
the  conjugate  diameter  as  the  axis  of  x,  the  equation  to  the 
ellipse  will  be 

and  we  shall  have  5  =  — -  , 

Guldin;    Centrobaryca^  Lib.  I.  cap.  9,  p.  115. 

(8)  To  find  the  centre  of  gravity  of  a  loop  of  the  Lemniscata 
of  Jameis  Bernoulli. 

The  equation  to  the  curve  being  r^^^cf  cos  20,  we  shall  have 
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(9)  To  find,  the  centre  of  gravity  of  the  whole  area  of  a 
cycloid. 

The  equations  to  the  cycloid  being 

.    a?  =  a(l  — coa^,         y  =  a(5  +  8in^, 

.we  shall  have  x  ^  ia. 

Sect.  2.     Area  not  Symmetrical. 

The  fi>rmulse  for  the  determination  of  the  co-ordinates  of  the 
centre  of  gravity  of  an  area  not  symmetrical  with  respect  to 
either  of  the  axes,  are 

uxdxdy  \\ydxdy 

\\dxdy  ildxdy 

X  and  y  in  these  expressions  are  the  co-ordinates  of  any  point 
whatever  within  the  area,  and  the  limits  of  the  double  integra- 
tion will  depend  upon  the  form  of  the  bounding  curve. 

It  frequently  happens  that  the  method  of  polar  co-ordinates  is 
more  convenient  for  the  determiiLation  of  x  and  y  than  that  by 
rectangular  co-ordinates:  the  formulas  will  be 

jjf^  coQ0d0  dr  jjr'  sin  0  dBdr 


«= — 77 »  y  = 


\\r3Bdr  //, 


dJddr 


(1)   To  find  the  centre  of  gravity  of  the  area  CPD  (fig.  4)  of 
an  ellipse,  where  OP,  (7i>,  are  two  conjugate  semi-diameters. 

K  GP^a,  GD^h,  and  GP,  CZ>,  produced  indefinitely,  be 
taken  as  the  axes  of  a;,  y,  the  equation  to  the  ellipse  will  be 

.      /"^(o'-aO (1); 

and  for  the  position  of  the  centre  of  gravity  we  have,  indicating 
the  limits  of  integration. 
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I  I  xdxdy  I  I  ydxdy 


0*'  0  -^  0''  0 

the  value  of  y  in  the  limit  being  pm  in  the  figure ;  in  the  inte- 
gration  indicated  with  lespect  to  y,  the  figure  pqnm  is  consi- 
dered as  being  made  up  of  an  infinite  number  of  indefinitely  small 
parallelograms  y^';  and  in  the  integration  indicated  with  re8pe(!t 
to  X,  the  whole  figure  CPD  is  conceiyed  to  be  composed  of  an 
infinite  number  of  indefinitely  thin  figures  such  Bsjpgnm. 

I  I  xdxdy^j  xydx^-\  a;(a*  — a^)*da?, 

since  the  value  of  y  in  the  limit  coincides  with  the  ordinate  in 
the  equation  (1) ;  hence 


U: 


a?da;rfyss  — J-(a"— a^*,  firomajssO  to  x^a^ 


Again,  I  1  dxdy  ^  j  ydx 

Hence  by  the  general  formula  for  x  we  have 

-      Wft      4a 

Again,  I  1  ydxdy  ^^f  ^dx 


and  therefore  5  =  i — -  ss  -—  , 

^      i'trab     Sir ' 

a  result  which  might  have  been  foreseen  firom  the  value  of  x* 

Instead  of  the  order  of  the  limits  which  we  have  chosen,  we 
might  equally  well  have  integrated,  first  with  respect  to  x  and 
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then  with  respect  to  y,  when  the  fonniiliB  for  x  and  y  wotQd 
have  been 

I  /   xdydx  I  I  ydydx 

(2)    To  find  the  centre  of  gravity  of  the  segment  APBp 
(fig.  5)  of  an  ellipse  cut  off  by  a  qnadrantal  chord  ApB. 

Let  CA^a,   CB^h,  CM^x,  PM^y,  pM^y'\  then  the 
equations  to  the  ellipse  and  to  the  chord  will  be 

It  r 

»*=j(^-«^>  y'=-(«-«) (1). 

The  formula  for  x  will  be,  indicating  the  limits, 

I  I   xdxdy 

j  j   ^dy 

Now  j  \   xdxdy— \  {y-y')xdx 

==  -  /  {(fl?—  fic^*  —  (a  —  aj)}  «?£&,  by  the  equations  (1), 

=  *  {-iCfl^-^'-i^a^  +  JA    from  «*0  to  aj  =  a, 


b 
a 


Also  jTdasdy=j'(if-y')dx  =  ^j'{{<f-a>)i-{a-x)]dx 

=  ^/'(a*-«^»<fe-|(«*-ia«) 


=  ^(i'r«'-i«^  =  i(T-2)a*. 


Hence  from  (2)      5  =  1 . 

Similarly  we  should  eyidentlj  get 

-     .     h 


12  CENTRE  OF  GRAVITT. 

(3)  To  find  the  centre  of  gravity  of  the  area  K8L  (fig^  6) 
of  a  parabola,  of  which  8  is  the  focus,  and  SK^  SL,  any 
two  radii. 

Take  8  as  the  origin  of  co-ordinates;  also,  A  being  the 
vertex  of  the  parabola,  let  A8x  be  the  axis  of  x,  and  8y  at 
right  angles  to  8x  the  axis  of  y.  Let  iSP=r,  ^A8P^0y 
A8^m.  Then  for  the  position  of  the  centre  of  gravity,  if 
^A8K^ay  ^ASL^fi, 

I  [Vcos  (ir-ff)  (Wdr  (  [Vsin  (tt  -  ^  d0dr 

I       rdOdr  /    1   rdOdr 


Now  r^cos  (x-  ^)  (Wrfr  =  Jr'cos  (w-  5)  d^^-ir^cos^dS; 
but,  by  the  nature  of  the  parabola, 


m 


cosH^' 
hence         I   r'cos  (ir- ^  dtfdr  =  — J7ii*-^|-^rffl, 

•/  0  cos   w  17 

andtherefore     f'rr'co8(w-^«W<fi-  =  - Jm'f-^^dS; 

J  a  ■/  0  •^  •    cos  "J"  Cf 

,    ,   cos^       1-tan'i^      1  l-tan»ifl     „    ,    ,,^,      ,,^ 

but  ^;^^ei/i=i  .  X    »?/| — eT3  = rr|-=(l-tan"i^)8ec*i^; 

008**^^     l  +  tan'i^cos*'^^        cos*^tf       ^  a  /        a    > 

hence 

I  JVcos  (tt- 5)  dtfdr  =  ^  Jw* r sec"i^(l - tan"i^)  sec^i^rf^ 


=  -  i^^^l         (1  -  tan^i^)  2drtan  ^0 

J  tenia 

=  -  Jw*{tani/ff-  tanja- J  (tan*^^  -  tan'^a)}. 
Alao  JXrdedr  =  ^jyde^w[^, 

=  iw*f        (l  +  tan*i^2dtani^ 

•'tenia 

=  m"  {tan  J/S  -  tan^a  +  i  (tan'i^  -  tan'^a)). 
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Hence  ;_  2"»*  (teP'^/3- Wi«)  -  (tan^/3-t«ni«) 

3  i(ten'i/5-tan'io)  +  (tani/3-tania)  * 

Again,         j'T  r'ain{v-0)cl0dr  =  ^r  t'smdiie 

= **"  J.  35?p '^^ = **"  J.  a3?p '^ 

and  therefore 

-__.  sec*  ^i8  — sec*  J  a 

^~*^J(tan'i)3-tan»ia)  +  (tan4/3-.tania) 

"■  3    J(tan'ii8-tan'ia)  +  (tanii8-tania)  ' 

Let  SQ  be  a  radiua  vector  very  near  to  8P;  and  let  pq,  p'q\ 
he  two  circular  arcs  described  about  S^  as  a  centre,  with  radii 
l^y  8p\  very  nearly  equal  to  each  other.  In  the  integrations 
which  we  have  executed  for  the  determination  of  the  values  of 
X  and  y,  we  have  first  conceived  the  indefinitely  thin  triangle 
P8Q  to  be  made  up  of  an  infinite  series  of  infinitesimal  paral- 
lelograms pqpqy  and  we  have  then  conceived  the  whole  area 
K8L  to  be  composed  of  an  infinite  number  of  indefinitely  thin 
triangles,  such  as  P8Q :  thus  the  expressions 

7^  cos  (tt  —  6)  Mdty    r'  sin  (tt  —  S)  dBdvy 

represent  the  moments  of  the  9Xt»,pqpq  about  the  axes  oiy  and 
X ;  the  expressions 

[Vcos  {ir  -  ef)  dBdr,     fr' sin  {ir-0)  d0dr, 

J  0  Jo 

the  moments  of  the  area  8PQ  about  the  axes  of  y  and  x ;  and 
the  expressions 

rfVcos(7r-^>€Z5c?r,    J^^J V sin  (tt  -  ^  cW A-, 
the  moments  of  the  whole  area  K8L  about  the  axes  of  y  and  x. 
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Also  the  ezpressions 

riBdr,     frdddr^'  j  f  rdOdr, 

denote  respectiyely  the  9ie»spqpq\  PSQ^  K8L. 

(4)  To  find  the  centre  of  gravity  of  the  area  of  a  quadrant  of 
a  circle* 

The  equation  to  the  circle  being 

we  shall  have  5  =  r— ,    y  =  s"- 

(5)  AB  (fig.  7)  is  a  parabola,  of  which  the  equation  is 
a"^*y  =  ar;  to  find  the  centre  of  gravity  of  the  area  PMNQ^ 
comprised  between  two  ordinates. 

If  AM^  a,  AN:^a\  we  shall  have 

Oarr^ ;  Mesure  dea  Surfixcesy  &c.  p.  80. 

(6)  Cxy  Chfy  are  asymptotes  to  an  hyperbola  EAFj  (fig.  8) ; 
PMy  QN,  are  parallel  to  yC;  to  find  the  centre  of  gravity  of 
the  area  PMNQ. 

Jfajbyhe  the  semiaxes  of  the  hyperbola;  Cb,  (7y,  be  taken 
as  the  axes  o{x,tf;  and  CMy  CN,  be  denoted  by  a,  a' ;  then 

a'  — a  --o'  +  y       a— a 


log  a'  — log  a'    ^     ^    (ML     loga'  — loga' 

(7)  To  find  the  centre  of  gravity  of  the  portion  of  the  area  of 
the  curve  y  =  sin x,  between  x^O  and  x^ir. 

(8)  To  find  the  centre  of  gravity  of  the  area  included  between 
the  axes  of  co-ordinates  and  the  parabola  of  which  the  equa- 
tion is 

©'-  (!)'=  '• 
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(9)     To  find  the  centre  of  gstrnty  of  the  area  intercepted 
between  a  straight  line  y^  fix  and  a  parabola  y  =  ifiu;. 

-  __  Sm       -  _  2m 


Sect.  3.    Solid  of  Bew>ltition. 

Let  a  solid  of  revolution  be  generated  by  the  rotation  of 
a  plane  cnrve  about  the  axis  of  x ;  then  the  centre  of  gravity 
will  be  within  the  axis  of  x,  its  position  being  given  by  the 
formula 


jjxjfdxdy    jx(jf-y'^dx 
jjydxdy       Uf  -  y'*)  dx 


ify  y\  being  the  limiting  values  of  y  for  any  assignable  value  of 
x\  if  y  s 0,  we  have 

Xoc^dx 


a?  = 


Wdx 


If  polar  co-ordinates  be  adopted,  which  are  frequently  con* 
venient,  the  formula  will  be 


. //• 


Jr'  sin  tf  cos  ddBdr 

Xss 


Ih 


sin  OdOdr 


the  pole  being  taken  at  the  origin  of  Xy  and  0  being  the  angle 
of  inclination  of  the  radius  vector  r  to  the  axis  of  x. 

(1)    To  find  the  centre  of  gravity  of  the  segment  of  a  sphere. 

The  centre  of  the  generating  circle  being  taken  as  the  origin, 
its  equation  vnll  be 

a?  +  y"  =  a" (1); 

and,  c  being  the  distance  of  the  centre  of  the  plane  face  of  the 
segment  from  the  origin, 
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^=~^ (2); 

but  I   x^ckc-j   {a*-a?)xdx,  from  (1), 

=  JaV  — Ja?*,   from  a?  =  c  to  a?  =  a, 

also  I  ^dx=j   (c?-of)dx 

^cfx  —  ^af,   from  a;  =  c  to  a;  =  a, 

hence  from  (2), 

*2a'-3a"c  +  c"     *  2a  +  c  ' 

If  the  segment  become  a  semi-circle,  then  c==0,  and  therefore 

5  =  fa. 

Lucas  Valerius ;  De  Centt'o  Oravitatia  Solidorumy  Lib.  Ii.  Prop. 
33,  and  Lib.  III.  Prop.  31.  Guldin;  Centroiaryca,  Lib.  I.  cap. 
11,  p.  130,     Wallis;   Opera,  tom.  I.  p.  728. 

(2)  To  find  the  centre  of  gravity  of  the  solid  formed  by  the 
revolution  of  the  sector  of  a  circle  about  one  of  its  extreme 
radii. 

Let  /3  denote  the  angle  between  the  extreme  radii  of  the 
sector;  then,  the  centre  of  the  circle  being  the  origin  of  a;, 
and  a  the  radius, 

[  I  i^sm0cos0dedr 
/       f^Bm0d0dr 

•^  A  J  ft 


o-»o 


but  /  /  /sin5costfrftfcfo'  =  Ja*  I    smOcosddO 


©•'O  "^  0 


=  Ja*[  sin25J5  =  Aa*(l-cos2/9), 
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and       [  [Vsin^rf^rfr^Ja'f  8m^eW  =  Ja"(l-co8y8); 

hence  from  (1)  we  have 

«  =  Aa-; ^  =  fa(l  +  co8j8)=s}aco8'iy8. 

1  — cosp      **    ^  *  * 

We  might  equally  well  have  integrated  the  nmnerator  and 
denominator  of  (1),  first  with  respect  to  6,  and  afterwards  with 
respect  to  r.  In  the  one  order  of  integration,  we  conceive  the 
sector  to  be  made  up  of  an  infinite  nnmber  of  thin  triangles,  of 
which  the  centre  of  the  circle  is  the  common  vertex ;  in  the 
other  order,  the  sector  is  conceived  to  be  made  up'  of  an  infinite 
nnmber  of  infinitesimal  rings,  having  the  centre  of  the  circle  as 
their  common  centre. 

Wallis ;  Opera^  Tom.  i,  p.  728. 

(3)  To  find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  parabolic  area  ABG  (fig.  9),  about  the 
tangent  Ax  at  the  vertex  J,  BC  being  at  right  angles  to  the 
axis  Ay  of  the  parabola. 

Taking  Ax^  Ay^  as  the  axes  of  Xy  y^  the  equation  to  the  carve 

will  be 

a?^imy. 

Let  AG^ay  BC=^b;  then 

xydxdy      I   {cf-^j^xdx 

ydxdy       I   {cf-r^dx 

=  2«i*  -^ ,  fiom  (2), 

(ayJ-y»)rfy 

2  J  -  fa' 

This  is  a  case  of  a  more  general  problem  given  by  Carr^, 
Mesure  dea  Surfhcea,  &c.  p.  93. 

w.  8.  2 


a:  = 
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(4)  To  find  the  centre  of  gravity  ^of  the  solid  formed  by  the 
revolution  of  any  parabola,  of  which  the  equation  is 

For  any  portion  of  the  solid  from  a;  =  0  to  a?  =  ft, 

ajas -^, 

2wH-47i 

(5)  To  find  the  centre  of  gravity  of  the  solid  generated  by 
^  the  revolution  about  the  axis  of  x  of  the  curve  cozresponding  to 

the  equation 

y  =  (a-rr)g)', 
between  the  limits  a;  =  0  and  x^a. 

Carr^ ;  Mesure  des  Surfaces^  &c.  p.  99. 

(6)  To  find  the  centre  of  gravity  of  the  frustum  of  a  parar 
boloid.- 

K  a,  ft,  be  the  radii  of  the  less  and  of  the  greater  ends,  h  the 
length  of  the  frustum,  and  x  the  distance  of  the  centre  of 
gravity  from  the  smaller  end; 

-_,^a'+2ft' 

(7)  To  find  the  centre  of  gravity  of  an  hyperboloid. 
If  the  equation  to  the  generatiag  hyperbola  be   . 

ft* 

we  shall  have  for  the  volume  between  a?  =  0  and  x  =  c, 

'^"■4(3a  +  c)* 

Carr^ ;  lb,  p.  97. 

(8)  ABC  (fig.  10)  is  a  portion  of  the  area  of  a  common 
parabola,  where  BC  is  at  right  angles  to  the  axis  Ax  of  the 
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parabola ;  to  find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  area  ABG  about  BC. 

Let  BG  =  b ;  then,  O  being  the  centre  of  gravity, 

Carr^ ;  lb.  p.  90. 

(9)  A  (7,  5(7,  (fig.  11)  are  the  semiaxes  of  an  hyperbola,  AD 
being  a  portion  of  the  curve  intercepted  by  BD  drawn  parallel 
to  CA ;  to  find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  area  A  GBD  about  CB. 

If  BG=b,  then,  O  being  the  position  of  the  centre  of  gravity 

in  BG, 

CG^^b. 

Carr^ ;  lb.  p.  97. 

(10)  To  find  the  centre  of  gravity  of  the  solid  formed  by 
scooping  out  a  cone  firom  a  given  paraboloid  of  revolution,  the 
bases  of  the  two  volumes  being  coincident  as  well  as  their 
vertices. 

The  centre  of  gravity  bisects  the  axis. 

(11)  To  find  the  position  of  the  centre  of  gravity  of  the 
volume  included  between  the  surfaces  generated  by  the  re- 
volution of  two  parabolas,  y*  =  ir,  y*  =  Z'  (a  —  a;),  round  the  axis 

of  X. 

-    ,   i  +  ar 

Sect.  4.    Any  Solid. 

Let  X,  y,  z,  be  the  co-ordinates  of  any  point  whatever  within 
any  assigned  solid ;  let  5,  y ,  i,  be  the  co-ordinates  of  the  centre 
of  gravity  of  this  solid ;  then 


jjjxclxdydz    '         \\\ydxdydz  jjjzdxdydz 

jjjdxdydz  jjldxdydz  llidxdydz 


where  each   of  the  triple  integrations  is  to  be  performed  in 
accordance  with  the  nature  of  the  bounding  surface  of  the  solid. 

2—2 
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(1)   To  find  the  centre  of  gravilj  of  a  portion  of  the  cone,  of 
which  the  equation  is 

y  +  ««  =  /8'aj*, 

which  is  contained  between  the  planes  of  ex,  xy,  and  a  given 
plane  parallel  to  that  oiyz. 

Let  a  be  the  length  of  the  axis  of  the  portion  of  the  cone : 
then 

I  I    /  xdxdydz  I  I    i  ydxdydz 

I  I     I  dxdydz  j  j    j  dxdydz 


\  I    I   zdxdydz 

nl  dxdydz 


0-'  0    •'  0 


Now  j  I    j  dxdydz  =  j  j    zdxdy 

=  I  ^ffofdx^^^a\ 
Also  /  /    /  ^^^ydz^j   I    xzdxdy 

=  [*[   x{^a?-t^^dxdy^(  x.^ir^a^dx 

hence  5  =  ,    ^  *  =  }«• 

Again,  I    I    \  ydxdydz^i   j   yzdxdy 


CO 


J  n 
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and  therefore 

Similarly, 

IT 

(2)  To  find  the  centre  of  gravity  of  half  the  solid  intercepted 
l)etween  the  surfaces  of  a  hemisphere  and  a  paraboloid  of  reyolu* 
tion  on  the  same  base,  the  latos-rectum  of  the  paraboloid  coin- 
ciding with  the  diameter  of  the  hemisphere,  and  the  solid  being 
bisected  by  a  plane  passing  through  its  axis. 

Take  the  centre  of  the  sphere  as  the  origin  of  co-ordinates, 

and  the  axis  of  the  paraboloid  as  the  axis  of  z ;  also  let  the  axis 

of  x  be  so  taken  that  the  plane  of  zx  coincides  with  the  bisecting 

plane;   and  take  the  axis  of  y  at  right  angles  to  this  plane. 

Then,  if  a  be  the  radius  of  the  sphere,  the  equation  to  the 

sphere  will  be 

ic?*+y»  +  «*  =  a», 

and  to  the  paraboloid, 

The  centre  of  gravity  will  be  somewhere  in  the  plane  of  yz,  and 
is  to  be  determined  by' the  formukB 

I    /    \ydxdydz  j     I    \  zdxdydz 

I    I    I  dxdydz  I     I    I  dxdydz  i 

where  of  is  taken  to  represent  (a'  — ar*)',  and  where  the  limits 

a',  «,  of  the  general  value  of  «,  are  its  values  for  any  assigned  | 

values  of  x  and  y  in  the  paraboloid  and  sphere  respectively. 

Now 

I 

[  dxdydz  ^  dxdy{z  -  gf)  ^dx.dy[{c?  -- ^-jTl^  - ^  (o'-aj'-y*)} }  ' 

hence  I    1  dxdydz  =^i  dirrfy {(a"-aj^-^)*-  — (a"-aj*-y^} 
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and  therefore 


Again, 


=  <fe {-  i (a*-  «»-  y«)«  - 1  (a«  -  a^  ^  +  ~y%  between  limite, 

=  e&{J{a'-arO»-^(a*-a?)'}; 


hence 


\J  j^ydxdydz  =  ^j*'((e-a?)*dx-^r{a*-ia^a?  +  x*)dx 

4     4      -   4     IStt  — 16  4 
Again 

j  zdxdydz^]^dxdy{sf^zr')^^dxdy{{a^''Qf'^^^^^ 

I    I  zdxdydz 

=i&;{(a'-a?)«-i{a'-ai^»-^(a«-ar^t+^^(a«-^)«-^.(a«-a=')t} 
between  limits, 


5a' 
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From  the  fonnulce  for  y  and  z  then  we  have 

(3)  udO(7  (fig.  12)  is  a  right-angled  triangle,  0  being  the 
right  angle;  AOBD  is  a  rectangle,  of  which  the  plane  is 
perpendicular  to  that  of  the  triangle;  from  every  point  R  in 
the  line  AG  2l  straight  line  RQ  is  drawn  to  meet  BD  in  Q,  in  a 
plane  at  right  angles  to  the  areas  of  the  rectangle  and  triangle ; 
to  find  the  centre  of  gravity  of  the  volume  so  generated. 

Let  OAx^  OBy,  OGz^  be  taken  as  axes  of  x^y^z;  fi»m  R 
draw  RM  at  right  angles  to  OA,  join  QMy  and  draw  PN  at 
right  angles  to  ^Jf;  let  OA^a,  OB=^b,  00  ^c;  OM^x, 
MN^  y,  NP=^  z\  z  being  the  distance  of  any  point  in  the 
line  PN  from  the  point  Ni  then  for  the  determination  of  the 
centre  of  gravity  we  have 


mr  /•«  rh  rw 

xdxdydz  i    /   I  ydxdydz 

\   \   \  dxdydz  \   \   \  dxdydz 


©•'CO  "^  0''  0*'  0 

ra  rb  nf 


J5  — 


dxdydz 

WW      0 


From  the  geometry  it  is  evident  that 


a—x b^y 


a 
hence  we  have 

>tt  rb 


no 
X  {a  —  x)  {b  -^  y)  dx  dy 

I   {a-x){b-y)dxdy 
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•'6 

/  /  {a'-x){b-y)dxdy  {h-y)dy      * 


0^0*^  •'  O''  0 


(4)  To  find  the  centre  of  gravity  of  the  portion  of  the  sphere 

which  is  cut  off  by  three  planes,  aj  =  0,  y  —  0,  «  =  0. 

5  =  y  =  i  =  |a. 

(5)  To  find  the  centre  of  gravity  of  a  portion  of  the  paraboloid 

y*  +  «*  =  ^mxy 
which  is  cut  off  by  the  three  planes  x^^a,  y  =  0,  «s=0. 

*  If  i  be  the  radius  of  the  section  of  the  paraboloid  made  by 
the  plane  X'=:aj  then 

x  =  ia,     y  =  «  =  j^. 

(6)  To  find  the  centre  of  gravity  of  a  portion  of  the  solid 
«*  =  a?y,  which  is  cut  off  by  the  five  planes  a?=:0,  y  =  0,  «=cO, 
x=ay  y^b, 

(7)  To  find  the  centre  of  gravity  of  the  volume  of  the  cylinder 
y*  =  2aaj  — a?,  which  is  cut  off  between  the  two  planes  z^fix, 
z^ffx. 

rc  =  |a,     y  =  0,     ^  =  S(^  +  /8')a. 
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(8)  A  solid  is  generated  by  a  variable  rectangle  moving 
parallel  to  itself  along  an  axis  perpendicular  to  its  plane 
through  its  centre;  one  side  of  the  rectangle  varies  as  the 
distance  £rom  a  fixed  point  in  the  axis,  while  half  the  other 
is  the  sine  of  a  circular  arc,  of  which  this  distance  is  the 
versed  sine ;  to  determine  the  distance  of  the  centre  of  gravity 
of  the  whole  solid  from  the  fixed  point. 

The  required  distance  is  equal  to  five-eighths  of  the  length 
of  the  axis. 


Sect.  5.    A  Plane  Curve, 

Let  a;,  y^  be  the  co-ordinates  of  any  point  of  a  plane  curve, 
and  let  da  denote  an  element  of  the  length  of  the  curve  at  that 
point;  then,  £,  y,  denoting  the  co-ordinates  of  the  centre  of 
gravity  of  any  assigned  portion  of  the  curve, 

\xd8  \y  da 

jefe  \d8 

the  integrations  being  performed  in  accordance  with  the  limits 
of  the  portion. 

The  idea  of  the  determination  of  the  centres  of  gravity  of 
curve  lines  is  due  to  La-Faille,  a  Flemish  mathematician,  by 
whom  it  was  applied  in  the  instances  of  portions  of  the  circle 
and  the  ellipse,  in  a  work  entitled  '^  De  centro  gramtatia  partium 
circuli  et  dlipaia  theoremataj^^  published  in  the  year  1632.  The 
theorems  of  La-Faille  were  afterwards  published  in  a  somewhat 
more  elegant  form,  and  with  amplifications,  by  Guldin ;  Centro- 
barycGy  Lib.  1.  caps.  4,  5,  6,  7. 

(1)  To  find  the  centre  of  gravity  of  the  arc  of  the  curve 
y^simx  from  a;  =  0  to  x^w. 

From  the  equation  to  the  curve  we  have 

cfo"  =:  (fo«  +  rfy«  =  ( 1  +  cos'  x)  (&* ; 
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hence  y=__=.^_ . 

Ida  I   (1  +  cos"  a;)»  db 

Now,  by  the  ordinary  processes  of  the  integral  calcolos, 

I   sinaj(l  +  cob" «)*&?«  2*  + log  (2*  +  l); 
also,  c  denoting  the  length  of  the  curve  from  x^O  to  x  =  irj 

c^  f'(H-cos"a?)*<fo=2*r(l-iBia'»)*^i 

an  elliptic  function  of  the  second  order:  hence  y.ia  given  by 
the  equation 

c^  =  2*+log(2*+l). 

(2)  To  find  the  centre  of  gravity  of  any  arc  of  a  circle. 

Let  the  centre  of  the  circle  be  taken  as  the  origin  of  co- 
ordinates, and  let  the  axis  of  x  bisect  the  arc ;  then,  if  a  be  the 
radius  of  the  circle,  c  the  chord  of  the  arc,  and  8  the  length  of 

the  arc, 

-     ac        _     - 

Gxddin ;    Cenirobarycaj  Lib.  I.  cap.  5,  p.  59. 
Wallis  ;    Opera,  Tom.  i.  p.  712. 

(3)  To  find  the  centre  of  gravity  of  the  arc  of  a  semicycloid. 
The  equations  to  the  curve  being 

aj  =  a(l— cos^),     y==o(^  +  sin^, 

we  shall  have 

S  =  i«,     y  =  (w'-|)a. 

Wallis ;  Opera,  Tom.  i.  p.  520. 

(4)  To  find  the  centre  of  gravity  of  the  arc  of  a  catenary 

y  =  ia{e^  +  i'% 
cut  off  by  any  assigned  double  ordinate. 
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If  2^  be  the  whole  lengih  of  the  intercepted  arc, 

_            -     ax+8v 
x=0,    y ^. 

(5)  To  find  the  centre  of  gravity  of  the  arc  of  a  parabola 
y  =  ^mXf  cut  off  by  the  latus  rectum. 

2*  +  log  (1  +  2*) 

(6)  To  find  the  centre  of  gravity  of  the  semi-arc  of  a  loop  of 
the  Lemniscata  of  James  Bernoulli. 

If  the  axis  of  the  loop  be  taken  as  the  axis  of  x,  the  node 
being  the  origin ;  then,  a  being  the  length  of  the  axis  and  I  of 
the  semi-arc, 

__  cf        -      (2*-l)a' 


Sect.  6.     Curve  of  Double  Ctirvature, 

The  formulae  for  the  determination  of  the  centre  of  gravity  of 
a  curve  of  double  curvature,  are 

Ixda  ly  da  jz  da 

i=-7 —  ,     y  =  -7 —  ,     5  = 


Ida  Ida  Ida 


where  x,  y^  Zj  are  the  co-ordinates  of  any  point  in  the  curve, 
and  da  an  element  of  the  arc  at  that  point :  the  limits  of  the  in- 
tegrations will  depend  upon  the  positions  of  the  ends  of  that 
portion  of  the  curve  of  wluch  the  centre  of  gravity  is  required* 

Ex.   To  find  the  centre  of  gravity  of  the  Helix. 

The  equations  to  the  curve  are 

•  » 

a^  +  v'  =  a*,       «  =  ft  cos'*  - : 

^  a 


28  .  CENTRE  OP  GRAVITY. 

and  for  the  centre  of  gravity  of  any  length  of  the   curve, 
beginning  at  the  origin  of  co-ordinates, 

^      by       -      bla  —  x)        -      - 


Sect.  7.    Surf  ace  cfBeoohUion* 

Let  a?,  y,  be  the  co-ordinates  of  any  point  of  a  curve,  by  the 
revolution  of  which  about  the  axis  of  a?  a  surface  is  supposed  to 
be  generated ;  then,  if  da  denote  an  element  of  the  generating 
curve  at  the  point,  we  have  for  the  position  of  the  centre  of 
gravity  of  the  sur&ce  of  revolution  in  the  axis  of  x^ 


lay  da 

x^- 

jyda 


the  integrations  being  performed  between  limits  depending  upon 
the  magnitude  of  the  surface. 

^     (1)  To  find  the  centre  of  gravity  of  the  surface  of  a  segment 
of  a  sphere. 

If  the  equation  to  the  generating  circle  be 

y=  (2aaj  — aj^)% 

we  shall  have  dy  = .  dx. 

{2ax-a?)^ 

and  therefore 

cfe^  =  e&c'-h<?y==g^_^<Za^==:^~r->    oxyda^adx] 

hence  for  any  segment,  of  which  the  limiting  abscissa  is  c, 

I  ax  dx     .  • 

I  adx 
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(2)  To  find  the  centre  of  gravity  of  the  snrflAoe  generated  by 
the  revolution  of  one  of  the  loops  of  the  curve  r^  =  fl^cos2^ 
about  its  axis. 

x^- — =-^^-7p? • 

pds  j     rsind(rfr*+r^d9^* 

But  r  =5 a  (cos  2^*,        dr^-^a T-dff^ 

(cos  2^* 

and  therefore  rfr*  +  r^  d9*  =  — -a  • 

cos  29 

J    sin  ^  cos  ^  (cos  2(?)*  rf^ 
Hence  5  =  a ,  -^ — 


I     si] 

J    A 


sin^^ 

0 


j{cos20)*dco&20 
=  io  — 


dcoB0 


JCOS^^  4r-l 


V2 


(3)   To  find  the  centre  of  gravity  of  the  surface  of  a  cone. 

Let  the  equation  to  the  generating  straight  line  be  y  =  a:r ; 
then,  c  being  the  length  of  the  axis  of  the  cone, 

Ghildin ;    CentrobarycGy  Lib.  I.  cap.  10,  prop.  3. 

>^       (4)  To  find  the  centre  of  gravity  of  the  surface  generated  by 
the  revolution  of  a  semicycloid  about  its  axis. 

The  equations  to  the  curve  being 

a?  =  a  (1  —  cos  d),       y  =  a  (^  +  sin  d), 
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we  shall  have 

-      .     157r-8 

(5)   To  find  the  centre  of  gravity  of  the  surface  generated  by 
the  revolution  of  the  parabola  y*  =  4,inx  about  the  axis  of  x. 

-  _  (3a;  -  2m)  {x  +  m)^  +  2w^ 

X —  ■        I • 

{x  +  my  —  mr 


Sect.  8.    Any  Surface, 

Let  X,  y,  «,  be  the  co-ordinates  of  any  point  of  a  surface  re- 
ferred to  three  rectangular  axes ;  and  let  -j-  =^,  ;t-  =  ?;  then, 
for  the  centre  of  gravity  of  any  portion  of  the  surface, 

IJx{l-\-p^-\-^)^clxdy 
5  = 


jj{l+f  +  f)*dxdy' 

jjz{l+p*-\-g^^dxdy 
jjil-^f+^^dxdy  ' 


«  = 


the  integrations  being  performed  between  limits  corresponding 
to  the  boundary  of  the  surface. 

(1)   Suppose  the  surface  to  be  any  portion  of  the  superficies  of 
a  sphere,  of  which  the  equation  is 

Then  we  have 

X  y 

"^  z  ^  z 
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jjdx  dy 
and  therefore         z^r 


Now  it  is  evident  that,  the  integrations  being  performed 
within  the  given  limits,  the  denominator  of  this  expression  for 
z  represents  the  area  of  the  given  portion  of  the  surface,  while 
the  numerator  represents  the  area  of  the  projection  of  this  same 
portion  upon  the  plane  of  x  and  y.  Hence  in  general  language : 
the  distance  of  the  centre  of  gravity  of  any  portion  whatever  of 
the  surface  of  a  sphere  from  the  plane  of  any  one  of  its  great 
circles,  is  a  fourth  proportional  to  the  area  of  the  portion  itself, 
the  area  of  its  projection  on  this  plane,  and  the  radius  of  the 
sphere. 

The  truth  of  this  proposition  depends  solely  upon  the  pro- 
perty expressed  by  the  equation 

«(l+i>"  +  «*)*=r; 

but  this  equation  holds  good  for  the  whole  class  of  surfaces 
generated  by  the  motion  of  a  sphere  of  invariable  radius,  of 
which  the  centre  describes  a  plane  curve  traced  arbitrarily  in 
the  plane  of  x  and  y\  hence  we  may  evidently  extend  the 
preceding  proposition  to  all  these  surfaces  under  the  following 
enunciation : — 

"Upon  any  surface  whatever,  generated  by  the  motion  of 
a  sphere  of  which  the  centre  never  departs  from  a  given  plane, 
let  any  portion  8  be  taken,  and  let  8*  be  the  projection  of  8 
upon  the  given  plane ;  then  the  distance  of  the  centre  of  gravity 
of  8  from  this  plane  will  be  a  fourth  proportional  to  8,  8\  and 
the  radius  of  the  generating  sphere/' 

(2)  To  find  the  centre  of  gravity  of  any  spherical  triangle 
formed  by  three  great  circles. 

Let  ABC  (fig.  13)  be  any  spherical  triangle,  0  the  centre 
of  the  sphere;  and  OA^  OB,  00,  the  three  radii  at  the  angles 
A,  B,  G,  of  the  triangle.  Let  Z^,  Z^,  Z^,  denote  the  distances 
of  the  centre  of  gravity  of  this  triangle  from  the  three  planes 
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BOCy  CO  Ay  A  OB  I  then,  by  the  piopcNsition  of  the  preceding 
Article,  if  r  be  the  radius  of  the  sphere,  S  the  area  of  the 
spherical  triangle  ABCy  and  S'  of  its  projection  upon  the  plane 

BOCy 

8' 


Z^^-ttT. 


But,  by  the  principles  of  spherical  trigonometry, 

5=^(^  +  £+(7^180); 

also  it  is  clear  that,  a,  i,  c,  being  the  number  of  degrees  sub- 
tended at  the  centre  of  the  sphere  by  the  sides  of  the  spherical 
triangle  opposite  to  the  angles  Ay  By  C, 

/8"  =  area  50(7— area u4 05 X  cos 5 -area -4 0(7 x  cos  (7 

=  Q^  (a  —  c  COS  5—  ft  COS  G)y 


and  therefore 


7  _  1     g  — ft  COS  0— C  COS  5 

^^"^    ^  +  5+0-180 


cj.    .1    1  /y     1    ft —  c  COS -4  — a  COS  O 

Sumkrly,       Z,^\r    ^^^^g.igo    ' 

^  _x_0'-'O'  COB B  —  b  cos  A 
^'""^    ^  +  5+C-180     ' 

The  position  of  the  centre  of  gravity  of  the  spherical  triangle 
may  be  elegantly  expressed  likewise  in  terms  of  its  distances 
from  three  great  circles  of  the  sphere,  at  right  angles  to  the 
three  edges  OA,  OBy  0(7,  of  the  spherical  pyramid  ABCO.  Let 
I>„  JDj,,  D„  denote  these  distances ;  then  by  Art.  (1)  we  have 

where  S  denotes  the  spherical  area  ABC,  and  8^,  8i,y  8^y  its  pro- 
jections upon  the  three  great  circles  at  right  angles  to  OAy  OBy 
OC. 

Now  it  is  evident  that  the  projections  of  the  spherical  area 
-4-80,  and  of  the  sector  BOGy  upon  the  great  circle  which  is  at 
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right  angles  to  OAj  are  identicallj  the  same,  and  therefore,  if  the 
arc^^a  be  drawn  at  right  angles  to  BCy  we  have 

8a  =  area  of  sector  BOG  x  cos  f  — j 

but  8=''^{A  +  B+C-m)i 


hence 


j^  _t^     o  sin  B  sin  c 

a-    M    I  rv      ■,       5  sin  (7  sin  a 

Similarly,  A  =  4^  j^  +  ^+c-lSO  ' 

-.  _  -        c  sin  ^  sin  6 
^•~**'^+5+ (7-180' 

If  we  desire  to  determine  the  position  of  the  centre  of  gravity 
of  the  triangle  bj  means  of  three  rectangular  co-ordinates  x,  y,  e^ 
let  the  plane  of  the  side  o  be  taken  as  the  plane  of  x  and  y,  and 
let  the  radius  OA  be  taken  to  coincide  with  the  axis  of  a;.  Then 
from  the  preceding  resnlts  we  have  at  once 

I        o  sin  J  sine  _^^c  — tcos^  — a  cos  J 

^^*^A  +  B+C^lSO'      ^■"*^    ^  +  ^+(7^180    • 

Again,  let  the  great  circle,  of  which  BC  id  an  arc,  meet  the 
plane  of  x,  Zj  in  the  point  i>,  as  in  fig.  14 ;  join  A  and  i>  by  an 
arc  of  a  great  circle.  Then  clearly  the  projection  of  the  spheri* 
cal  triangle  ABC  npon  the  plane  of  x  and  z,  is  equal  to  the 
difference  of  the  projections  of  the  sectors  AOGy  BOCj  upon 
this  plane,  and  therefore  to  the  expression 

^r'b  cos  GAD -^^f'a  COB D 

s  — r  (isin^  —a  sin  £  cose); 

hence,  by  the  principles  of  Art.  (1),  we  have 

_-&sin-4  —  asin-B  cos  c 

y**    A  +  STC'^iW 

W.  8.  3 
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(3)   The  general  formida 


«  =  -^ 


fhmislies  us  with  the  following  general  proposition : — 

"  Upon  the  surface  (-4),  generated  by  the  revolution  of  the 
curve  of  equilibrium  of  a  homogeneous  catenary  about  the 
vertical  line  which  passes  through  its  lowest  point,  trace  arbi- 
trarily a  perimeter  enclosing  a  portion  8  of  the  surface ;  project 
this  perimeter  upon  a  horizontal  plane  which  intersects  the  axis 
of  revolution  at  a  distance  c  below  the  lowest  point  of  the  sur- 
face, where  c  is  equal  to  the  horizontal  tension  of  the  catenary 
divided  by  the  mass  of  a  unit  of  its  length ;  let  Fbe  the  volume 
contained  between  the  surface  By  its  projection,  and  the  cylindri- 
cal surface  formed  by  the  perpendiculars  from  the  perimeter  of  8 
upon  the  plane  of  projection.  Then  the  altitude  of  the  centre  of 
gravity  of  8  above  this  plane  will  be  double  of  that  of  the  centre 
of  gravity  of  F." 

In  fact,  the  plane  touching  the  surfaee  (A)  in  a  point  situated 
at  an  altitude  z  above  the  plane  of  projection,  which  we  shall 
take  for  the  plane  of  x  and  y ,  makes  with  this  plane  an  angle,  of 

which  the  cosine  is  - ;  and  therefore  we  have  the  equation 


z 


hence,  by  the  formula  for  i,  we  obtain 

f  [sfdxdy 

\\zdxdy 

But  calling  z  the  altitude  of  the  centre  of  gravity  of  V  above 
the  same  plane,  we  have 


z  = 


\lz  dxdy 
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and,  the  limits  of  the  integrations  being  the  same  in  the  expres- 
sions for  i  and  ^,  we  see  that  z  ==  2z, 

The  property  expressed  hj  the  partial  differential  equation 

being  common  to  all  the  surfaces  which  can  be  generated  bj  the 
sm&ce  {A)  when  it  moves  in  such  a  manner  that  its  axis  always 
remains  vertical,  and  that  one  of  its  points  describes  a  plane 
curve  traced  arbitrarilj  upon  a  horizontal  plane,  the  proposition 
which  we  have  demonstrated  is  susceptible  of  the  same  exten- 
sion as  that  of  (1). 

The  illustrations  of  the  general  formulsB  for  the  determination 
of  the  centre  of  gravity  of  any  surfiace,  which  we  have  given  in 
(1),  (2),  (3),  are  extracted  from  a  memoir  by  Professor  Giulio, 
of  Turin,  which  may  be  seen  in  Liouville's  Jaumcd  de  MaM-' 
nuUiqueSy  Tom.  IV.  p.  386. 

(4)   To  find  the  centre  of  gravity  of  the  surface  of  a  cone 
intercepted  by  the  planes  a;  =  0,  y  =  0,  «s:0,  x^^a. 


5=Ja,      y  =  5  =  |^ 


Sect.  9.    Heterogeneotis  Bodies. 

In  the  preceding  sections  we  have  determined  the  centres  of 
gravity  of  various  classes  of  homogeneous  bodies ;  we  will  now 
give  a  few  examples  of  the  determination  of  the  centre  of  gravity 
when  the  density  is  variable. 

(1)  To  find  the  centre  of  gravity  of  the  sui&ce  of  a  hemi- 
s^ere,  when  the  density  of  each  point  in  the  sadace  varies  as 
its  perpendicular  distance  firom  the  circular  base  of  the  hemi- 
sphere. 

Let  the  equation  to  the  quadrantal  arc,  by  the  revolution  of 
which  the  hemispherical  surface  may  be  generated,  be 

3—2 
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a?+3^  =  a« (1), 

the  axis  of  x  being  the  axis  of  reyolntion. 

The  area  of  the  strip  of  the  surface  which  is  generated  by  the 
element  ds  of  the  arc,  will  be  equal  to  27ry  ds ;  and,  if  />  be 
its  density,  its  mass  will  be  equal  to  27rpy  da :  hence 


hirpyds.x     Ipxyda 
hirpyda        jpyds 


jaftfda 

but  pccx;  hence         x=s— ; 

jxyds 

and  therefore,  since  irom  (1)  it  is  easily  seen  that 

yds  as  adxy 

I  sc  dx     «  ■ 

behave  iX K^^a. 

I  xdx     ^^ 

•'0 

(2)  To  find  the  centre  of  gravity  of  a  physical  line,  the  den- 
sity of  which  at  any  point  varies  as  the  n^  power  of  its  distance 
from  a  given  point  in  the  line  produced. 

Let  a,  d,  be  the  distances  of  the  given  point  from  the  two  ex- 
tremities, and  X  its  distance  from  the  centre  of  gravity  of  the 
physical  line;  then 

a?  = 


n  +  2  J'-^'-a***' 

(3)  To  find  the  centre  of  gravity  of  a  quadrant  of  a  circle,  the 
density  at  any  point  of  which  varies  as  the  n^  power  of  its 
distance  firom  the  centre. 

Let  a  denote  the  radius  of  the  circle,  and  x^  y,  the  co-ordinates 

of  the  centre  of  grayiiy  of  the  quadrant  referred  to  ita  two  ex- 

treme  radii  as  axes  ;  then 

-      n  +  2    2a     - 
X  =  — ---  .  —  =  y. 

W-l-3     TT         ^ 
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(4)  To  find  the  centre  of  gravity-  of  a  square  ABGD^  the 
density  of  which  at  any  point  varies  as  the  distance  of  the  point 
firom  a  line  through  A  pwallel  to  BD. 

The  distance  of  the  centre  of  gravity  firom  A  is  equal  to  ^^, 
a  denoting  the  length  of  a  diagonal. 


Sect.  10.     CenJtre  cfParoM  Forces. 

When  any  number  of  parallel  forces  act  on  a  system  of  rigidly 
connected  points,  they  generally  have  a  single  residtant  acting  on 
a  point  of  which  the  position  is  invariable  while  their  common 
direction  is  changed  in  every  possible  way.  This  point  is  called 
the  Centre  of  the  Parallel  Forces :  the  Centre  of  Ghravity  of  a 
body  is  a  particular  case  of  this.  Let  Xj  y,  z^  denote  the  co-or- 
dinates of  the  point  of  application  of  any  force  P  of  the  system 
referred  to  any  axes,  rectangular  or  oblique ;  and  let  sB,  y ,  i,  be 
the  co-ordinates  of  the  Centre  of  Parallel  Forces.  Then,  R 
representing  the  resultant, 

R-^lP\       5-2(^-")        «-^W       ;-2W 

B-^{P),  «-Y(^,  y-T(^'  '"f(^' 

Whenever  2  (P)  is  equal  to  zero,  these  formula  cease  to  be 
applicable,  there  being  in  this  case  no  single  residtant;  the 
forces  will  be  reducible  to  a  resultant  couple.  For  the  complete 
development  of  the  theory  of  Statical  Couples,  the  reader  is  ro» 
ferred  to  Poinsot's  beautiM  work  entitled  EUnnena  de  Statijue. 

The  formula  for  x,  y,  i,  were  first  given  by  Varignon,  in  the 
Mimaires  de  VAcadtmie  dee  Sciences  de  Paris  for  the  year  1714. 

(1)  Three  parallel  forces  acting  at  the  angular  points  A^  B,  O, 
of  a  plane  triangle,  are  respectively  proportional  to  the  opposite 
sides  a,byC'y  to  find  the  distance  of  the  centre  of  parallel  forces 
firom  A. 

Produce  ABy  AC,  indefinitely  to  points  Xj  y,  and  let  Axy  Ay, 
be  taken  as  co-ordinate  axes. 

Let  fia,  fih,  fLc,  be  the  forces  applied  at  A,  B,  C,  where  a,  ft,  c, 
denote  the  opposite  sides  of  the  triangle.    The  co-ordinates  of 
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the  points  of  application  of  these  three  forces  are  0, 0;  c,  0;  O^b; 
hence 

cfih  be 


a?  = 


^^fJib  +  fAO     a^b  +  c^ 


-  b.uc  be 

^      fjM  +  fw  +  fic     a-^-b  +  c 

Let  r  be  the  distance  of  the  centre  of  parallel  forces  from 
A;  then 

f^  =  5"+y'-h25y  co8^=«25?(l +co8-4)  =4?  c08'i-4, 

and  therefore 

^-.       .  .     2ic  cos  \A 

(2)  Three  parallel  forces  P,  Q^  Rj  act  at  the  angles  A,  B^  C, 
of  a  given  triangle,  and  are  to  each  other  as  the  reciprocals  of 
the  opposite  sides  a,  &,  c;  to  determine  the  distance  of  their 
centre  from  A. 

X,      .    J  J.  X  (6*  +  2ftV  cos  ^  +  c*)* 

Keqmred  distance  =  a-^ s t — -  .  * 

^  bc^-ca-^-ab 

(3)  At  the  comers  B^  C,  i>,  of  a  quadrilateral  pyramid  ABODy 
three  parallel  forces  P,  Q^  B^  are  applied ;  to  find  the  distance  of 
their  centre  from  the  comer  A. 

Let^J?=6,  AG^o,  AD^d\  ^GAJ)^{c,d),  iDAB^{d,h), 
i-  BA  (7s  (&,  c) ;  r  » the  required  distance ;  then 

»^  (P+ <?  +  i2)"=-P"y  +  g^c'  +  5»cf"  +  2<?2forfco8  (c  (i) 
+  2AHft  cos  (rf,  b)  +  2Peic  cos  (6,  c). 

(4)  At  three  fixed  points  (a,  6),  (a',  6'),  (a",  i"),  in  the  plane 
of  x^  y^  are  applied  three  parallel  forces^, p\ p* ;  supposing  the 
magnitude  of  p'*  to  vary  in  every  possible  way,  to  find  the  locus 
of  the  centre  of  parallel  forces. 

The  locus  will  be  a  straight  line  of  which  the  equation  is 

(op  +  a'p')  h"  +  {(a"  -  a)p  +  (a"  -  a')/}  y 

-  {bp  +  Vp')  a  +  [{h"  -  b)p  +  (ft"  -  y)/j  X. 
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Sect.  11.     The  Properties  of  Pappus. 

L  If  any  plane  area  revolve  about  anj  axis  in  its  own  plane 
through  any  assigned  angle,  the  volume  of  the  snrfisu^  generated 
by  the  motion  of  the  area  will  be  equal  to  a  prism,  of  which  the 
base  is  equal  to  the  revolving  area,  and  the  altitude  to  the  length 
of  the  path  described  by  the  centre  of  gravity  of  the  area  during 
its  revolution. 

II.  K  any  plane  area  revolve  through  any  angle  about  any 
axis  in  its  own  plane,  the  area  of  the  surface  generated  by  its 
perimeter  will  be  equal  to  a  rectangle,  of  which  one  side  is  the 
length  of  the  perimeter,  and  the  other  the  length  of  the  path  de- 
scribed by  the  centre  of  gravity  of  the  perimeter. 

The  enunciation  of  these  properties,  which  are  generally  called 
Guldin's  properties,  is  due  to  Pappus  ^  and  may  be  seen  at  the 
end  of  the  Preface  to  the  seventh  book  of  his  Mathematical  Col- 
lections,  of  which  the  first  edition  appeared  in  the  form  of  a  Latin 
translation  in  the  year  1588.  They  were  afterwards  published, 
with  various  appUcations,  by  Guldin,  in  his  treatise  Be  CerUro 
Oramtaiis,  lib.  2  and  3,  which  appeared  for  the  first  time  in  the 
year  1635.  Cavalieri',  in  reply  to  objections  advanced  by 
Guldin  against  his  method  of  indivisibles,  gave  a  demonstration 
of  these  properties  by  this  method ;  stating  likewise,  in  allusion 
to  Guldin's  claims  as  a  discoverer,  that  they  had  been  communi- 
cated to  him,  long  before  the  publication  of  Guldin's  work,  by  a 
pupil  of  his,  Antonio  Boccha.  Elegant  demonstrations  of  these 
properties  were  given  also  by  Yarignon  in  the  Memoirea  de 
VAcadhnie  des  Sciences  de  Paris  for  the  year  1714,  p.  77. 

(1)   From  any  point  P  (fig.  15)  in  a  parabola,  is  drawn  a 

'  The  words  of  Pappos  in  the  Latin  translation  are:  "Perfectomm  atroramqne 
onUnum  proportio  oomposita  est  ex  proportione  amphismatmn,  et  rectarum  lioeanun 
similiter  ad  axes  duetarnm  a  ponctis^  qua  in  ipsis  gravitatis  centra  sunt  Imper- 
fectomm  antem  proportio  oomposita  est  ex  proportione  amphismatum,  et  oircum- 
ferentiamm  a  ponctis  qa»  in  ipsIs  sunt  centra  gravitatis,  factamm,  &o.*'  In  the 
former  case  he  is  alluding  to  those  solids  wUeh  are  formed  bj  the  entire  rsToln- 
tion  of  the  generating  figures  through  d60o;  in  the  latter,  to  those  which  are  formed 
by  rerolution  through  anj  smaller  angle. 

'  Ex9reiiaiumu  Oeometriea  Sex,  Exerdt.  1  &  2;  BononisD,  1647. 
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straight  line  PM  at  right  angles  to  the  axis,  and  meeting  it  in 
the  point  Jf ;  to  find  the  content  of  the  solid  generated  by  the 
complete  revolution  of  the  area  APM  about  PM. 

Let  AM^  Xj  PM^y ;  V^  the  required  Tolume ;  and  x  =:  the 
distance  of  the  centre  of  gravity  of  the  area  APM  jfrom  PM. 
Then  the  whole  path  described  by  the  centre  of  gravity  will  be 
equal  to  2irx ;  hence,  by  (I.), 

V^  ^irx  X  area  of  PAM: 
but  X  =:  ^x,  and  area  of  PAM^  ^xy ;  and  therefore 

Complete  the  parallelogram  MPmA ;  then  the  area  of  this 
parallelogram  will  be  equal  to  a?y,  and  the  distance  of  its  centre 
of  gravity  from  PM  will  be  equal  to  ^.  Conceive  this  paral- 
lelogram to  make  an  entire  revolution  about  PM;  then  the  path 
of  its  centre  of  gravity  will  be  equal  to 

2ir.^^7rx; 

and  therefore,  if  U  denote  the  volume  of  the  cylinder  which  is 
generated  by  the  revolution, 

Z7=  wx .  a?y  =  Tra?y. 

Hence  U:  F ::  15  :  8. 

This  is  one  of  the  problems  proposed  in  Kepler's  ^ereameina. 
Guldinus ;  De  Centre  OrcwiUxUs^  Lab.  ii.  cap.  12,  prop.  6. 

(2)     To  find  the  surface  of  a  sphere. 

Let  BAb  (fig.  16)  be  a  semicircle,  by  the  revolution  of  which 
about  the  diameter  BCb  the  sphere  is  generated. 

Let  CA  be  at  right  angles  to  JSfr,  C  being  the  centre  of  the 
circle,  and  let  O  be  the  centre  of  gravity  of  the  semicircular  arc 
BAb.    Let  CA  =:  a,  surface  required  »  8\  then,  by  (U.), 

lirCa.m^BAb^S; 

2a 
but  CO  s=  — ,  and  arc  BAb  =  wa ;  hence 

IT 

o  s=  27r  •  — .  Tra  =  Avar. 
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Now  7ra'  is  the  area  of  a  great  circle  of  the  sphere ;  and  thus  we 
find  that  the  whole  surface  of  a  sphere  is  four  times  as  great  as 
that  of  one  of  its  great  circles.  This  proposition  was  first  proved 
by  Archimedes,  Htpl  2<l>atpas  Ka\  KvXirdpov,  Bi^.  a,  wpSra  A;  and 
afterwards,  according  to  the  method  which  we  have  given,  by 
Guldin,  Be  Gentro  GframkOiBj  Lib.  IV.  cap.  1,  prop.  7. 

(3)  To  find  the  distance  of  the  centre  of  gravity  of  the  area 
of  a  semi-parabola  firom  the  axis  of  the  parabola. 

Let  APM  (fig.  15)  be  the  semi-parabola. 

Let  AM=i  Xy  PM^yy  y  =  the  distance  of  the  centre  of  gravity 
of  the  area  APM  ttam  AM.  Then,  since  the  area  of  APM  is 
equal  to  |fl^,  and  since  the  volume  generated  by  the  revolution 
of  APM  about  AM  is  equal  to 

we  have,  by  (I.), 

}a?y .  2iry  =  2irma?y 

ixy.y^ma?, 

^mo^:=^ma?y, 

(4)  To  find  the  volume  and  the  surface  of  the  solid  ring  gen- 
erated by  the  complete  revolution  of  a  circle  about  any  external 
line  in  its  own  plane. 

Let  b  be  the  distance  of  the  centre  of  the  circle  firom  the  axis 
of  revolution,  and  a  the  radius  of  the  circle ;  then 

the  volume  »  2'n^a%  and  the  surface  »  Aii^al. 

(5)  To  find  the  volume  of  the  solid  ring  generated  by  the 
revolution  of  an  ellipse  about  an  external  axis  in  its  own  plane 
through  an  angle  of  180®. 

If  a,  b,  be  the  semiaxes  of  the  ellipse,  and  c  the  distance  of  its 
centre  from  the  axis  of  rotation,  then 

the  volume  =  ir^ahc. 
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(6)  To  find  the  volume  generated  by  the  levolntion  through 
a  given  angle  of  a  portion  APM  (fig.  15)  of  a  parabola  about  a 

N.         tangent  at  its  vertex  Af  PM  being  parallel  to  the  tangent,  and 
AMaX  right  angles  to  it. 

K  AM^x,  PM^y,  and  ff  be  the  angle  through  which  the 
revolution  takes  place;  then 

the  volume  =  ifist^y* 

(7)  To  find  the  volume  and  the  surface  of  the  solid  generated 
^      by  the  complete  revolution  of  a  cycloid  about  its  axis. 

If  a  be  the  radius  of  the  generating  circle, 

the  volume  =  wa"  (J**  —  f),    the  eoxbice  =  Bnaf  (ir  —  ^). 

(8)  To  find  the  volume  and  the  surface  of  the  solid  generated 
^^      by  the  complete  revolution  of  a  cycloid  about  its  base. 

.  The  volume  =  Sw'o*,     the  surface  =  jira\ 

(9)  To  find  the  content  of  the  solid  generated  by  the  complete 
revolution  of  a  right-angled  triangle  about  its  hypotenuse. 

If  a,  bf  denote  the  two  sides  of  the  triangle,  the  content  will 
be  equal  to 

Tra'y 

3(a*  +  i*)*' 
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CHAPTEE  IL 


EQUILIBRIUM  OF  A  PARTICLE* 


Let  P  denote  any  one  of  a  aystem  of  forces  acting  on  a 
particle;  and  let  a,  )3,  7,  be  the  angles  which  the  direction 
of  this  force  makes  with  any  three  proposed  straight  lines,  no 
two  of  which  are  parallel;  then  the  sufficient  and  necessary 
conditions  for  the  equilibrium  of  the  particle  are  expressed 
by  the  three  following  equations, 

2(Pcosa)=0,    2(Pcosi9)=sO,    2(Pcos7)  =  0, 

where  the  ^  represents  the  summation  of  all  such  quantities  as 
Pcosa,  Pcos/8,  Pcos7,  for  all  the  diflferent  forces  of  the 
system ;  or  the  algebraical  sum  of  the  resolved  parts  of  all  the 
forces  of  the  system  estimated  parallel  to  each  of  the  three 
straight  lines  must  be  equal  to  zero.  If  all  the  forces  acting 
on  the  particle  lie  within  a  single  plane,  then  two  of  the  three 
straight  lines  being  taken  in  this  plane,  the  three  equations  of 
equilibrium  will  evidently  be  reduced  to  two. 

The  conditions  for  the  equilibrium  of  a  particle  acted  on  by 
oblique  forces,  appear  to  have  been  first  distinctly  conceived  by 
Stevin  of  Bruges*.  He  establishes  by  reasoning,  which  al- 
though indirect  is  satisfactory  and  ingenious,  the  ratio  which 
the  weight  of  a  particle  supported  on  an  inclined  plane  bears  to 
the  force  by  which  it  is  sustained,  the  force  being  supposed  to 
act  along  the  plane.  He  then  announces  generally,  without 
however  supplying  a  corresponding  extension  of  demonstration, 
that  the  condition  of  equilibrium  of  any  three  forces  acting  on  a 
particle,  consists  in  the  proportionality  of  the  forces  to  the  sides 
of  a  triangle  to  which  they  are  parallel.     The  first  rigorous 

1  BeghiMelen  der  Wughconst,  1666.  i.  Lwrt  de  la  SUOique,  prop.  19. 
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demonstration  of  Steyin^s  theorem  in  its  general  form,  was 
obtained  by  BobeiraP  from  the  nature  of  the  lever.  The  idea 
of  a  triangle  of  equilibrium  had  occurred  indeed  somewhat 
earlier  to  Michael  Yarro*,  of  Qeneva,  in  application  to  the 
equilibrium  of  forces  acting  on  the  sides  of  a  right-angled* 
triangular  wedge:  it  does  not  appear,  however,  that  Varro's 
notion  was  based  npon  anj  very  distinct  conception  of  the 
nature  of  statical  pressure.  The  Principle  of  the  Parallelogram 
of  Forces,  which  is  in  fact  a  mere  modification  of  Stevin's 
theorem,  was  announced  almost  simultaneously  by  Newton'  and 
Yarignon^ ;  bj  whom  it  was  inferred  firom  the  consideration  of 
the  composition  of  motions.  In  the  same  year  was  published  by 
Lami,  in  a  little  treatise  entitled  NouwUe  mamire  de  dfmontrer 
lea  prtncipaux  ThSbrhnea  des  Uimena  dea  Mecaniques,  a  theorem 
in  which  it  is  asserted,  that  if  three  forces  P,  Q,  £,  keep  a  par- 
ticle at  rest,  then 

P  :  Q  :  B  ::  sin  (Q,  B)  :  sin  (fi,  P)  :  sin  (P,  0, 

where  (Q,  S),  (S,  P),  (P,  Q)  denote  the  angles  between  the 
directions  of  Q  and  JS,  B  and  P,  P  and  Q,  respectively. 
The  virtual  coincidence  of  this  theorem  with  the  Principle  of 
the  Parallelogram  of  Forces,  subjected  Lami  to  the  imputation 
of  plagiarism,  an  aspersion  cast  upon  him  by  the  author  of 
the  Htstoire  des  Ouvrages  des  Savans,  (April  1688).  Lami 
combated  this  insinuation  in  a  letter  published  in  the  Journal 
des'  Savans,  (Sept.  13,  1688),  to  which  the  Journalist  replied 
in  the  following  December,  when  the  controversy  appears  to 
have  terminated.  The  "first  unexceptionable  demonstration  of 
the  Parallelogram  of  Forces  on  pure  statical  principles,  without 
the  introduction  of  the  idea  of  motion,  was  given  by  Daniel 
Bernoulli'.  Many  other  proofs  of  the  proposition  have  been 
since  given.    Eighteen  demonstrations  have  been  collected  and 

*  TraUi  de  Mleanique,  printed  in  16S6,  in  the  ffarmonie  UnxoertelU  de  Merteimet 
and  in  a  work  alio  bj  Meraenne,  entitled  CogUcUa  Pkyrieo-Mathematica,  published 
in  1644. 

*  Traeiatut  de  Motu,  1584. 

>  Prineifria,  lex  iii.  oor.  2, 1687. 

«  Prtoei  de  la  NowelU  Meewdgue,  1687. 

*  Comment.  Peirop.,  Tom.  f.  p.  136,  1726. 
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examined  by  Jacobi^  by  the  following  authors:  D.  Bernoulli, 
1726;  Lambert,  1771;  Scarella,  1756;  Venini,  1764;  Araldi, 
1806 ;  Wachter,  1815 ;  Koestner,  Marini,  Eytelwein,  Salimbeni, 
Duchayla';  two  different  proofe  by  Foncenex,  1760;  three  by 
D' Alembert ;  and  those  of  Laplace  and  Poisson. 


Sect.  1.    No  Friction. 

(1)  P and  W  (fig.  17)  are  two  heavy  particles ;  Wis  attached 
to  the  end  of  a  fine  thread,  and  P  is  suspended  firom  a  fixed 
point  C  of  the  thread;  the  thread  has  one  extremity  attached  to 
a  fixed  point  A,  and  passes  through  a  smooth  small  ring  at  B  in 
the  same  horizontal  line  with  A ;  to  find  the  ratio  between  P 
and  Wf  that  the  vertical  line  through  C  may  bisect  AB  in  D. 

From  the  supposition  it  is  evident  that  z  A  CD  ==  i  BCD ; 
let  each  of  these  angles  be  denoted  by  di  let  T=  the  tension  of 
the  string  CA\  CA^b,  AB^a\  the  ring  B  being  perfectly 
smooth,  TT  will  be  the  tension  of  the  string  BC. 

Hence  for  the  equilibrium  of  the  point  C  we  have,  resolving 
vertically  the  forces  which  act  on  it, 

(r+Tr)cos^=p, 

and,  resolving  horizontally, 

rsin^=  WTsin^,  or  r=  TT; 

p 

hence  2Trco8^=:P,    cos^=-^ (1); 

but  from  the  geometry  we  see  that 


ftsin^s^a,     sintf  =  -T (2). 

Squaring  the  equations  (1)  and  (2),  and  adding  the  resulting 
equations,  we  have 

P^     ^         P"       4y-a' 

^"■4TF'"^4i"      4fP"^      4*'     ' 

^  WbewelTi  PhUosopky  o/ttu  IndueHve  Seiaiees,  Vol.  i.  p.  197. 

*  Corretpomdofiee  avar  VEcole  Poiyteekingm,  Tom.  f .  p.  83,  anno  1805. 
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and  therefore  •»»:  - — j- — ^ , 

which  determines  the  required  ratio. 

(2)  A  particle  P  (fig.  18)  is  placed  on  the  snrfiice  of  a  smooth 
prolate  spheroid,  and  is  attracted  towards  the  foci  8  and  J7with 
forces  varying  as  8P^  and  ICP*';  to  find  the  position  of  eqni- 
Kbrimn. 

Draw  a  tangent  KPL  at  the  point  P  in  the  plane  passing 
through  the  three  points  8y  H,  P;  let  /t,  fifj  be  the  absolute 
forces  towards  8,  H;  let  8P='r,  HP^r^.  Then  for  the  equi- 
librium of  the  particle  we  have,  resolving  forces  parallel  to  the 
Kne  KPL, 

/t.r^cosz  8PK^ lA'f^ co^ z HPL\ 
but  A  8PK^  L  HPLy  by  the  nature  of  ellipses ;  hence 

also,  2a  denoting  the  axis  of  the  spheroid,  2a  » f*  +  r" ;  hence,  for 
the  determination  of  r  and  r"  we  have  the  two  equations 

/LW^=:/Lt'(2a-rr',        /A(2a-r')"'«/i'r^'. 

(3)  Two  weights  wi,  m\  are  attached  to  the  points  0,  0*, 
(fig.  19)  of  a  string  AOOA,  suspended  from  two  tacks  at 
A  and  A  in  the  same  horizontal  line;  to  find  the  positions 
of  the  points  that  their  vertical  distances  from  the  horizontal  line 
through  A  and  A  may  have  given  equal  values. 

Draw  OE,  OE\  vertical ;  let  OE^  a  =  OE\  AA  =  J,  c  =  the 
length  of  the  string ;  i,  AOE^d,  jl  A OE^  ff\T=  the  tension 
of  the  string  OO. 

Then  for  the  equilibrium  of  0  we  have,  by  Lami's  Principle, 

T     sin(7r-g)       ^      . 
m     sm  (^TT  4-  u) 

and,  for  the  equilibrium  of  O', 

m-     sin(^7r  +  y) 
T      sin(7r-<?')  =^^^- 

From  these  two  equations  we  get 

wtanda=f»'tan^........ (1). 
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Again,  from  the  geometiy, 

=  6-a(taiifl-ftan^); 
but  we  have  also,  from  the  geometiy, 

=sc  —  a  (sec  fl  +  sec  ^) ; 

hence    a(8ec5  — tan^  +  aec^  — tan^)  =c  — i (2). 

From  the  equations  (1)  and  (2)  the  values  of  0,  ^,  are  to  be 

determined,  and  then,  EO  and  E'ff  being  given,  -40,  A'ff 

will  be  known. 

Diarian  Repository^  p.  627. 

(4)  A  fine  string  is  fixed  at  two  points  A  and  B  (fig.  20)  in 
the  same  horizontal  line,  and  passes  over  a  given  set  of  pegs  in 
the  line  ABj  equal  given  weights  being  hung  on  between  each 
two  adjacent  pegs,  and  also  between  A  and  B  and  the  pegs 
adjacent  to  them :  to  find  the  position  of  equilibrium,  and  the 
tension  of  the  string. 

Let  p^  r,  be  any  two  successive  pegs,  pqr  the  corresponding 
portion  of  the  string ;  TF  the  magnitude  of  each  of  the  weights. 
Let  ^  qpr  •  a,  T=  the  tension  of  the  string,  c  s  the  length  of 
the  piece  pqr  of  the  string,  I  =  the  length  of  the  whole  string, 
u4J8  =  a. 

Then,  for  equilibriimi, 

2rsina=Tr. (1), 

pr  =  ccoaa (2). 

From  (1),  since  Tis  the  same  throughout  the  string,  we  see  that 
a  is  the  same  &r  every  triangle  such  as  pqr :  hence 

2(^)  =cosa2(c),    or  a  =  ?cosa (3). 

From  (1),  (2),  (3),  we  have 

and  c  =  -  .  or. 

a  ^  ... 


48  EQUILIBRIUM  OF  A  PARTICLE, 

(5)  A  weight  W  is  sustained  upon  a  smooth  'inclined  plane 

AB  (fig.  21),  by  three  forces^  each  equal  to  ^TT,  one  acting 

verticallj  upwards,  another  along  ABy  and  the  third  parallel  to 

the  horizontal  line  AC\  to  find  the  inclination  of  AB  to  the 

horizon. 

The  required  angle  of  inclination  =  2  tan"^^. 

(6)  Two  forces  P,  Q,  of  known  magnitudes,  acting  respeo- 
tivelj  parallel  to  the  base  and  length  of  an  inclined  plane,  will 
each  of  them  singly  sustain  upon  it  a  particle  of  weight  W\  to 
determine  the  magnitude  of  W. 

w ^. 

(7)  Two  heavy  particles,  P  and  Q,  (fig.  22),  are  connected 
together  by  a  fine  thread  passing  over  a  smooth  pulley  at  (7; 
P  rests  on  a  smooth  inclined  plane  AB^  and  Q  hangs  fireely ; 
to  determine  the  position  of  equilibrium  and  the  pressure  on  the 
inclined  plane. 

Let  a  ~  the  inclination  of  the  plane  to  the  horizon,  R  s  the 
pressure,  and  6  —  the  angle  CPB\  then 

cos^«^^^,        i2  =  Pcosa-(e'-i*8in"a)». 

(8)  A  weight  W  is  supported  on  an  inclined  plane  AB^ 
(fig.  21),  by  three  forces,  each  equal  to  P,  one  acting  vertically 
upwards,  another  parallel  to  the  horizontal  line  AG^  and  the 
third  along  AB :  to  find  the  inclination  of  AB. 

The  required  inclination  =  2  tan"*  [ -== — ^j. 

(9)  A  particle  P  is  placed  within  a  thin  parabolic  tube  AP^ 
(fig.  23),  the  axis  Ax  of  the  parabola  being  vertical ;  the  particle 
is  acted  on  by  gravity  and  by  a  force  fi .  PM  tending  firom  Axy 
to  which  PM  is  perpendicular ;  to  find  the  conditions  of  equi- 
librium. 

There  will  be  no  position  of  equilibrium  unless  the  latus 

rectum  of  the  parabola  be  equal  to  -^ ;  and  under  this  condition 
every  point  of  the  tube  will  be  a  position  of  rest. 
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Sect.  2.    Friction. 

(1)  Twp  heavy  particles  P  and  F  (fig.  24)  rest  on  two  in- 
clined planes  CA^  C'A,  and  are  connected  together  by  a  fine 
string  passing  over  a  smooth  pulley  at  0  in  the  vertical  line 
through  A ;  to  determine  the  positions  of  P  and  P'  when  P  is 
only  just  sustained. 

Let  a  be  the  length  of  the  string  POF,  T  its  tension,  which 
will  be  the  same  throughout;  W,  W,  the  weights  of  the 
particles  P,  F;  fi,  fi%  the  coefficients  of  friction  on  the  planes 
CA,  G'A,  and  B,  It,  their  reactions ;  a,  a\  the  inclinations  of 
the  two  planes,  and  0,  ff,  of  the  two  portions  of  the  string,  to 
the  vertical. 

Then,  since  by  hypothesis  the  fiiction  on  P  will  be  exerted 
up  GA,  and  that  on  P  down  AG\  we  have  for  the  equilibrium 
of  P,  resolving  forces  parallel  and  perpendicular  to  GA, 

fjJi+Tco&{a-e)  =  Trcosa..,X. (1), 

Ii+  Tain  (a  -  ^  =  TTsin  a (2)  ; 

and  in  the  same  way  for  the  equilibrium  of  P', 

/i'i?+fr'cosa'=rcos(a'-^) (3), 

B'  +  Tam{a: -ff)  :=  Wiina! (4). 

From  (1)  and  (2), 

r{cos  (a  —  ^)  —  /A  sin  (a  —  ^}  =  W{co&  a  —  /*  sin  a) ; 
and,  firom  (3)  and  (4), 

r{cos  (a'  -  ^)  +  /*'  sin  (a'  -  ff)}  =  W  (cos  a'  +  /*'  sin  a'). 
Eliminating  2^  between  these  two  last  equations,  we  obtain 
W  (cos  a  +  fi  sin  a')  {cos  (a  —  ^).—  /i  sin  (a  —  0)} 
=  W  (cos  a  —  /i  sin  a)  {cos  (a'  —  ^)  +  /i'  sin  (a'  —  ff)]. 
Assume  fjk  =  tan  6,  fi* » tan  e  ;  then  this  equation  becomes 
W  cos  (a'- e)  cos  (a -  ^  +  c)  =  Wcos  (a  +  e)  cos  (a'-  ^-. €')...(5). 

Again,  from  the  geometry,  if  OA  =  k, 

np^     A;  sin  a  np' ^     fesing' 

^        8in(a-^'         ^^*"sin(a'-^)' 
w.  s.  4 
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and  therefore,  since  0P+  OF  =  a, 

—     ^^"^^           A;  sin  ci  .^x 

''^8in(a-<?)"^8in(a'-^) ^^^' 

The  angles  d,  d',  are  to  be  determined  from  the  equations  (5) 
and  (6), 

(2)  Q-iven  the  semi-sum  and  semi-difference  of  the  greatest 
and  least  angles  which  the  direction  of  a  force,  supporting 
a  heavy  particle  on  a  rough  inclined  plane,  may  make  with 
the  plane,  and  the  least  elevation  of  the  plane  when  the  par- 
ticle would,  without  being  supported,  slide  down  it;  to  de- 
termine the  angle  at  which  the  same  force,  when  inclined 
to  a  smooth  plane  of  the  same  elevation,  would  support  the 
same  particle. 

Let  e  denote  the  least  angle  which  the  force  may  make  with 
the  rough  plane  to  support  the  particle,  P  the  magnitude  of  the 
force,  R  the  reaction  of  the  plane  at  right  angles  to  itself, 
fA  the  coefficient  of  friction,  a  the  inclination  of  the  plane  to  the 
horizon,  W  the  weight  of  the  particle.  Then,  since  the  friction 
must  in  this  case  act  down  the  plane,  we  have  for  the  equi- 
Ubrium  of  the  particle,  resolving  forces  parallel  to]  the  inclined 
plane, 

Pcofl  €  =s  iiR  +  TTsin  a ; 

and,  resolving  forces  at  right  angles  to  the  plane, 

P  sin  €4- -8=  TTcosa. 

Eliminating  R  between  these  two  equations,  we  get 

P  (cos  € -f- /i  sin  e)  =  PT  (ft  cos  a  +  sin  a) (1). 

Let  <^  be  the  least  elevation  of  the  plane  for  the  particle 
without  support  to  slide  down  it;  then  tan<^  will  be  equal  to  ft; 
hence  from  (1), 

P=Tr?i^g (2). 

COS  («  —  9)  ^ 

If  e'  denote  the  greatest  angle  which  P  may  make  with  the 
inclined  plane  consistently  with  the  equilibrium  of  the  particle, 
then  the  friction  will  act  with  the  greatest  force  it  can  exert  up 
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the  plane ;  hence,  making  /i  negative,  or  patting  —  <{>  for  <^,  we 
shall  have  from  (2),  ^  replacing  e, 

P«Tr?i^fe| (3). 

C08(€'  +  ^)  ^   ' 

Also,  if  e^^  denote  the  angle  of  P's  inclination  in  the  case  of  a 
smooth  plane  of  the  same  elevation,  we  have,  putting  <^  =  0  in 
(2),  and  replacing  €  by  ^% 

P^W^, (4). 

cose''^  ^  ' 

From  (2)  and  (3) 

W 

cos  (€  —  <^)  4-  COS  (e'  +  ^)  =  -H  {sin  (a  +  ^)  +  sin  (a  -  ^)}, 

and  therefore  if  iff  =  ^  (e'  +  e)  and  2>  =  ^  (e'  —  e),  we  get 

W 
2  COS  /ff  cos  (2>  +  <^)  =  2  -p  sin  a  cos  <^ 

=  2  cos  6^'  cos  ^,  by  (4) ; 

hence  cos  ^'  = 7-  cos  (2?  +  d>). 

cos^        ^        ^^ 

(3)  P  is  the  lowest  point  on  the  rongh  circumference  of  a 
circle  in  a  vertical  plane  at  which  a  particle  can  rest,  friction 
being  equal  to  pressure;  to  determine  the  inclination  of  the 
radius  through  P  to  the  horizon. 

The  required  angle  =  j . 

(4)  A  given  force  P,  acting  parallel  to  the  horizon,  just  sus- 
tains a  body  of  given  weight  TF  on  a  rough  inclined  plane,  the 
angle  of  which  is  6 :  the  same  body  will  just  rest  without  sup- 
port on  a  plane  of  the  same  material,  the  inclination  of  which 
is  a :  to  determine  6. 

The  tangent  of  ^  is  equal  to 

P+TTtang 
TT-Ptana* 

(5)  A  heavy  body  is  to  be  conveyed  to  the  top  of  a  rough 
inclined  plane,  the  angle  of  inclination  being  a:  to  determine 

4—2 
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whether  it  will  be  easier  to  lift  the  body  or  to  drag  it  along 
the  plane. 

It  will  be  easier  to  lift  or  to  drag  it  accordingly  as  the  coeffi- 
cient of  friction  is  less  or  greater  than 

(6)  A  weight  is  supported  on  a  rough  inclined  plane  by  a 
force  exactly  equal  to  it :  to  find  the  direction  of  the  force. 

If  6  denote  the  inclination  of  the  force  to  the  inclined  plane,  a 
the  plane's  inclination,  and  lu  the  coefficient  of  friction, 

where  ^8  may  have  any  value  from  —  tan"'/*  to  +  tan"*/*. 
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CHAPTER  m. 

EQUILIBRIUM  OF  A  SINGLE  BODY. 

Let  any  system  of  forces  act  upon  a  body  consisting  of  a  system 
of  points  rigidly  connected  together.  Take  any  three  straight 
lines  OA,  OB,  OC,  (fig.  25),  in  space,  no  two  of  which  are 
parallel  to  each  other.  Let  A,  By  C,  denote  the  whole  resolved 
part,  parallel  to  each  of  these  straight  lines,  of  any  one  of  the 
forces  of  the  system ;  -4,  By  (7,  being  positive  or  negative  quan- 
tities according  as  they  act  in  the  directions  OA,  OBy  0(7,  or 
the  opposite  ones.  Then,  X(A)y  2 (J?),  %{G)y  denoting  the 
algebraical  sums  of  the  resolved  parts  of  all  the  forces  of  the 
system  parallel  to  these  three  straight  lines,  it  is  necessary  for 
the  equilibrium  of  the  body  that  we  have 

2M)  =  o,   t{B)^Oy   2(C)  =  0 (I). 

Again,  let  OAy  aB\  OG\  be  any  three  straight  lines  in 
space,  no  two  of  which  are  parallel  to  each  other.  Let  any 
force  of  the  system  be  resolved  into  two  parts,  the  one  at  right 
angles  to  OAy  and  the  other  parallel  to  it ;  let  A  be  the  mag- 
nitude of  the  part  which  is  at  right  angles  to  OAy  and  d  the 
perpendicular  distance  between  OA  and  the  direction  of  A ; 
then  Ad  is  called  the  moment  of  A  about  OAy  and  the  sum 
of  all  such  moments  for  all  the  forces  of  the  system  will  be 
denoted  by  2(^V),  those  moments  being  considered  positive 
which  tend  to  twist  the  body  about  O'A  in  one  direction,  and 
those  which  tend  to  twist  it  in  the  opposite  direction  being  con- 
sidered negative.  Similarly  the  algebraical  sums  of  the  moments 
about  OBy  OC'y  respectively,  will  be  denoted  by  t{B'h')y 
%{C'c).    Then  for  the  equilibrium  of  the  body  it  is  necessary 

that  we  have 

S(^V)  =o;     t(2?'ft')  =0,     S((7V)  =0 (II). 
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The  thiee  equations  (I.)>  together  with  the  three  equations 
(n.),  are  uniYersally  sufficient  and  uniyersallj  necessary  for  the 
equilibrium  of  any  body.  It  may  be  proper  to  remark,  that  any 
of  the  lines  OA^  OB\  O  G\  may  be  taken  to  coincide  with  any 
of  the  lines  0-4,  OB,  00,  according  to  convenience. 

If  all  the  forces  of  the  system  lie  in  one  plane,  then  the  lines 
OA,  OB,  OA,  OB\  being  taken  within  this  plane,  and  the 
line  00  9X  right  angles  to  it,  the  six  equations  of  equilibrium 
will  be  reduced  to  the  three  following, 

2(^)  =  0,     2(5)  =0,     2(OV)  =  0 (HL); 

for  it  is  evident  that  the  three  other  equations  will  be  identically 
satisfied. 

The  basis  of  the  general  equations  of  equilibrium  consists  in 
the  Theory  of  the  Composition  and  Besolution  of  Forces,  of 
which  we  have  treated  in  the  preceding  chapter,  and  in  the 
Theory  of  Moments.  The  latter  theory,  in  the  case  of  weights 
acting  at  right  angles  to  the  arms  of  a  straight  lever,  was  esta- 
blished by  Archimedes\  In  the  year  1499,  the  condition  of 
equilibrium  of  a  force  acting  obliquely  on  a  lever,  and  supporting 
a  weight  suspended  from  it,  was  correctly  stated  by  Leonardo 
Da  Vinci',  the  celebrated  painter,  to  whom  must  therefore  be 
ascribed  the  discovery  of  the  theory  of  oblique  action,  investi- 
gated at  a  later  date  by  Stevin,  in  application  to  the  Equilibrium 
of  a  Particle.  The  following  elegant  geometrical  proposition, 
the  application  of  which  to  the  general  Theory  of  Moments  de- 
pends upon  the  Principle  of  the  Parallelogram  of  Forces,  was 
given  by  Varignon  in  his  Nouvelle  Mecanique,  sect,  i,  lem.  xvi : 
If  from  any  point  whatever  in  the  plane  of  a  parallelogram  we 
let  fall  perpendiculars  upon  the  diagonal  and  upon  the  two  sides 
which  comprehend  this  diagonal,  the  product  of  the  diagonal  by 
its  perpendicular  is  equal  to  the  sum  of  the  products  of  the  two 
sides  by  their  respective  perpendiculars,  if  the  point  lie  without 

^  *Apxi'M^^^  'Birtiredetfv  i<rofipoiriK&v  ^  Mirrpa  fiap£»  lirtircdwv  to  A.  UpoT. 

'  Venturi;  Et$axtur  let  Ouvrages  Phytioo-Matktmatiquet  de  Lionard  da  Vmei^ 
avec  det  Fragntats  tires  de  tea  Manutcritt  apporUt  d'HoHe,  Paris,  1797,  quoted  in 
Whewell's  History  of  the  Inductive  Sciences,  Vol.  ii.  p.  122. 
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the  parallelogram,  or  to  their  difierenoe,  if  it  lie  within  the  paral- 
lelogram. The  six  general  conditions  of  equilibrium  of  a  system 
of  rigidly  connected  points  acted  on  by  any  forces  whatever,  were 
first  laid  down  by  D'Alembert,  in  the  second  chapter  of  his 
Beckerches  sur  la  Prfceasion  dea  EquiJiooces^  published  in  the 
year  1749. 


Sect,  1.    No  Friction. 

(1)  A  beam  AB  (fig.  26)  rests  with  one  end  against  a  hori- 
zontal plane  in  a  point  A,  and  with  the  other  against  a  vertical 
one  in  the  point  B\  the  vertical  plane  passing  through  the  beam 
intersects  at  right  angles  the  former  plane  in  the  line  ACy  and 
the  latter  in  the  line  BG\  the  beam  is  attached  to  the  point  C 
by  a  string  EG  without  weight:  to  find  the  tension  of  the 
string,  E  being  any  assigned  point  in  the  beam. 

The  actions  of  the  horizontal  and  vertical  planes  upon  the 
beam  at  A  and  B^  will  be  in  the  directions  AE  and  BR,  which 
are  parallel  respectively  to  CB  and  OA  ;  let  them  be  denoted  by 
E  and  R.  Again,  let  T  denote  the  tension  of  the  string  EO, 
Let  Q  be  the  centre  of  gravity  of  the  beam,  and  W  its  weight; 
then,  instead  of  supposing  the  beam  to  have  weight,  we  may 
suppose  it  to  be  a  rigid  rod  without  weight,  provided  that  we 
apply  the  force  W  vertically  downwards  at  O.  Thus  we  have 
four  forces,  jB,  E^  7,  Wj  acting  at  four  points  By  A,  E,  Q, 
rigidly  connected  together.  We  proceed  to  express  the  equa- 
tions of  equilibrium.  Let  z  EGA  =€,  ^  BA  0  =  a,  AQ^BO^a, 
Then,  resolving  the  forces  parallel  to  the  line  GAy  we  have 

5-  rcose  =  0 (1) ; 

resolving  the  forces  parallel  to  Cfi,  we  have 

^'-  jr-rsin€«0 (2); 

and,  taking  moments  about  the  point  C, 

i( .  2a  sin  a  +  Wa  cos  a  —  E  .2a  cos  a  =  0, 
or  2R  sina-h  W^cosa  =  2JS'  cos  a (3). 
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• 

From  (1),  (2),  (3),  there  is 

2Tco8€sina+  Wco&a^^Wco8a'\'2TBiae  coaa, 

2T(cos  €  sin  a  —  cos  a  sin  c)  =  TFcos  a, 

2Tsin(a-€)=  TTcosa, 

and  therefore  T=  -— ; — ; r- . 

2  sin  (a  —  e) 

If  €  be  equal  to  a,  we  have  r=  oo ,  which  shews  that  no 
tension,  however  great,  can  sustain  the  beam  in  a  position  of 
equilibrium.  It  is  easily  seen  that  in  this  case  E  coincides 
with  O;  and  that  the  length  of  CE  is  sufficient  to  allow  the 
beam  to  descend  continually. 

If  €  be  greater  than  a,  T  will  clearly  be  negative ;  and,  since 
the  string  can  pull  but  not  push,  the  equilibrium  is  impossible. 
Thus  for  the  possibility  of  the  equilibrium  we  must  have  a 
greater  than  e. 

(2)  A  smooth  beam  AB^  (fig.  27),  rests  against  two  horizontal 
bars  which  pierce  the  vertical  plane  through  the  beam  at  right 
angles  in  the  points  A\  A" ;  the  beam  passes  under  the  lower 
and  over  the  higher  bar,  its  lower  extremity  A  being  sustained 
upon  a  smooth  horizontal  plane:  to  determine  the  pressures 
upon  the  two  bars  and  upon  the  horizontal  plane. 

The  pressures  upon  the  bars  and  upon  the  horizontal  plane 
will  be  equal  to  their  reactions  upon  the  beam ;  the  reactions  of 
the  bars  upon  the  beam  will  be  two  forces  JS',  B",  at  right 
angles  to  the  beam;  and  the  reaction  of  the  horizontal  plane  will 
be  a  vertical  force  JS.  Let  O  be  the  centre  of  gravity  of  the 
beam;  then,  if  we  suspend  its  weight  W  from  (?,  we  may, 
without  affecting  the  circumstances  of  the  equilibrium,  conceive 
the  beam  to  be  a  rigid  rod  without  weight.  Thus  we  have 
four  forces  B,  B^  B\  Wj  acting  respectively  at  four  points 
-4,  A\  A\  Oy  rigidly  connected  together,  so  as  to  produce 
equilibrium.  Let  AG  =  a,  A' A"  =  i,  and  a  =  the  inclination  of 
the  beam  to  the  horizon. 

Then,  resolving  forces  parallel  to  the  beam,  we  have 

W&ina  —  B  8ina  =  0,  and  therefore  -B=  W ,  (1). 
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Besolving  forces  at  right  angles  to  the  beam, 

Jr^-  Trcosa-J2"-ficosa  =  0, 

and  therefore,  by  (1), 

R=R' (2). 

Again,  taking  moments  about  A^ 

R\AA"^E.AA^Waco%a^O, 

and  therefore,  by  (2), 

Sh  =  Wa  COS  a ; 

whence  B!  =  11"  = 7 . 

o 

(3)  A  rigid  rod  AB,  (fig.  28),  rests  upon  a  fixed  point  E^ 
while  its  lower  extremity  A  presses  against  a  vertical  line  FF' ; 
to  find  its  position  of  equilibrium  and  also  the  pressures  at  A 
and  E. 

Let  G  be  the  centre  of  gravity  of  the  rod,  and  Wits  weight ; 
we  suppose  the  whole  weight  of  the  rod  to  be  collected  at  its 
centre  of  gravity.  Let  B  be  the  reaction  of  the  vertical  line 
FF*  upon  the  rod,  which  will  be  at  right  angles  to  FF';  also 
let  ^be  the  reaction  of  the  fixed  point  jB^  which  will  be  at  right 
angles  to  the  rod.  Let  EF  be  at  right  angles  to  FF' ;  and  let 
EF=c,  AG  =  a,  lAEF^e. 

Then,  resolving  forces  parallel  to  the  rod, 

5cos^=  TTsin^....* (1); 

resolving  forces  at  right  angles  to  the  rod, 

E^  fTcos^  +  ^sin^ ,.(2); 

and,  taking  moments  about  J?, 

B.AEAnQ^W.EGcxi^e 

=  W{AG''AE)coBe 
=  Tr(acos^-c), 

and  therefore    ifc  sin^^  =  fr(a  cps*^  — ccos^) (3); 

hence,  firom  (1)  and  (3), 

sin*^ 


Wc 


cos 


-g  =  W{a  cos*  ^  —  c  cos  ^) 
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cM 


cos  6 


=  a  cos' 5,  cos^  =  f~] i.-W, 


which  gives  the  value  of  0^  and  defines  the  position  of  the  beam. 
From  (1)  and  (4)  we  have 


B=  fTtan^-  W-^ — ^T^-^=  W- ^ 


which  determines  the  pressure  on  the  vertical  line. 
Also,  from  (1)  and  (2), 

cos  0     cos  u 

and  therefore,  by  (4),       B^W p)*, 

which  determines  the  pressure  on  the  fixed  point. 

If  c  be  greater  than  a,  then  we  see  by  (4)  that  cos  0  would  be 
greater  than  unity,  which  is  impossible ;  thus  equilibrium  is  im- 
possible unless  a  be  at  least  equal  to  c. 

Fontana ;  Memorie  ddla  Sodeta  Italtanay  1802,  p.  626,  &c. 

(4)  One  end  ^  of  a  beam  AB^  (fig.  29,)  is  connected  to  a  fixed 
point  by  a  hinge,  about  which  the  beam  is  capable  of  revolving 
in  a  vertical  plane ;  the  other  end  B  is  attached  to  a  weight  P 
by  means  of  a  string  passing  over  a  pulley  (7  in  the  same  vertical 
plane ;  to  find  the  position  of  equilibrium. 

Let  a  horizontal  line  AD  through  A  meet  a  vertical  line 
through  G  in  the  point  D.  Let  G  be  the  centre  of  gravity  of 
the  beam,  at  which  we  shall  suppose  its  whole  weight  PT  to  be 
collected.    Produce  GB  to  meet  AE  at  right  angles  to  it. 

AO  =  a,  ^G  =  b,  AD:=^ky  GD^l,  ^BAI)  =  0,  <^=the  in- 
clination oij&p  to  the  horizon. 

Then,  taking  moments  about  A^ 

P.AE=W.AF 

or  P{a^b)  sin (^-5)=  Wa go&0 (1); 

again,  from  the  geometry, 

(rt  +  b)  sin  0  +  BG  sin  <^  =  /, 

{a  +  h)  cos  0  4-  BG  cos  <^  =  A, 
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and  therefore,  eliminating  BO, 

(a  + J)  Bin(0-<^)  =  Zco8^  — A;  sin^ (2). 

The  equations  (1)  and  (2)  are  sufficient  for  the  determination 
of  0  and  ^,  or  of  the  position  of  equilibrium. 

(5)  A  weight  W  (fig.  30)  hangs  from  the  end  ^  of  a  rigid 
rod  BE  without  weight,  which  rests  on  a  smooth  hinge  at  By  and 
is  supported  by  a  string  CADy  passing  through  a  fixed  ring  at 
A  in  the  vertical  line  through  Bi  the  angles  ACJDy  ADCy  are 
equal,  zABG^B(f,  and  DE^BGi  to  find  the  direction  and 
magnitude  of  the  pressure  on  the  hinge. 

Let  Xy  Yy  be  respectiyely  the  horizontal  and  vertical  compo- 
nents of  the  pressure  exerted  by  the  hinge  on  the  rod,  which 
will  be  equal  and  opposite  to  the  components  of  the  pressure 
exerted  by  the  rod  on  the  hinge.  Let  T  denote  the  tension  of 
the  string. 

The  resultant  of  the  action  of  the  two  portions  of  the  string 
on  the  rod  will  evidently  pass  through  J7,  the  middle  point  of 
the  rod,  at  right  angles  to  the  rod« 

Hence,  resolving  forces  parallel  to  the  rod^ 

X  cos  30^  +  Fcos  60*-  IT  cos  6(f, 
or  TT-  r=  XV3 (1) : 

and,  taking  moments  about  Hy 

( r+  WO  .  h^E.  cos  30*  =- X.  \BE.  sin  80^ 

or  ^-^^^^ (2)- 

From  (1)  and  (2), 

whence,  if  B  denote  the  resultant  action  of  the  hinge  on  the  rod, 

and,  if  <f>  denote  the  inclination  of  E's  direction  to  BA, 

t       X  ,-      ^      29r 

tan  ^  =  ^==  —  v3  =  tan  —  , 
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(6)  A  cylinder  rests  with  its  base  on  a  smooth  inclined  plane; 
a  string,  attached  to  its  highest  point,  and  passing  over  a  pulley  at 
the  top  of  the  inclined  plane,  hangs  vertically  and  supports  a 
weight ;  the  portion  of  the  string  between  the  cylinder  and  the 
pulley  IB  horizontal ;  to  determine  the  conditions  of  equilibrium. 

Let  P  (fig.  31)  be  the  suspended  weight,  Wthe  weight  of  the 
cylinder,  B  the  resultant  action  of  the  inclined  plane  on  the  base 
of  the  cylinder,  Jf  the  point  of  the  base  through  which  B  passes ; 
(7  the  centre  of  the  base,  O  the  centre  of  gravity  of  the  cylinder. 
Draw  GK  at  right  angles  to  BB'^  £?  horizontally  to  meet  the 
vertical  through  G. 

Let  a  =  the  radius  of  the  cylinder,  2b  =  its  length,  CJf  =  x. 

The  three  forces  P,  TT,  By  which  act  on  the  cylinder  must 
pass  through  a  single  point  0. 

Besolving  forces  parallel  to  the  inclined  plane, 

Pco8a=  TTsina (I), 

perpendicularly  to  it, 

-B  =  Psina+  Wco&a (2). 

Again,  from  the  geometry, 

<?0=  GH-i-  OH^a  sin  a  +  ft  cos  a, 

x^  (70.  sin  a  =s  sin  a  (a  sina  +  ft  cos  a) (3). 

Now,  since  x  cannot  be  greater  than  a,  we  see  by  (3)  that 

a  is  not  less  than  sin  a  (a  sin  a+  &  cos  a), 

a  cos' a  ftsinacosa, 

a  b  tana (4). 

The  conditions  (1)  and  (4)  are  sufficient  and  necessary  for 
equilibrium.     By  (2)  and  (3)  we  know  B  and  x. 

(7)  To  find  the  force  requisite  to  keep  a  door  in  a  given  posi- 
tion, the  post  being  inclined  at  a  given  angle  to  the  vertical ; 
neglecting  friction. 

Let  AB  (fig.  32)  be  the  door-post,  ABCD  the  door ;  Az  a  ver- 
tical line  through  A ;  Ax  at  right  angles  to  Az  and  in  the  plane 
of  BAz'j  E  the  intersection  of  the  line  CD  produced  with  the 
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horizontal  plane  through  A;  join  AE.    With  ^4  as  a  centre 
deseribe  a  sphere  cutting  AB,  Ax,  AH,  in  the  points  p,  q^  r, 
and  join  these  points  by  great  circles  of  the  sphere. 

Let  z.  BAz  s=  P,  and  a  =  the  inclination  of  the  plane  of  the 
door  to  the  plane  xAz ;   W  =*  the  weight  of  the  door. 

Then,  since  the  angle  pqr  of  the  spherical  triangle  pqr  is  a 
right  angle,  we  have,  by  Napier's  rules, 

co&prq  =  sin  qpr  co%pq  =  sin  a  sin/9 ; 

but,  if  <^  denote  the  angle  which  TT's  direction  makes  with  the 
plane  of  the  door,  it  is  clear  that 

sin  <^  =  COB  prq ; 

hence,  a  denoting  the  distance  of  the  centre  of  gravity  of  the 
door  from  the  post,  the  moment  of  W  about  AB  will  be  equal  to 

Wd  sin  a  sin  /8 ; 

let  P  be  the  force  applied  at  right  angles  to  the  door,  at  a  point 
distant  from  the  door-post  by  a  space  b,  sufficient  to  keep  it  in 
its  present  position ;  then,  by  the  equation  of  moments,  we  have 

Pb  =  Wa  sin  a  sin/8 

Another  solution : 

The  component  of  TT  in  the  plane  zAx  at  right  angles  to  AB 

is  equal  to   TTsin/S,  and  the  component  of  TTsin/S  at  right 

angles  to  the  door  is  TTsin/Ssina:  hence  the  moment  of  W 

about  AB  is  equal  to 

Wa  sin  a  sin  /3, 

and  therefore 

Ph  =  Wa  sin  a  sin  fi. 

(8)  A  uniform  bar  AB  (fig.  33)  is  placed  in  the  straight  line 
joining  two  centres  of  force  K,  L,  which  attract  with  forces 
varying  directly  as  the  distance ;  to  find  the  position  in  which 
the  bar  will  rest. 

Let  /i,  /i',  be  the  absolute  forces  of  the  centres  K,  L;  let 
P  be  any  point  in  the  bar  AB;  KA  =  x,  LB  =  y,  KP^^a, 
^B^  =  * ,  AB^2a,  KL  =  Z;  p  ==  the  density  of  the  bar,  k  =  the 

LP 
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area  of  a  transverse  section.    Then  for  the  equilibrium  of  the 
bar  we  must  have 


J  X  J  w 


or,  since  k  and  p  are  supposed  to  be  the  same  for  all  points  of  the 
bar, 

^  (aj  +  a)  =  ft'  (y  +  a)  *:  ft'  (Z  -  a  -  a;), 

(/A  +  /)  «  =  ft'?  -  (/*  +  ft')  a, 

till 
f^  +  fi 

similarly  y=  — — r— «• 

/•  "r  ^ 

The  value  of  x,  or  of  y,  determines  the  position  of  equilibrium. 

(9)  A  uniform  beam  AB,  (fig.  34),  of  which  one  end  A  is 
placed  upon  a  smooth  horizontal  plane  OA,  and  of  which  the 
other  end  B  presses  against  a  vertical  plane  OB,  is  attracted  by 
a  centre  of  force  situated  in  the  point  0,  the  intensity  of  the 
force  varying  directly  as  the  distance ;  to  determine  the  position 
of  equilibrium. 

Conceive  the  beam  to  be  inclined  at  an  angle  od  to  the  horizon. 
Take  P  any  point  in  the  beam  and  join  OP. 

Let  OP=r,  AP=s,  AG^BG^a,  z  PO-4  =  ^,  ft  =  the  abso- 
lute force  of  attraction,  R^  E^  the  reactions  of  the  planes  at 
Ay  B.    Then,  resolving  forces  horizontally,  we  have 

E^  I fji^rds cos O^fi  I   da  {2a --a)  cosci>  =  2fta'  coso) (I). 

Eesolving  forces  vertically, 

5—  W=  jfirda  sin 5  =  ft      sin ci> ^eb "=  2fta'  sin© (2). 
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Taking  momenta  about  0, 

£ .  2a  cos  0)  =  Wa  cos  o)  +  5'. 2o  sin a>, 

2-Hcosci)  =  Wojo^fo  +  ^R  sinoi (3), 

and  therefore,  substituting  in  this  equation  the  values  of  R  and 
R  from  (1)  and  (2),  we  have 

2  coso)  (Tr+2/xa*  sino))  =  fT  cos  © -f- 2  sin  « .  2/ui*  cosco, 
and  therefore  Wcos  ©  =  0,     o)  —  i^, 

or  the  beam  lies  in  contact  with  the  vertical  plane  OB. 

It  is  evident,  however,  that  this  is  not  the  only  position  of 
equilibrium ;  the  beam  will  plainly  remain  at  rest  if  it  be  placed 
in  contact  with  the  horizontal  plane  OA  with  one  extremity  at 
0.  In  writiQg  down  the  equations  (1),  (2),  (3),  it  is  tacitly 
assumed  that  the  beam  receives  no  pressure  from  the  planes  ex- 
cepting at  its  extremities,  an  hypothesis  which  holds  good  in  the 
former  position  of  equilibrium  while  it  evidently  does  not  in  the 
latter:  it  is  for  this  reason  that,  in  our  analytical  investigation, 
out  of  the  two  admissible  values  0  and  Jtt  for  a>  we  obtained  only 
the  latter. 

(I'O)  A  rigid  rod  AB  (fig.  35)  rests  against  a  smooth  vertical 
wall  CD  J  and  has  its  lower  extremity  A  attached  to  a  hinge 
about  which  it  can  revolve  freely ;  to  find  the  pressure  on  the 
wall  and  upon  the  hinge* 

Let  O  be  the  centre  of  gravity  of  the  rod,  at  which  we  may 
suppose  its  whole  weight  TF  to  be  collected;  let  ^  6r  =  J,  -4,8= a, 
/  BAG=^  a.  Also  let  M  denote  the  reaction  of  the  wall  against 
the  rod,  which  will  take  place  at  right  angles  to  CD ;  and  let  Ry 
8,  be  the  vertical  and  horizontal  parts  of  the  reaction  of  the 
hinge  upon  the  rod.     Then 

Wb 
atana 

This  problem  was  first  proposed  imder  a  vicious  form  in  a 
work  by  Stone;  where  the  author  proposes  to  determine  the 
position  of  AB  corresponding  to  a  maximum  value  of  JS.    In  a 
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review  of  Stone's  work  by  John  Bernoulli*,  the  solution  given 
bj  Stone  was  declared  to  be  erroneous,  and  a  different  one  was 
offered  by  the  reviewer.  Bernoulli's  solution  is,  however,  essen- 
tially vicious.  The  problem  was  correctly  solved  for  the  first 
time  by  Couplet*.  The  opinions  however,  both  of  mathematicians 
and  of  architects,  were  for  many  years  divided  as  to  the  respec- 
tive merits  of  the  solutions  given  by  Bernoulli  and  by  Couplet, 
and  even  down  to  very  late  years  numerous  memoirs  have  ap- 
peared on  the  subject  by  different  mathematicians,  with  various 
conclusions ;  several  of  whom  have  arrived  at  results  at  variance 
with  the  solutions  both  of  Bernoulli  and  of  Couplet.  The  reader 
who  may  be  curious  to  examine  the  various  solutions  of  this 
problem,  which  by  the  aberrations  of  the  learned  rather  than  by 
any  intrinsic  difficulty  has  obtained  considerable  celebrity,  is 
referred  to  a  memoir  by  Franchini  in  the  Memarie  deUa  Socteia 
Italtana,  Tom.  XVI.  parte  1,  p.  228;  1813. 

•  (11)  A  ladder  of  uniform  thickness  rests  with  its  lower  end 
upon  a  smooth  horizontal  plane,  and  its  upper  end  on  a  slope 
inclined  at  an  angle  of  60^  to  the  horizon ;  the  ladder  makes  an 
angle  of  30^  with  the  horizon :  to  find  the  force  which  must  act 
horizontally  at  the  foot  of  the  ladder  to  prevent  sliding. 
If  W  denote  the  weight  of  the  ladder, 

3* 
the  required  force  =  -j  W^- 

"    (12)     A  sphere  rests  upon  two  inclined  planes;  to  find  the 

pressure  experienced  by  each. 

Let  W  be  the  weight  of  the  sphere ;  a,  a,  the  inclinations  of 

the  inclined  planes  to  the  horizon ;  and  B,  R^  their  respective 

pressures.     Then 

J.        TTsina'         ^        PFsina 


sin  (a  +  a') '  sin  (a  +  a) ' 

Leibnitz ;   Opera,  Tom.  ill.  p.  176. 

^,  (13)  A  sphere,  of  which  G  is  the  centre,  is  supported  on  an 
inclined  plane  AB  by  a  string  CB  which  is  horizontal ;  to  find 
the  tension  of  CB, 

'  Opera,  Tom.  iv.  p.  189.  *  Mimoiret  de  VAcademie  de  Paris,  1731,  p.  09. 
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If  ?F  be  the  weight  of  the  sphere,  and  a  the  inclination  of 
the  plane  to  the  horizon, 

•  the  tension  of  the  string  =  W  tan  a. 

(14)  A  given  weight  P  is  suspended  from  the  rim  of  a 
uniform  hemispherical  bowl  placed  on  a  horizontal  plane;  to 
find  the  position  in  which  the  bowl  will  rest. 

If  W  denote  the  weight  of  the  bowl,  c  the  distance  between 

itis  centre  and  its  centre  of  gravity,  and  0  the  inclination  of  the 

axis  of  the  bowl  to  the  vertical, 

Pr 
tan  0  =  -^7" . 
Wc 

(15)  A  rigid  rod  without  weight  passes  through  two  fixed 
rings,  and  is  urged  by  a  force  P  in  the  direction  of  its  length 
against  a  plane  to  which  it  is  inclined  at  an  angle  a :  to  find  the 
pressure  on  the  plane. 

The  required  pressure  is  equal  to  P  cosec  a. 

(16)  One  end  of  a  beam,  the  weight  of  which  is  TF",  is  placed 
on  a  smooth  horizontal  plane ;  the  other  end,  to  which  a  string 
is  fastened,  rests  against  another  smooth  plane,  inclined  at  an 
angle  a  to  the  horizon ;  the  string,  passing  over  a  pulley  at  the 
top  of  the  inclined  plane,  hangs  vertically,  supporting  a  weight 
P:  to  find  the  condition  of  equilibrium. 

If  a  =  the  length  of  the  beam,  and  b  =  the  distance  of 
its  centre  of  gravity  from  its  lower  end,  the  condition  of  equili- 
brium is  expressed  by  the  equation 

Pa  =  Wb  sin  a, 

which  shews  that,  if  the  beaia  can  rest  in  any  one  position,  it 
will  rest  in  all  positions. 

(17)  A  uniform  beam  rests  upon  two  perfectly  smooth  in- 
clined planes ;  to  find  its  position  and  its  pressure  upon  the  two 
planes. 

Let  a,  a  J  be  the  inclinations  of  the  two  planes  to  the  horizon; 
-B,  E,  the  pressures  which  they  experience ;  then,  supposing  the 
end  of  the  beam  which  rests  against  the  former  plane  tQ>  ^  the 
w.  s.  5 
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lower  one,  and  0  to  be  the  inclination  of  the  beam  to  the  horizon, 
we  shall  have,  W  being  the  weight  of  the  beam, 


^^^^»in(«;-a)^     R^W^       ^^^ 


FT  sin  a 


2  sin  a'  sin  a  '  sin  (a  +  a) '  sin  (a  +  a') ' 

'  (18)  A  uniform  beam  ABC  (fig.  36)  is  placed  with  one  end  A 
in  a  fixed  hemispherical  bowl,  and,  being  of  greater  length  than 
the  diameter  of  the  bowl,  rests  upon  the  rim  of  the  bowl  at  the 
point  B;  to  find  the  position  in  which  the  beam  will  rest,  the 
radius  OB  of  the  bowl  being  horizontal. 

If  r  be  the  radius  of  the  bowl,  2a  the  length  of  the  beam,  and 
0  its  angle  of  inclination  to  the  horizon ;  then 

4r  cos"  ^  —  a  cos  tf  —  2r  =  0. 

"  (19)  To  find  the  position  of  equilibrium  of  a  uniform  beam, 
one  end  of  which  rests  against  a  yertical  plane,  and  the  other  on 
the  interior  surface  of  a  given  hemisphere. 

Let  r  be  the  radius  of  the  hemisphere,  c  the  distance  of  its 
centre  from  the  vertical  plane,  2a  the  length  of  the  beam ;  0  the 
inclination  of  the  beam  to  the  horizon,  and  <f>  of  the  radius  at  the 
point  where  the  beam  presses  against  the  hemisphere.  Then  the 
position  of  equilibrium  will  depend  upon  the  equations 

tan  ^  =  2  tan  tf ,     2a  cos  tf  =  r  cos  ^  +  c. 

\  (20)  A  beam  AB  (fig.  37)  leans  against  a  smooth  vertical 
piqpp  CDy  the  end  A  being  prevented  from  sliding  along  the 
horizontal  plane  AB  by  a  string  AB  fristened  at  2> ;  to  find  the 
tension  of  the  string. 

Let  Q  be  the  centre  of  gravity  of  the  beam;  AG  — a,  GB^b^ 
AB  =  c,   W=  the  weight  of  the  beam,  jr=  the  tension  ;  then 

T ^W. 

/  (21)  A  uniform  rigid  rod  AJB  (fig.  38)  rests  upon  a  fixed 
point  E,  while  its  lower  end  A  presses  against  a  vertical  line 
FF*;  a  weight  P  is  suspended  from  the  extremity  B;  to  find  its 
position  of  equilibrium. 
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Let  W  =  the  weight  of  the  rod,  b  =  the  perpendicular  distance 
of  E  from  the  line  FF\  -4J?=  a?,  o  =  the  length  of  the  rod;  then 

Fontana ;  Memarie  della  Societa  Italtana,  1802,  p.  630. 

If  we  suppose  W  =  0,  then  we  shall  have  x  =  (oJ*)  ,  whatever 
be  the  magnitude  of  P.  This  problem  is  discussed  by  Euler, 
Acad,  dee  Sciences  de  Berlin,  Tom.  vil.  p.  196,  in  illustration  of 
Maupertuis'  Principle  of  Rest. 

(22)  One  end  of  a  beam  is  connected  with  a  horizontal  plane 
by  a  hinge  about  which  the  beam  can  revolve  freely  in  a  ver- 
tical plane ;  the  other  end  is  attached  to  a  weight  by  means  of 
a  string  passing  over  a  pulley  in  the  same  vertical  plane ;  to  find 
the  position  of  equilibrium. 

Let  a,  J,  be  the  distances  of  the  centre  of  gravity  of  the  beam 
from  its  lower  and  its  higher  extretnities,  W  its  weight,  and  0 
its  inclination  to  the  horizon;  let  ^  be  the  inclination  of  the 
string  to  the  horizon,  and  P  the  weight  attached  to  its  extremity; 
let  I  be  the  distance  of  the  pulley  from  the  horizontal  and  k 
from  the  vertical  line  through  the  hinge.     Then  the  position  of  / 

equilibriirai  will  depend  upon  the  equations 

P{a  +  b)  sin  (0  -  ^  =  WacosO, 

{a  -♦-  J)  sin  (^  —  tf)  =  A  sin^  —  Zcos^. 

(23)  A  uniform  beam  rests  with  one  end  upon  a  given  in-        "' 
elined  plane,  the  other  end  being  suspended  by  a  string  from  a 
fixed  point  above  the  plane ;  to  determine  the  position  of  equi- 
librium, the  tension  of  the  string,  and  the  pressure  on  the  plane. 

Let  2a  be  the  length  of  the  beam,  0  its  inclination  to  the 
inclined  plane,  W  its  weight,  and  E  the  pressure  which  it  exerts 
on  the  inclined  plane ;  let  Tbe  the  tension  of  the  string,  c  its 
length,  and  <f>  its  inclination  to  the  inclined  plane ;  also  let  b  be 
the  distance  of  the  fixed  point  from  the  plane ;  and  a  the  incli- 
nation of  the  plane  to  the  horizon. 

Then  the  position  of  the  beam  will  depend  upon  the  two 
equations 

5—2 
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2  sin  (^  —  0)  sin  a  =  cos  ^  cos  [0  +  a), 
0  sin  ^  +  2a  sin  d  =  & ; 
and  then  R  and  T  will  be  given  by  the  formulaB 

^     Trcos(a  +  ^)      rp     TTsina 

COS  ^  COS  <p 

(24)  A  nnifonn  beam  rests  with  one  end  against  a  smooth 
vertical  plane,  its  other  end  being  supported  by  a  string  attached 
to  a  fixed  point  in  the  plane ;  to  determine  the  position  of  the 
beam,  its  pressure  against  the  plane,  and  the  tension  of  the 
string. 

Let  h  be  the  length  and  T  the  tension  of  the  string ;  2a  the 
length  of  the  beam,  W  its  weight,  and  R  its  pressure  against  the 
vertical  plane ;  also  let  ^,  d,  be  the  inclinations  of  the  beam  and 
of  the  string  to  the  vertical.    Then 

.    ^     /16a" -iM      .     .      /^16a'-fcV 

(4y-16a«)*'  U'-16aV 

(25)  A  weight  TT  hangs  from  a  rod  5(7,  (fig.  39),  which  rests 
on  a  ftdcrum  at  B^  and  is  supported  by  a  string  DA  at  right 
angles  to  the  rod,  D  being  the  middle  point  of  BC\  to  deter- 
mine the  magnitude  and  direction  of  the  pressure  on  the  fiilcrum, 
the  rod  being  inclined  to  the  horizon  at  an  angle  of  30^,  and 
being  without  weight. 

Let  5Z>=  CD  =  a;  and  let  X,  F,  represent  the  vertical  and 
horizontal  components  of  the  pressure  exerted  by  the  rod  on  the 
fulcrum ;  then 

and,  if  ^  denote  the  inclination  of  the  resultant  pressure  to  the 
vertical,  and  R  its  magnitude, 

(26)  A  uniform  beam  AB  (fig.  40)  moveable  in  a  vertical 
plane  about  a  hinge  at  A^  leans  upon  a  prop  CD  situated  in  the 
same  plane ;  to  determine  the  strain  upon  the  prop  CD. 
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Let  AB^2a,  GD^b,  iBAC^%  lAGD^fi.  Then  the 
resolyed  part  of  the  piessure  of  AB  on  OD  at  right  angles  to 
CD^  which  measuies  the  strain  on  the  prop,  will  be  equal  to 

Wa  sin  2a  cos  (a  +  /8) 
2J~s5g8  • 

(27)     A  nniform  beam  is  hung  from  a  fixed  point  by  two 

unequal  strings  attached  to  its  extremities:   to  compare  the 

tension  of  each  string  with  the  weight  of  the  beam. 

^      Let  a,  J,  represent  the  lengths  of  the  strings,  P,    Q^  their 

respective  tensions,  c  the  length  and  TF  the  weight  of  the  beam ; 

then         -P-  g,  ^ 

^  1  (28)  An  isosceles  right-angled  triangle  rests  in  a  vertical 
plane  with  the  right  angle  downwards,  between  two  pegs  at  a 
distance  a  from  each  other  in  the  same  horizontal  line ;  to  deter- 
mine its  positions  of  equilibrium. 

Let  A  =  the  perpendicular  from  the  right  angle  on  the  base, 
and  9  =  the  inclination  of  the  base  to  the  horizon ;  then 


d  =  0,  ord  =  co8-(-). 


(29)  A  flat  board  DE,  (fig.  41),  in  the  form  of  a  square,  is 
supported  upon  two  fixed  points  P,  Q,  with  its  plane  vertical, 
the  distance  between  P,  Q,  being  equal  to  half  a  side  of  the 
square :  to  find  the  positions  of  equilibrium. 

If  a  =  the  inclination  of  PQ,  and  0  of  AE  to  the  horizon,  the 
positions  of  equilibrium  are  given  by  the  equation 

sin"  (2tf  +  a)  =  sin  2^ . 


V 


V 


(30)  A  uniform  rod  of  given  length  rests  against  a  peg  at  the 
focus  of  a  parabola,  the  axis  of  which  is  vertical  and  of  which 
the  vertex  is  the  lowest  point,  the  lower  extremity  of  the  rod 
being  supported  on  the  curve ;  to  determine  the  angle  which  the 
rod  makes  with  the  axis  of  the  parabola. 

If  a  be  the  length  of  the  rod,  and  4m  the  latus  rectum  of  the 
parabola;  then 

the  required  angle  =  2  cos""*  (— )  . 
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t  (31)  A  unifonn  isosceles  triangle  is  placed  within  a  smooth 
hemispherical  bowl,  its  three  angles  touching  the  bowl ;  to  find 
the  position  in  which  it  will  rest. 

Let  a  =:  the  length  of  each  of  the  equal  sides,  h  =  the  altitude 
of  the  triangle,  r  =  the  radius  of  the  hemisphere,  d  =  the  in- 
clination of  the  triangle  to  the  vertical ;  then 

\, "  (32)  A  uniform  circular  lamina  is  placed  with  its  centre  upon 
a  prop ;  to  find  at  what  points  on  its  circumference  three  weights 
t(7,,  U7,,  w^y  must  be  attached  that  it  may  remain  at  rest  in  a 
horizontal  position. 

Let  (t<7j,  W3),  (t^7,,  t«?i),  (w^,  w^y  denote  the  angles  at  the  centre 
of  the  lamina  between  the  distances  of  w,,  t^,;  Wg,  tu, ;  ir^,  tr,; 
respectively.    Then 

cos  (m7,,  WJj  =     ^     ,    ' 5-,  COS  (w.y  w.)  =     '     ,    ' , 

S  9  S 

\     tr,  —  w.  —  to* 

COS  (w.,  wj  =•    '    ^    * . 

-•  '  (33)  A  hemisphere  is  fixed  with  its  base  on  the  ground 
between  two  parallel  vertical  planes,  both  of  which  touch  it,  and 
of  which  one  reaches  to  a  height  equal  to  the  diameter :  a  beam 
of  given  length  and  weight,  supported  by  the  hemisphere,  rests 
over  the  top  of  the  finite  plane,  one  of  its  ends  pressing  against 
the  indefinite  plane:  to  find  the  pressures  of  the  beam  on  the 
planes  and  hemisphere,  and  to  determine  the  greatest  length 
of  the  beam  for  which  there  can  exist  any  pressure  on  the 
hemisphere. 

Let  r  =  the  radius  of  the  hemisphere,  2a  =  the  length  of  the 
beam,  ^  =  the  pressure  on  the  top  of  the  finite  plane,  iS=the 
pressure  on  the  indefinite  plane,  r=  the  pressure  on  the  sphere. 
Then,  W  denoting  the  weight  of  the  beam, 

125r-32a   ^ 
^  ~        80r         •""' 
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Sect.  2.    Friction. 

Statical  friction  oonaiBts  in  the  resistance  arising  from  mutual 
roughness,  which  is  opposed  to  the  production  of  relative  motion 
between  two  substances  in  contact.  If  the  substances  were 
perfectly  smooth,  their  mutual  pressure  at  every  point  of  the 
sur&ces  of  contact  would  take  place  in  some  determinate  straight 
line  depending  upon  the  forms  of  the  surfaces ;  if  the  consider- 
ation of  roughness  be  introduced,  the  force  of  friction  when 
called  into  play  will  exert  itself  at  each  point  in  a  direction  at 
right  angles  to  the  mutual  pressure  corresponding  to  perfect 
smoothness.  The  estimation  of  the  magnitude  of  friction  for 
assigned  substances  and  for  given  surfaces  of  contact,  can  be 
effected  solely  by  experiment. 

Suppose  B  to  denote  the  total  pressure  of  two  substances,  of 
which  the  surfaces  of  contact  are  two  planes,  and  let  F  be  the 
greatest  force  which  friction  can  exert  in  the  prevention  of 
relative  motion ;  then  F  is  taken  as  the  measure  of  the  stati- 
cal friction.  After  the  performance  of  numerous  experiments, 
Amontons\  who  was  the  first  to  diBcuss  scientifically  the  subject 
of  friction,  was  led  to  conclude  that,  so  long  as  the  substances 
remain  the  same,  F  varies  directly  as  B,  and  is  independent  of 
the  magnitude  of  the  area  of  contact.  Thus,  fi  denoting  some 
constant  quantity,  the  magnitude  of  which  is  to  be  obtained  by 
experiment,  we  should  have  for  any  assigned  substances 

F^fiB, 

where  fi  is  called  the  coeflScient  of  friction.  This  relation,  how- 
ever, although  generally  adopted  by  mathematicians,  is  probably 
not  quite  accurate.  Muschenbroek',  and  the  Abb^  Nolet',  con- 
cluded from  experiments  that  the  value  of  fi  depends  in  some 
degree  upon  the  magnitude  of  the  area  of  contact,  and  that  for  an 
assigned  area  of  contact  it  does  not  remain  invariable  for  all 

>  Memoiret  de  VAoadhnie  det  Sdeneet  de  Paris,  1099,  p.  206. 

'  JntroducL  ad  PhU.  Nat.  Tom.  i.  cap.  9, 1762.    LecU  Phys.  Exp.  Turn.  i.  p.  241. 

'  Lemons  de  Physique  ExperimetUale,  Tom.  i.  p.  290;  17M. 
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values  of  R.  Bossut'  agreed  with  Amontons  in  supposing  ^  to 
be  independent  of  the  area  of  contact,  but  considered  that  its 
value  decreases  as  R  increases.  Various  experimenters  have 
exerted  their  labours  on  the  same  subject  with  verj  different 
conclusions.  Professor  Yince'  concluded,  after  the  performance 
of  veiy  careful  experiments,  that  the  coefficient  of  friction  does 
really  diminish  with  the  increase  of  R^  and  that  for  a  given 
pressure  it  decreases  when  the  area  of  contact  is  diminished. 
It  would  appear  however,  from  the  valuable  experim^ts  of 
Coulomb'  and  Ximenes*,  that  the  variation  of  /a,  owing  to  any 
change  in  the  magnitude  of  the  area  of  contact,  is  extremely 
small  and  of  an  irregular  character,  and  that  it  decreases  Yerj 
slightly  as  R  increases.  BossUt*  has  remarked,  that  the  statical 
friction  between  two  substances  becomes  greater  by  allowing 
them  to  remain  in  contact  for  some  time  before  it  is  called  into 
play,  an  observation  which  has  been  ftiUy  confirmed  by  the 
experiments  of  Coulomb. 

If  the  surfaces  of  contact  be  not  plane  areas,  the  coefficient  of 
friction  will  on  this  account  receive  a  change  of  value;  and 
generally  it  will  depend  upon  the  forms  of  the  surfaces  of 
contact,  as  well  as  upon  the  nature  of  the  substances.  The 
friction  of  a  solid  cylinder  against  a  hollow  one  has  been  con- 
sidered by  Coulomb  and  Ximenes,  who  have  found  it  to  be 
much  smaller  than  between  two  plane  surfaces  of  the  same  sub- 
stance ;  the  coefficient  of  friction  is,  however,  approximately  con- 
stant, as  in  the  case  of  plane  surfaces  of  contact. 

The  friction  of  which  we  have  been  speaking,  is  the  friction 
called  into  play  by  the  rvhhmg  of  two  substances  against  each 
other;  the  roughness  of  substances,  however,  exerts  force  to 
interrupt  the  production  of  relative  motion  also  in  the  caae 
when  one  body  is  urged  to  roll  along  another  without  rubbing; 
this  may  be  called  the  friction  of  cohesion,  depending  probably 
upon  the  mutual  tenacity  of  the  particles  of  the  two  bodies. 
This  species  of  friction  was  first  noticed  by  Bossut,  and  after- 

'  Traits  dt  Micanique,  Part  i.  chap.  4,  sect.  1,  p.  178. 

«  Philosophieal  Transaction*,  1785,  Part  i.  p.  166. 

^  Afimoires  frtipnt.  a  VAcademie,  Tom.  x.  178-3. 

*  Terria  e  Pentici  delle  Resist,  de'  Sol,  ne'  loro  Attr.  Pisa,  1782. 
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wards  carefully  investigated  by  Ximenes  and  Coulomb :  in  the 
case  of  a  cylinder  rolling  along  a  plane,  the  friction  of  cohesion 
is  found  to  vary  inversely  as  the  diameter. 

The  friction  which  exists  between  two  substances  in  motion, 
which  may  be  called  their  dynamical  friction,  is  very  consider- 
ably less  than  their  statical  friction.  The  dynamical  friction  is 
measured  by  the  force  necessary  to  keep  the  bodies  in  motion ; 
the  statical  friction  by  the  force  necessary  to  set  them  originally 
in  motion.  The  difference  of  the  magnitudes  of  statical  and 
dynamical  friction  was  noticed  by  Camus^  and  Desaguliers«,  and 
afterwards  by  various  other  experimenters.  Professor  Vince 
ascertained  by  experiments,  that  dynamical  friction  is  a  constant 
force  for  hard  substances,  whatever  be  the  velocity  of  the  rela- 
tive motion;  but  that  in  the  case  of  softer  bodies  it  increases 
considerably  with  an  increase  of  velocity.  The  friction  of  pivots 
has  been  fally  considered  by  Coulomb  in  the  MSmoires  de  TAcad. 
dea  Sciences  de  Paris ^  1790.  The  friction  and  rigidity  of  ropes 
was  first  investigated  experimentally  by  Amontons  in  the  me- 
moir to  which  we  have  alluded  above,  and  afterwards  by  Cou- 
lomb and  Ximenes. 

(1)  A  uniform  beam  AB^  (fig.  42),  resting  with  one  end  A 
upon  a  rough  horizontal  plane  KL,  has  its  other  end  B  attached 
to  a  string  which  passes  over  a  smooth  pulley  E^  and  supports  a 
weight  P;  to  determine  the  range  of  positions  in  which  the  beam 
may  be  placed  consistently  with  equilibrium. 

Let  O  be  the  centre  of  gravity  of  the  beam,  and  IF  its  weight; 
0y  <f>y  the  angles  of  inclination  of  AB,  BE,  to  the  horizon  for  any 
position  of  equilibrium;  let  AO  =  BO  —  a]  let  F  denote  the 
friction,  estimated  along  LK,  which  is  called  into  play  at  A,  and 
which  will  be  at  right  angles  to  R  the  vertical  reaction  of  the 
plane  on  the  beam.  Suppose  the  whole  weight  of  the  beam  to 
be  collected  at  its  centre  of  gravity. 

Then  for  the  equilibrium  of  the  beam  we  have,  resolving  the 
forces  horizontally, 

F^  Pco&<l> (1); 

*  Traite  des  Foreet  Mouwmtes.  '  Cours  de  Phyrique, 
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resolving  vertically, 

5  +  P8m^=  W (2); 

and,  taking  moments  about  Ay 

TTa  COB  ^  =  P .  2a  sin  (^  -  tf ) , 
or  Trco8d  =  2P8in(^-^ (3). 

Assume  F=  \fl,  where,  if  fi  denote  the  coefficient  of  friction 
between  the  end  of  the  beam  and  the  plane,  X  may  have  any 
value  from  zero  up  to  /a.     Then  by  (1)  we  have 

TJi  =  PcoB0 (4). 

From  (2)  and  (4),  we  obtain 

Pcos  0  +XPsin0  =  XW, 

or,  putting  X  =  tan  6, 

P  cos  (^  —  c)  =  TF  sin  €, 

which. determines  the  angle  ^  in  terms  of  W,  P,  e;  and  then  0 
may  be  determined  from  (3).  By  giving  then  to  €  any  values 
from  zero  up  to  tan'^/i,  we  shall  obtain  a  series  of  positions 
of  equilibrium. 

Suppose  for  instance  X  to  be  equal  to  zero ;  then  from  (4) 

Pcos^  =  0,  and  therefore  <f>  =  ^; 

hence,  by  (3),  Wcosd-  2P  cos  0, 

and  therefore  either  W=  2P,  in  which  case  0  remains  indeter- 
minate and  may  have  any  value  whatever,  or  tf  ==  ^tt.  Again 
from  (2),  since  ^  =  ^,  we  have 

E^  W'-P (5), 

and  therefore,  if  ^  be  not  equal  to  ^,  we  must  have 

Thus  we  see  that  the  end  B  of  the  beam  must  be  in  the  ver- 
tical line  through  E\  and  that,  unless  AB  be  placed  vertically, 
the  weight  Pmust  be  equal  to  half  the  weight  of  the  beam.  If 
the  beam  be  placed  vertically,  it  is  clear  from  (5)  that  P  may 
have  auy  value  from  0  up  to  PT,  but  no  greater  value,  because 
R  cannot  be  negative. 
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If,  instead  of  taking  X  =  0,  we  were  to  give  it  any  other  value 
between  0  and  /i,  we  should  have  to  detennine  the  values  of  0 
and  ^  as  in  the  present  case. 

(2)  A  beam  AB  (fig.  43)  is  supported  on  a  prop  CD  by  a 
given  force  P  acting  at  a  given  angle  of  inclination  to  the  hori- 
zon ;  to  find  the  position  of  the  beam  when  it  is  upon  the  point 
of  sliding  past  the  point  C  firom  A  towards  B^  the  prop  and 
beam  being  relatively  rough. 

Produce  BAy  PAj  to  meet  the  horizontal  line  KL  in  the 
points  Fj  E\  let  O  be  the  centre  of  gravity  of  the  beam.  Let 
AO^a,  CG-^x,  iPEL^a,  tAFE^d,  5  =  the  reaction  of 
the  prop  at  right  angles  to  AB^  and  yi»  the  coefficient  of  fiiction ; 
then  ilR  will  be  the  fiiction,  of  which  BA  is  the  direction. 

Then  for  the  equilibrium  of  the  beam  we  have,  resolving 
forces  vertically, 

Psina  +  5cos^=  TT+^ifisin^ (1); 

resolving  horizontally, 

Pcosa  =  5sin^  +  /i5cosd (2); 

and,  taking  moments  about  (7, 

Tra?cos^  =  P(a  +  a?)  sin(a-^ (3). 

From  the  equations  (1)  and  (2)  there  is 

cos  ^  —  /i  sin  ^  _  W—  P  sin  g 

sin  tf  +  /A  cos  tf  ""     P  cos  a     ' 
and  therefore 

Pcosa(l-/Atand)  =  (Tr-Psina)(tan^  +  /A), 

P(cosa  +  /i  sin  a)  — /iTr=  {Tr+P(/A  cosa  — sina)}  tan^; 

assume  yi»  =  tan  e ;  then,  multiplying  both  sides  of  the  equation 
by  cos€, 

Pcos(€  — a)  —  Trsine={Psin  (c  — a)  +  TFcose}  tan^, 

^_Pcos(e  — a)—  TTsin  e 
""  P  sin  (6  —  a)  +  IF  cos  e ' 

which  determines  the  inclination  of  the  beam  to  the  horizon. 

Knowing  6  we  may  determine  x  fix)m  the  equation  (3) ;  and 
thus  the  position  of  the  beam  will  be  completely  ascertained. 
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If  the  beam  be  on  the  point  of  sliding  in  a  direction  opposite 
to  that  which  we  have  supposed,  the  quantity  fi  must  be  replaced 
by  —  /A,  or  €  by  —  € ;  and  the  formulas  for  the  former  case  will 
all  become  adapted  to  the  latter. 

(3)  A  uniform  rectangular  board  KLMN,  (fig.  44),  is  placed 
upon  a  rough  inclined  plane  AB ;  supposing  the  inclination  of 
the  plane  AB  to  the  horizon  to  be  gradually  increased,  to  find 
whether  the  equilibrium  of  the  board  will  be  disturbed  by  the 
commencement  of  a  rolling  or  of  a  sliding  motion. 

First  suppose  that  the  board  begins  to  slide;  let  B  be  the 
whole  of  the  reaction  of  the  plane  at  right  angles  to  itself  on  the 
board,  /i  the  coefficient  of  firiction,  and  <f>  the  inclination  of  the 
plane  at  the  commencement  of  sUding.  Then,  resolving  forces 
parallel  to  the  inclined  plane, 

fiB  =  IF  sin  0 ; 

and,  resolving  forces  at  right  angles  to  it, 

B  =  Wco&<l>; 
hence,  eliminating  B, 

tan^  =  /i. 

Next  suppose  that  the  board  tumbles  over  the  comer  K  before 
the  commencement  of  sliding ;  then  the  vertical  through  G  will 
pass  through  K  when  <f>  has  received  the  proper  value ;  draw 
OH  at  right  angles  to  the  plane,  let  HK=a,  GH^  b ;  then 

Hence,  if  /i  be  less  than  r  9  sliding  will  take  place  before 

rolling;  oh  the  contrary ,  if /x  be  greater  than  v ,  rolling  will  take 

place  before  sliding ;   if  /i  be  equal  to  r  »  rolling  and  sliding  will 
take  place  simultaneously. 

(4)  A  beam  PQ,  (fig.  45),  which  is  capable  of  firee  motion  in 
every  direction  about  a  smooth  hinge  at  P,  rests  with  its  end  Q 


EQUILIBRIUM  OF  A  SINGLE  BODY.  77 

against  a  rough  vertical  plane  ABC;  to  determine  the  position 
of  the  beam  when  it  is  bordering  on  motion. 

From  P  draw  PO  at  right  angles  to  the  plane  ABC;  join 
OQ;  the  locus  of  Q  will  be  a  circle  in  the  vertical  plane  having 
0  for  its  centre;  let  G  be  the  centre  of  gravity  of  the  beam ; 
PBVhe  the  projection  on  the  horizontal  plane  through  PO  of 
the  line  POQy  J7and  F  being  the  projections  of  O  and  Q;  draw 
HK  at  right  angles  to  PO ;  let  TFbe  the  weight  of  the  beam,  /a 
the  coefficient  of  iriction  between  the  beam  and  the  vertical 
plane,  and  R  their  mutual  pressure ;  fiR  will  act  in  the  tangent 
to  the  locus  of  Q  at  the  point  Q,  that  is,  at  right  angles  to  OQ 
and  in  the  plane  ABC,  and  from  A  towards  B\ 

let  PG^a,  QG^b,  z  QPO^a,  i  QOA^O. 

Then  for  the  equilibrium   of  the  beam   we    have,   taking 
moments  about  PO, 

W.HK^fjiB.OQ •. (1); 

and,  taking  moments  about  the  horizontal  line  through  P,  which 
is  at  right  angles  to  PO,  it  being  observed  that  the  vertical 
resolved  part  of  fiR  is  iaR  cos  aQOV, 

W.PK^R.QV+fiB.POcoBjiQOV. (2). 

Now,  from  the  geometry, 

HK=^  GK  cos  ^  =  a  sin  a  cos  0, 

OQ  =  (a  +  J)  sina,  POcos  z  QOV^{a  +  h)  cosacostf, 

PK—  a  cos  a,  QV^  OQ  sin 0—{a  +  h)  sin  a  sin  tf ; 

hence,  from  the  equations  (1)  and  (2), 

Wa  sin  a  cos  0  3=  fiR  {a  +  h)  sin  a, 

and     Wa  cosa  =  5  (a  + A)  sin  a  sin^  +  /A-B(a  +  J)  cosoccosd; 

dividing  the  latter  of  these  equations  by  the  former, 

cos  a      _  sin  g  sin  ff  +  ft  cos  a  cos  0 
sin  a  cos  tf  ~*  /i  sin  a  ' 

/LCr  cos  a  =:  cos  0  (sin  a  sin  d  +  /a  cos  a  cos  ff), 

ft  cos  a  sin'  0  =  sin  a  sin  0  cos  d, 

/Lt  tan  0  ^  tan  a, 
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tan  ^  =  -  tan  a. 
A* 

We  may  solve  this  problem  also  in  the  following  manner: 

taking  moments  about  the  vertical  line  through  P  we  have, 

since  iiR  sin  0  is  the  horizontal  resolved  part  of  fiR, 

B.OV=:=fiS.  Bin  0.PO, 
and  therefore  OQ  cos  d^^fisiad,  PO ; 

but  OQ=OPtana, 

hence  tan  a  cos  0  =  u  sin  0,    tan  ^  =  -  tan  a. 

(5)  A  beam  AB  (fig.  46)  is  placed  with  one  end  upon  a 
rough  horizontal  plane  Ox,  and  rests  against  a  rough  plane 
curve  KPL  at  any  point  P;  supposing  that,  whatever  be  the 
point  P  against  which  the  beam  leans,  it  is  always  in  an  equi- 
librium bordering  on  motion,  and  that  the  coefficient  of  friction 
is  the  same  both  for  the  curve  and  for  the  horizontal  plane,  to 
find  the  nature  of  the  curve. 

Draw  PM  at  right  angles  to  Ox;  let  G  be  the  centre  of 
gravity  of  the  beam,  W  its  weight,  AO  =  ay  l  BAx  =  0,  OM^  a?, 
PM^y,  /L6  =  the  coefficient  of  fiiction;  let  R  and  R  be  the 
normal  reactions  of  the  curve  and  of  the  plane  against  the  beam ; 
in  consequence  of  fiiction  the  curve  will  exert  on  the  beam  a 
force  fiB  along  P8,  and  the  horizontal  plane  a  force  iaR  along 
Ax, 

Hence  for  the  equilibrium  of  the  beam,   resolving  forces 

parallel  to  Ox, 

Rbivl0  =  fiR  cos  tf  +  fiR, 

JS  (sin  (9  - /A  cos  tf )  = /A^ (1); 

resolving  forces  perpendicularly  to  Ox, 

RcoB0  +  fiR6in0+R=:  W, 

5(cosd  +  /Asind)+JB'=  W (2); 

and,  taking  moments  about  A, 

R.AP-=  Wa  COS0,   or  R.AM=^  WacoB*0 (3). 

From  (1)  and  (2)  we  get 

{I -\- fjT}  R  Bin  0  ^  fjiW, 
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and  therefore,  from  (3), 

(1  +  /a")  a  sin  ^  cos"  5  =  ^ .  AM; 

but  8m<?  =  g,  C08<?  =  -^,     AM=y^; 

hence  we  have 

,,        -.     dy  da?         dx 

„        ,,  dt^  ds* 

put  /A  =  tan  €,  and  this  equation  becomes 

2a     rfy*  _     &'  ^ 
sin 2€  ds?"^  da?' 

which  is  the  differential  equation  to  the  curve. 

If  the  friction  of  the  curve  and  the  plane  be  different,  we 
may  obtain  the  differential  equation  to  the  curve  with  equal 
ease. 

(6)  A  uniform  rod  passes  over  the  fixed  point  A  and  under 
the  fixed  point  J?,  (fig.  47),  and  is  kept  at  rest  by  the  friction 
at  the  points  A  and  B;  to  determine  the  circumstances  of 
equilibrium. 

Let  /A-B,  fjkSy  be  the  forces  of  firiction  at  -4,  J5,  respectively,  B 
and  8  being  the  normal  actions  of  the  fixed  points  on  the  rods. 
Let  O  be  centre  of  gravity  of  the  rod. 

Let  AB  —  Of  a  =  the  inclination  of  AB  to  the  horizon,  2b 
—  the  length  of  the  rod,  and  AO  =  x. 

Resolving  forces  along  the  rod,  we  have 

fj^{B+S)=  Wsm  a (1); 

resolving  perpendicularly  to  the  rod,  we  have 

5=  Wcosa+S. (2); 

and,  taking  moments  about  (7, 

Bx^Six-^-a) (3). 
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From  (1)  and  (2), 

2/A/S=  W^  (sin a  — /A  COB  a) (4). 

From  (2)  and  (3)  there  is 

aS  =  xW CO&  a (5); 

and  therefore,  by  (4)  and  (5), 

a; .  2/Lt  cos  a  =  a  (sin  a  —  /a  cos  a), 

«=^(tana-/A) (6). 

Since  8  cannot  be  negative,  therefore,  by  (5),  x  cannot  be 
negative.     Moreover,  from  the  geometry,  it  is  plain  that 

X  i.  b  —  a (7). 

Let  \  be  the  coefficient  of  friction.  Then  /a  may  have  any 
value  between  0  and  X  which  gives  to  a:,  as  determined  by  the 
equation  (6),  a  positive  value  consistent  with  the  inequality  (7). 

If  |-(tana-X)>ft-a, 

atana 
or  X  <  —5 , 

equiUbrium  is  impossible. 

(7)  A  beam  rests  with  its  lower  extremity  on  a  horizontal,  and 
its  higher  against  a  vertical  plane ;  having  given  its  length,  the 
position  of  its  centre  of  ^gravity,  and  the  coefficients  of  the  fric- 
tion of  the  horizontal  and  of  the  vertical  plane,  to  find  its  posi- 
tion when  in  a  state  bordering  on  motion. 

If  a,  6,  be  the  distances  of  the  centre  of  gravity  of  the  beam 
from  its  lower  and  higher  extremity;  /a,  /a',  the  coefficients 
of  friction  between  the  beam  and  the  horizontal,  and  between 
the  beam  and  the  vertical  plane ;  and  6  the  inclination  of  the 
beam  to  the  horizon;  then 

.      ^     a  -  /a/a' J 
/A(a+6) 

A^    (8)  A  uniform  and  straight  plank  rests  with  its  middle  point 
upon  a  rough  horizontal  cylinder,  their  directions  being  perpen- 
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dicnlar  to  each  other ;  to  find  the  greatest  weight  which  can  be 
suspended  firom  one  end  of  the  plank  without  its  sliding  off  the 
cylinder. 

Let   W  be  the  weight  of  the  plank,  and  P  the  attached 

weight ;  r  the  radius  of  the  cylinder,  2a  the  length  of  the  plank, 

tanX  the  coefficient  of  friction.     Then  P  will  be  given  bj 

the  relation 

P  ^     r\ 

Wa-^rX' 


yt 


(9)  A  uniform  rod  rests  over  a  smooth  peg,  its  lower  end 
being  supported  bj  a  rough  horizontal  plane :  to  find  its  posi- 
tion of  equilibriiun  when  bordering  upon  motion. 

If  2a  =  the  length  of  the  rod,  A  =  the  height  of  the  peg  above 
the  horizontal  plane,  and  tan  e  =  the  coefficient  of  firiction: 
then  0y  the  inclination  of  the  rod  to  the  horizon  in  the  required 
position,  is  determined  by  the  equation 

a  sin  20 .  sin  (0  +  «)  =  2h  sin  €. 

(10)  A  tmiform  beam  ABj  (fig.  48),  of  which  the  end  B  presses 
agamst  a  rough  yertical  plane  GD,  in  supported  by  a  fine  etring 
A  C  attached  to  a  fixed  point  C  in  the  plane;  to  find  the  position 
of  the  beam  when  bordering  upon  motion. 

Let  the  point  J?  be  on  the  point  of  ascending ;  let  /i  ^  the 
coefficient  of  friction,  a  =  the  length  of  the  beam,  CA  =  7, 
^  ACB  =  d,  z  ABD  =  if>.  Then  0  may  be  found  from  the 
equation 

(4<^ - 4P - /a'P)  tan*d-2;A?tand  +  4fl?-P  =  0; 

and  then  ^  may  be  determined  by  the  equation 

a  sin  ^  s  Z  sin  0. 

If  J?  be  on  the  point  of  sliding  downwards,  /a  must  be  re- 
placed by  —  ^. 

(11)  A  uniform  rod  rests  within  a  rough  circle,  the  plane  of 
which  is  vertical :  to  investigate  the  position  of  the  rod  when 
the  friction  can  only  just  maintain  the  equilibrium. 

If  a  denote  the  angle  between  the  rod  and  the  radius  through 
''     w.  8.  6 


82  EQUILIBBIUM  OF  A  SINGLE  BODT. 

either  ezlrcmity,  tan  e  the  coefficient  of  friction,  and  0  the  incli- 
nation of  the  rod  to  the  horizon  in  the  required  position, 

sin  26 


tand  = 


cos  26  — cos  2a* 


\ 


\ 


(12)  A  square  board  ABGD,  (fig.  49),  the  plane  of  which  is 
vertical,  rests  with  its  side  AD  in  contact  with  a  rough  vertical 
wall,  which  is  perpendicular  to  the  plane  of  the  board ;  the  side 
AB  resting,  at  a  point  indefinitely  near  to  J5,  upon  a  rough  peg : 
to  find  the  least  value  of  the  coefficient  of  friction,  supposing  it 
to  be  the  same  for  the  wall  and  for  the  peg. 

The  least  value  of  the  coefficient  of  friction  is  equal  to 

V(2)  - 1. 

(13)  An  elliptical  cylinder,  placed  between  a  smooth  vertical 
plane  and  a  rough  horizontal  one,  with  the  major  axis  of  the 
ellipse  inclined  at  an  angle  of  45^  to  the  horizon,  is  just  pre- 
vented by  friction  from  sliding;  to  find  the  coefficient  of  friction. 

If  e  be  the  eccentricity  of  the  ellipse,  the  coefficient  of  fric- 
tion will  be  equal  to  ^. 

(14)  A  homogeneous  solid  hemisphere  is  capable  of  rolling  on 
its  curve  surface  upon  a  horizontal  plane,  the  friction  being  such 

•  as  to  prevent  all  sliding ;  to  find  the  moment  of  a  couple  which 
may  keep  it  at  rest  with  its  base  inclined  at  an  angle  of  30* 
to  the  horizon. 

If  TT  be  the  weight  and  a  the  radius  of  the  hemisphere,  the 
moment  of  the  couple  will  be  equal  to  ^  Wa. 

(15)  A  sphere  of  radius  a  is  just  supported  on  a  rough  plane, 
inclined  at  an  angle  of  45^  to  the  horizon,  by  a  weightless  rod, 
the  lower  extremity  of  which  is  attached  by  a  hinge  to  the 
inclined  plane,  and  the  higher  to  the  surface  of  the  sphere,  at  a 
point  where  the  radius  is  parallel  to  the  plane  ;  the  rod  and  the 
centre  of  the  sphere  lying  in  a  vertical  plane  whidi  cuts  the 
inclined  plane  at  right  angles.  To  find  the  length  of  the  rod, 
the  coefficient  of  friction  being  equal  to  tan  6. 

The  length  of  the  rod  is  equal  to  a  cosec  6. 
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(16)  A  straight  unifonn  beam  is  placed  upon  two  rough 
planes,  of  which  the  inclinations  to  the  horizon  are  a  and  a',  and 
the  coefficients  of  friction  tan  X  and  tan  V ;  to  find  the  limiting 
value  of  the  angle  of  inclination  of  the  beam  to  the  horizon 
at  which  it  will  rest,  and  the  relation  between  the  weight  of  the 
beam  and  each  of  the  two  normal  pressures  upon  the  planes. 

Let  0  be  the  required  limiting  angle;  JB,  R,  the  normal 
pressures  on  the  planes ;  and  TF  the  weight  of  the  beam.     Then 

2  tan  ^  =  cot  (a'-hV)  -  cot  (a-\), 

R  W  E 

cos  \  sin  (a'  +  V)     sin  (a  —  X  +  a'  +  V)     cos  X'  sin  (a  —  X)  * 

(17)  A  right  cone  is  placed  on  its  base  upon  a  rough  in- 
clined plane,  the  inclination  of  which  is  gradually  increased :  to 
investigate  the  condition  that  a  motion  of  rolling  and  of  sliding 
may  take  place  simultaneously. 

If  \fi  denote  the  angle  of  indifference,  and  a  the  vertical 

angle  of  the  cone,  the  required  condition  is  expressed  by  the 

equation 

/8  —  a        3  sin  a 


tan 


5  —  3  cos  a 


(18)  A  uniform  rectangular  plank  AB,  (fig.  50),  of  given 
weight  TF,  is  just  supported  against  a  rough  vertical  wall  BC 
by  a  weight  P  suspended  at  one  end  of  a  string  which  passes 
through  a  ring  at  0,  vertically  above  J?,  and  of  which  the  other 
end  is  tied  to  A.  To  find  the  least  value  of  the  normal  pressure 
on  the  wall,  and  the  corresponding  magnitude  of  P. 

If  tan  €  denote  the  coefficient  of  friction,  the  least  value  of  the 
normal  pressure  \a  \W  cot  €,  and  the  corresponding  magnitude 
of  Pis  ^TFcosecc. 

(19)  When  a  person  tries  to  pull  out  a  two-handled  drawer  by 
pulling  one  of  the  handles  in  a  direction  perpendicular  to  its  front, 
to  find  the  condition  under  which  the  drawer  will  stick  fast. 

The  drawer  will  stick  fast,  whatever  be  the  force  employed,  if 
the  coefficient  of  friction  be  not  less  than  the  ratio  of  the  length 
of  either  side  of  the  drawer  to  the  distance  between  its  handles. 

6—2 


(    84    ) 


CHAPTER  IV. 

EQUILIBRIUM  OF  SEYEBAL  BODIES. 

If  there  be  a  system  of  bodies  mutuallj  actmg  on  each  other  by 
contact,  by  connecting  rods,  or  in  any  conceivable  way,  it  will 
be  neceeaaiy,  in  the  determmation  of  the  ciicBmstances  of 
eqnilibrimn,  to  represent  the  unknown  actions  and  reactions 
by  appropriate  symbols.  We  shall  then  have  to  write  down 
the  equations  of  equilibrium  for  each  body  separately,  including 
among  the  known  forces  to  which  it  is  subject,  the  unknown 
actions  which  it  experiences  from  its  connection  with  the  other 
bodies  of  the  system.  From  these  different  sets  of  equations, 
taken  conjointly,  we  shall  have  to  determine  the  circumstances 
of  equililnium. 

Sect.  1.    No  FrtcHan. 

(1)  AB  (fig.  51)  is  a  uniform  beam,  capable  of  motion  about 
its  middle  point  D;  CE\aa  beam,  moveable  about  a  hinge  C  in 
the  vertical  line  through  2),  and  pressing  against  the  beam  AB 
from  the  extremity  B  of  which  a  weight  P  is  suspended ;  to  de- 
termine the  positions  of  the  beams  for  equilibrium,  having  given 
that  CD  is  equal  to  AD  or  BD. 

Let  AD^CD^BD^a,  i,AGD^0\  GG^h,  (?  being  the 

centre  of  gravity  of  the  beam  CE\  JB=:the  action  and  reaction 

of  the  two  beams  at  A\   TFsthe  weight  of  the  beam   CE. 

Then  for  the  equilibrium  of  GE^  taking  moments  about   C7, 

we  have 

£.2acos0  =  TF.&sin<>; 

and  for  the  equilibrium  of  AB^  taking  moments  iribout  Z>, 

E.a  cos  ^  =  P.a  sin  2d,    or  -B  «  2Psin  d; 
from  these  two  equations,  by  the  elimination  of  JB,  we  get 

Tr&  sin  d  »  2Pa  sin  20  »  4Pa  sin  0  cos  d, 
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hW 

and  therefore  ^  =  0,    ^  co8tf  =  ^--p; 

which  determine  the  required  poeitionB  of  the  beams. 

(2)  Two  spheres  0  and  (7,  (fig.  52),  rest  upon  two  smooth 
inclined  planes  ^(7 and  ^C,  and  piess  against  each  other;  to 
determine  their  position. 

Let  Wy  W\  be  the  weights  of  the  spheres  Oj  (/;  B  their 
mutual  action  and  reaction ;  a,  a',  the  inclinations  of  the  planes 
AGj  AG\  to  the  horizon;  0  the  inclination  of  the  line  OO^ 
joining  the  centres  of  the  spheres,  to  the  horizon. 

Then  for  the  equilibrium  of  the  sphere  0,  resolving  forces 
parallel  to  AG^ 

5oos(a  +  ^  =  TFsina; 

and  for  the  equilibrium  of  the  sphere  O',  resolving  forces  paral- 
lel to  ^C", 

Jicos(a'-d)  =  TF'sina'. 

Eliminating  R  between  these  two  equations, 

TT  sin  a  cos  (a'  -  ^  =  TT '  sin  a'  cos  (a  +  ^ , 
TT tana  (1  +  tana' tan^  »  TT' tana' (1  -  tana  tan 0), 

j*i.     r  4.     /I       WT' tana'- TT  tana 

and  therefore      tan  0  » -p==r, — ==r-- j- . 

(}y  +rr)  tana  tana 

(3)  Three  spheres  0,  CX,  0",  (fig.  53),  axe  placed  in  contact 
within  a  hollow  sphere ;  a  vertical  plane  through  the  centre  of 
the  hollow  sphere  being  supposed  to  contain  the  centres  of  the 
three  solid  spheres ;  to  find  their  positions  of  equilibrium. 

Let  G  be  the  centre  of  the  hollow  sphere ;  0,  C,  0",  the 
centres  of  the  solid  spheres;  join  0G,aG,O'G\  let  TT,  W\  TT", 
be  the  weights  of  the  three  spheres;  GO  —  r^  GO  —  t\  GO'  —  r''\ 
I  OGO^d,  ^  OGO'^fi'',  ^  =  the  inclination  of  OG  to  the 
horizon. 

Then,  since  the  actions  of  the  hollow  sphere  on  the  solid  ones 
all  three  pass  through  the  point  C>  we  have  for  the  equilibrium 
of  the  solid  spheres,  taking  moments  about  (7,  observing  that, 
if  each  of  the  spheres  be  in  equilibrium,  thej  would  likewise  be 
at  rest  if  rigidly  connected  together  as  a  single  body. 
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Wr  COB  {0- a)  +  WW  cos  ^  +  W"r"  cos  {6  +  a")  =  0, 
m- (cos  a  +  sin  o  tan  ^  +  W'r  ■{■  Tr'V"(co8a"-Bina"tan^  =  0; 

,,,      -          ,     a     »r"r"  cos  a" +  Try  +  Trr  cos  a 
and  tnereiore      tan  u  = „y»  ,.  , — jt — ^^jr — * • 

(4)  A  hollow  cylinder  stands  upon  a  horizontal  plane,  and  a 
rigid  imponderable  rod,  in  a  vertical  plane  through  the  axis  of 
the  cylinder,  passes  over  the  upper  edge  of  the  cylinder  and  rests 
against  its  interior  surface:  a  given  weight  is  attached  to  the 
other  extremity  of  the  rod,  and  the  cylinder,  which  is  prevented 
from  slipping  by  a  small  obstacle  on  the  plane,  is  just  on  the 
point  of  turning  over.    To  determine  the  weight  of  the  cylinder. 

Let  a=  the  length  of  the  rod  AEB,  (fig.  54),  AE^x\ 
c  =  the  diameter  of  the  cylinder  and  TF  =  its  weight;  P=the 
weight  suspended  from  B^  6^  the  inclination  of  AB  to  the  hori- 
zon ;  and  let  JS,  8^  denote  the  reactions  of  the  cylinder  against 
the  rod. 

For  the  equilibrium  of  the  rod  we  have,  resolving  horizon- 
tally, 

5cos^  =  Psinl? (1), 

and,  taking  moments  about  E^ 

Rx  sin  5  =  P(a  —  a?)  cos  5, 
or,  since  xQosd  =  c, 

Be &m0  ==  P {a coa 6  —  c)  coaO (2). 

From  (1)  and  (2), 

c  sin'  ^  =  (a  cos  5  —  c)  cos"  0, 


COS0 


-©' ("= 


hence  (a  —  x)  cos5  =  c'(a*—  c*). 

For  the  equilibrium  of  the  cylinder  and  rod,  regarded  as  one 
system,  taking  moments  about  0,  we  have  • 

Tr.ic  =  P(a-aj)cos^  =  Pc*(a*-c^), 


f       § 

Tr=2P.5^ 
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Cor.    From  (1)  and  (3), 


^=<^ . 


and,  resolving  vertically  for  the  eqoilibrimn  of  the  rod, 

(5)  A  sphere  and  cone  of  given  weights  are  placed  in  contact 
on  two  inclined  planes,  the  intersection  of  which  is  a  horizontal 
line ;  to  determine  the  circumstances  of  equilibrium. 

Let  W,  W\  be  the  weights  of  the  sphere  and  the  cone, 
which  we  may  suppose  to  be  applied  at  their  centres  of  gravity 
^>  ^'>  (fig-  55).  Let  R  be  the  action  of  the  plane  AB  upon  the 
sphere,  and  8  the  mutual  action  of  the  sphere  and  cone :  if  ^ 
denote  the  semiangle  of  the  cone,  then  evidently  the  line  of 
action  of  8  will  make  an  angle  ^  with  the  plane  AB\  The 
plane  AB'  will  exert  at  right  angles  to  itself  an  action  upon 
every  element  of  the  base  of  the  cone ;  the  resultant  of  all  these 
actions  will  'be  some  force  R  applied  at  some  point  E  of  the 
base  of  the  cone  in  the  line  AB\  Let  a,  a ,  be  the  inclinaticms 
of  the  two  planes  to  the  horizon. 

For  the  equilibrium  of  the  sphere  we  have,  resolving  forces 
parallel  to  the  plane  ABy 

}F8ina  =  i8^cos(a  +  a'-<^) (1), 

and,  resolving  forces  at  right  angles  to  the  pkne, 

,B=}Fcosa-f /8'8in(a-ha'-<^) (2); 

the  equation   of  moments  is  an   identical  equation,   since  all 
the.  forces  which  act  upon  the  sphere  pass  through  its  centre. 

Again,  for  the  equilibrium  of  the  cone,  resolving  the  forces 
which  act  upon  it  parallel  to  the  plane  AB\ 

Pr'sina  =  /8^cos^ (3); 

resolving  forces  at  right  angles  to  the  plane  AB\ 

E=W'coBo!-\'8%m4> (4), 

and  taking  moments  about  G\  the  lines  EH^  mQ\  being  repre- 
sented by  Xy  y, 

Bx^  82/coB^ (5). 
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From  the  equations  (1)  and  (3), 

Wising      co8(g  +  a'  —  ^)  ,  . 

TT'sina'"         cos^  Wi 

from  which  tan^  may  be  readily  determined:  this  relation 
is  the  only  condition  to  which  the  cone  and  sphere  are  subject 
to  secure  equilibrium;  as  will  be  evident  when  it  is  obsenred 
that  the  three  equations  (2),  (4),  (5),  introduce  four  unknown 
quantities  B,  M^  Xy  y^  each  of  the  three  equations  at  leant 
one,  which  are  not  involved  in  (1)  and  (3).  From  this  it  ia 
evident  that  there  will  be  an  infinite  number  of  positions  of 
equilibrium,  or  that  if  ^  only  have  the  value  given  by  (6), 
the  cone  and  sphere  will  rest  in  contact  in  whatever  manner 
they  may  be  placed  on  the  two  planes,  and  whatever  be  their 
magnitudes. 

The  values  of  ^  being  determined  by  (6),  8  will  be  deter- 
mined by  (1)  or  (3),  and  therefore  jB,  E,  from  (2),  (4),  respec- 
tively. Then  from  the  equation  (5)  we  may  determine  x^ 
provided  that  y  be  given;  and  y  can  be  given  only  by  our 
knowing  the  magnitudes  of  the  cone  and  sphere,  and  the 
particular  position  of  equilibrium  iii  which  we  may  choose 
to  place  them. 

'  (6)  Two  uniform  rods  -4(7,  AC^  of  which  the  lower  extremi- 
ties are  situated  in  the  same  horizontal  plane,  and  prevented 
from  sliding,  lean  against  each  other  at  the  point  (7,  and  are  in 
equilibrium;  to  determine  the  relation  between  their  angles  of 
inclination  to  the  horizon,  the  small  area  of  mutual  contact  at  C- 
being  vertical. 

Let  TT,  W\  be  the  weights  of  the  rods  A  C,  A  (7,  respectively, 
and  ^,  ^',  their  angles  of  inclination  to  the  horizon ;  then 

TTcot^^TT'cotf. 

Franchini ;  Memorie  deUa  Societa  ItaUana^ 
Tom.  XVI.  P.  I.  p.  237 ;  1813. 

(7)  An  inextensible  string  binds  tightly  together  two  smooth 
cylinders  of  given  radii ;  to  find  the  ratio  of  the  mutuiil  pressure 
between  the  cylinders  to  the  tension  by  which  it  is  produced. 
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If  iZ  be  the  mutual  pressure,  T  the  tension  of  the  stringi 
r,  r'y  the  radii  of  the  cylinders ;  then 

iZ_4(rrO* 
T^  r  +  r'  • 

^  (8)  A  sphere  of  given  weight  and  radius  is  suspended  by 
a  string  of  given  length  from  a  fixed  point,  to  which  point  also 
is  attached  another  given  weight  bj  a  string  so  long  that  the 
weight  hangs  below  the  sphere;  to  find  the  angle  which  the 
string,  to  which  the  sphere  is  attached,  makes  with  the  vertical. 

If  P  denote  the  weight,  Q  the  weight  and  sphere  together, 
a  the  radius  of  the  sphere,  and  b  the  distance  of  its  centre  firom 
the  point  of  suspension;  then  the  required  angle  will  be  equal  to 

sin    ' 


\w' 


(9)  A  heavy  sphere  is  placed  upon  three  spheres,  each  equal 
to  itself,  which  rest  in  contact  on  a  horizontal  plane :  to  find  the 
pressure  on  each,  and  also  the  horizontal  force  which  must  be 
applied  to  each  to  preserve  the  equilibrium. 

If  W^the  weight  of  each  sphere,  iZ=sthe  pressure  on  each, 
and  F^  the  required  horizontal  force ;  then 


(10)  A  sphere,  of  which  O  is  the  centre,  is  attached  to  a  point 
O  by  a  fine  string  and  touches  a  uniform  rod  OB  moveable  in  a 
vertical  plane  about  a  hinge  at  0 :  to  find  the  position  of  equi- 
librium. 

Let  Tr=  the  weight  of  the  sphere,  TF=:the  weight  of  the 
rod,  r  =  the  radius  of  the  sphere,  2a  =  the  length  of  the  rod, 
i  s  the  distance  between  0  and  (7,  and  6  »  the  inclination  of 
00  to  the  vertical:  then 

(11)  A  rod  AB  (fig.  56)  is  fixed  at  a  given  angle  of  inclinar 
tion  to  the  vertical;  a  rod  CD  is  attached  to  AB  by  connections 


cot^« 
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at  the  points  B,  Cj  a  weight  fF  being  suspended  from  the  ex- 
tremity B;  to  determine  the  pressnies  exerted  by  AB  upon  CB^ 
the  weight  of  CB  being  neglected.  " 

Let  Fy  O,  denote  the  resolved  parts  of  the  pressures  at  Bj  Cj 
on  CBy  estimated  along  its  length ;  and  R,  8,  the  pressures  at 
right  angles  to  the  former ;  let  CB=b,  CB=  c ;  then,  a  being  the 
inclination  of  the  rods  to  the  vertical, 

iZ=-TF8ina,       B^-^^Wsma, 

€  c 

F+G^Wco&a, 
the  single  value  ot For  O  being  indeterminate. 

(12)  A  uniform  rod  OA^  moveable  about  a  smooth  hinge  at 
Oy  rests  tangentiallj  against  a  smooth  sphere,  of  which  G  is  the 

.centre,  and  which  is  placed  upon  a  smooth  horizontal  plane 
passing  through  0 :  the  sphere  is  tied  to  0  by  a  string.  To 
find  the  tension  of  the  string. 

If  a  =  the  length  of  the  rod,  TF  =  its  weight,  r  =  the  radius 
of  the  sphere,  c  ==  the  distance  of  G  from  C7,  and  T=  the  tension 
of  the  string, 

(13)  A  beam  AB  (fig.  57)  is  moveable  in  a  vertical  plane 
about  its  middle  point  Q :  another  beam,  hanging  by  a  string, 
attached  to  its  higher  end,  from  a  point  in  the  same  plane,  rests 
with  its  lower  end  G  upon  GB.  To  determine  the  position  of  a 
point  Eva  AQ  zX  which  a  given  weight  PTmust  be  suspended 
so  as  to  preserve  equilibrium. 

\iW^  the  weight  of  AB^  and  P  =  that  of  the  other  beam, 
then 

aE=  ^.  CG. 

(14)  Two  spheres^,  J?,  (fig.  58),  of  equal  weights  and  voluBies, 
support  a  third  sphere  C,  the  weight  of  which  is  equal  to  that  of 
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AorB\  the  spheres  A^  B,  being  attached  by  equal  strings  to  a 
fixed  point  0 :  to  find  the  condition  of  equilibriom. 

If  a  denote  the  inclination  of  either  string,  and  j3  of  either  A  C 

or  BG  to  the  vertical, 

tan/8  s  Stan  a. 

(15)  Two  equal  uniform  rods,  each  equally  inclined  to  the 
horizon,  support  a  sphere  which  rests  against  their  higher 
extremities :  the  lower  ends  of  the  rods  are  fixed  to  hinges  in  a 
horizontal  line:  to  find  the  inclination  of  either  rod  to  the 
horizon. 

If  2a  s  the  length  and  TF=s  the  weight  of  each  rod,  r  =  the 
radius  and  W  =  the  weight  of  the  sphere,  and  2c  =  the  distance 
between  the  two  hinges,  then  0,  the  required  angle,  is  determined 
by  the  equation 

(c- 2a  cos^*.{(Tr-h  Wy  co8'^+  W*  sin*^} 

«r»(pr-fTF')*.coB»ft 

(16)  Two  equal  uniform  rods  A  OB,  A' OB',  (fig.  59),  in  a 
vertical  plane,  are  connected  together  by  a  smooth  hinge  at  their 
middle  point  0 :  their  lower  ends  B,  B\  rest  on  a  smooth  hori- 
zontal plane,  and  their  upper  ends  A,  A',  are  tied  together  by  a 
fine  string :  a  sphere  C  is  placed  between  them :  to  find  the 
tension  of  the  string. 

If  r  denote  the  radius  and  W  the  weight  oi  the  sphere ;  2a  the 
length  and  TF  the  weight  of  each  rod ;  a  the  inclination  of  each 
rod  to  the  vertical,  and  T  the  tension  of  the  string ;  then 

rjy     TTr  cos  a  +  (2P+  W)  a  sin'a 
2a  sm  a  cos  a 

(17)  Two  equal  balls,  (fig.  60),  are  placed  within  a  hollow 
vertical  cylinder,  open  at  both  ends,  which  rests  upon  a  hori- 
zontal plane :  the  weight  of  each  ball  is  W  and  radius  r,  the 
radius  of  the  cylinder  being  r  :  to  find  the  least  value  of  the 
weight  of  the  cylinder  in  order  that  it  may  not  be  upset  by  the 
balls. 

If  PT'  =t  the  least  weight. 
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(18)  A  paraboloid  of  revolution  is  placed  with  its  vertex 
downwards  and  its  axis  vertical,  between  two  planes  equally 
inclined  to  the  horizon;  to  find  the  greatest  ratio  which  the 
length  of  the  paraboloid  may  have  to  its  latus  rectum,  so  that,  if 
the  solid  be  divided  hj  a  plane  through  its  axis  and  the  line  of 
intersection  of  the  inclined  planes,  the  two  parts  may  remain  in 
equilibrium. 

Let  a  =  the  inclination  of  either  plane  to  the  vertical,  h  =  the 
greatest  length  of  the  axis  of  the  paraboloidi  and  7=  its  latus 
rectum;  then 

'h\i     159r    l  +  sin"a 


©•■ 


IJ        64  '     sin"  a 


cos  a. 


Sect.  2.    FricUan. 

(1)  Two  equal  uniform  beams  AKy  AE7^  (fig.  61),  which 
are  capable  of  revolving  in  a  vertical  plane  about  a  point  A  to 
which  their  lower  extremities  are  attached,  have  their  upper 
extremities  connected  by  a  string  KK* ;  a  heavy  sphere  is 
placed  between  the  two  beams ;  supposing  the  string  to  contract, 
to  determine  its  tension  when  the  sphere  is  just  going  to  be 
forced  upwards,  the  firiction  between  the  sphere  and  each  of  the 
beams  being  given. 

It  is  plain  that  the  two  beams  must  make  equal  angles  with 
the  vertical  line  AL  which  passes  through  A^  because  the  centre 
of  gravity  of  the  system  consisting  of  the  two  beams  and  the 
sphere  must  lie  in  this  line. 

Let  iZ,  Rj  denote  the  actions  of  the  beams  upon  the  sphere  at 
right  angles  to  their  lengths,  and  F^  F\  their  actions  along  their 
lengths  which  are  due  to  roughness.  Let  2a  be  the  angle  at 
which  the  two  beams  are  inclined  to  each  other,  ST  the  tension  of 
the  string  KK' ;  W  the  weight  of  the  sphere,  W  of  each  of  the 
beams,  and  2a  the  length  of  each. 

Then  for  the  equilibrium  of  the  sphere  we  have,  resolving 
forces  parallel  to  LA, 

{F+F*)  cosa+  Tr=  {B  +  R)  sin  a (1); 
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resolying  at  right  an^es  to  LA^ 

{F-F)sina^{B--B)coBa (2); 

and  taking  moments  about  0,  the  centre  of  the  sphere, 

F.  OE^F.  0E\    or  F^F' (3). 

From  (2)  and  (3)  we  have 

E^R (4). 

Now  supposing  the  sphere  to  be  on  the  point  of  being 
disturbed  by  the  contraction  of  the  string,  one  or  both  of  the 
points  E^  E'y  of  the  sphere  must  be  on  the  point  of  sliding 
along  the  corresponding  beams*  Suppose  that  sliding  is  on 
the  point  of  taking  place  at  E. 

Then,  /t  being  the  coefficient  of  friction  between  the  sphere 
and  the  beam  AJK^  we  have 

F^fiB\ 

and  therefore  from  (1),  (3),  (4), 

2fi,R  cos  a  +  W^  2JB  sin  a, 

and  therefore,  putting  fi » tan  e, 

o_ W^ TFcos6 

""  2  (sina  — ^cosa)'"2  8in(a  — €)'""^ ^  ^' 

Also,  from  (3)  and  (4), 

F'     F 

and  therefore  F  »  /UlS'. 

Hence  we  see  that,  if  /a'  be  the  coefficient  of  friction  between 
the  sphere  and  the  beam  AK\  /a  is  not  greater  than  /la',  since  the 
greatest  value  of  F  will  be  iiR.  If  ^  be  less  than  ^',  the  sphere 
would,  with  the  slightest  increase  in  the  tension  of  KK\  begin 
to  roll  along  AK"  without  sliding ;  and,  if  ft  be  equal  to  /a',  the 
sphere  would  begin  to  slide  at  both  points  simultaneously. 

Again,  for  the  equilibrium  of  AK  we  have,  taking  moments 
about  A^  it  being  remembered  that  the  actions  and  reactions 
between  the  sphere  and  the  beams  axe  equal  and  opposite, 

B.AE+  W\a  sin.a  «  T.  2a  cos  a ; 
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and  therefore,  r  being  the  radius  of  the  spUbre, 

^  cot  a  +  W*a  sin  a  =  2  jTa  cos  a ; 

hence,  putting  for  R  its  value  given  in  (5), 

Wr  cos  €  cos  a 


2  sin  a  sin(a  — c) 
and  therefore 


-f  Wa  sin  a  =  2  7b  cos  a, 


^  TTr  cos  €  ,  1  TIT'  A 

4a  sin  a  sin  (a  —  €)     * 

(2)  AB  (fig.  51)  is  a  uniform  beam,  capable  of  motion  about 
its  middle  point  D ;  CE  is  a  beam,  moveable  about  a  hinge  C  in 
the  vertical  line  through  i>,  and  pressing  against  the  beam  AB, 
from  the  extremity  B  of  which  a  weight  P  is  suspended ;  CD, 
AD,  BD,  are  equal  lines ;  from  observing  the  magnitude  of  the 
angle  A  CD  when  the  end  A  of  (he  beam  AB  is  on  the  point  of 
sliding  in  the  direction  CE,  to  find  the  coefficient  of  friction 
between  the  two  beams. 

Let  O  be  the  centre  of  gravity  of  the  beam  CE;  fi  the  coeffi- 
cient of  fiiction ;  B  the  mutual  action  of  the  two  beams  at  right 
angles  to  C£:;  z  AOD^fi=  z  GAD;  AD  =  a^BI);  CG  =  b, 
4  Q  the  weight  of  the  beam  CE. 

Then  for  the  equilibrium  of  CE  we  have,  taking  moments 
about  Cy 

£•  2a  cos  /3  =  4Q .  i  sin )3, 

or  oB  cos/9  =  2bQ  sin/S (1); 

and  for  the  equilibrium  of  AB,  taking  moments  about  i>, 

B.a  cos  13  =  fiB.  a  sin/9  +  P.  a  sin  2)3, 

5(cos)S-/*sm/9)=Psin2/9 (2). 

From  (1)  and  (2)  there  is 

?^^^  (C08/3-/*  sin/3)  =2P8in/3  C08/8; 
a  cos  p    ^  '^        f^ ' 

and  therefore        J^  (1  —  /*  tan  )S)  =  aP  cos  /8, 

_&g-aP  cos /8 
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(3)  A  weight  W  (fig.  62)  is  suspended  from  the  middle  point 
of  a  rigid  rod  without  v^ight,  connecting  the  centres  0,  O^  of 
two  equal  heayj  wheels,  which  rest  on  a  rough  inclined  plane ; 
the  wheel  0  is  locked:  to  find  the  greatest  inclination  of  the 
plane  which  is  consistent  with  the  equilibrium  of  the  carriage. 

Let  Pbe  the  weight,  and  r  the  radius  of  each  of  the  wheels ; 
let  0(7  =  2a,  ^  =  the  inclination  of  the  plane  to  the  horizon;  let 
jB,  S^  be  the  reactions  of  the  plane  on  the  wheels  at  right  angles 
to  itself;  yi^R  the  fiiction  on  the  wheel  0,  /^  being  the  coefficient 
of  friction;  i^the  action  of  the  plane  on  the  wheel  O  at  right 
angles  to  ^ ;  X,  F,  the  resolved  parts,  parallel  and  perpendicular 
to  the  plane,  of  the  action  of  the  wheel  O  on  the  rod  OO  \  and 
X\  Yy  the  similarly  resolved  parts  of  the  reaction. 

For  the  equilibrium  of  the  wheel  0  and  the  rod  0(7,  regarded 

as  one  system,  we  have,  resolving  forces  parallel  to  the  inclined 

plane, 

/*i?  =  X+(P+Tr)sin^ (1); 

resolving  forces  at  right  angles  to  the  plane, 

5+  Y^{P'\-  W)  cos^ (2); 

and,  taking  moments  about  0, 

/LtBr  +  2ar=  TTa  cos  ^ (3). 

Again,  for  the  equilibrium  of  the  wheel  (7,  we  have,  taking 
moments  about  the  point  of  contact  of  this  wheel  with  the  plane, 

Xr  =  iVsm^,    or  X'  =  Psin^ (4). 

From  the  equations  (1)  and  (4),  observing  that  X'  is  by  the 
nature  of  action  and  reaction  equal  to  X,  we  get 

/*5=  (2P+  W)  sin^ (5). 

Again,  from  (2)  and  (3), 

/ArjB  +  2a(P+  W)  cos^-2flLB=  TTa  cos^, 

(2a  -/tr)  5=  a  (2P+  W)  cos  ^ (6). 

From  (5)  and  (6)  we  obtain  for  the  required  inclination  of 
the  plane, 

tan  <5  =  ^       — . 
^      2a-'  fir 
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C!oiL  Having  ascertained  ^,  we  know  B  from  (5)  and  X'  or 
Xirom  (4),  and  therefore  Y  from  (2) ;  also  F  being  the  only 
force  acting  on  the  wheel  ff  which  does  not  pass  through  its 
centre,  it  is  evident  that  jPmnst  be  equal  to  zero. 

(4)  Two  equal  beams  ACy  BCy  are  connected  bj  a  smooth 
hinge  at  (7,  and  are  placed  in  a  vertical  plane  with  their  lower 
extremities  A  and  B  resting  on  a  rough  horizontal  plane ;  from 
observing  the  greatest  value  of  the  angle  ACB  for  which  equili- 
brium is  possible,  to  determine  the  coefficient  of  friction  at  the 
ends  A  and  B. 

If  /9  be  the  greatest  value  oi  ^  A  CB,  and  fi  be  the  coefficient 
of  friction  at  each  of  the  ends ;  then 

/*=itani/3. 

Sect.  3.     Syttema  cfBeami* 

(1)  Two  uniform  rods  A  (7,  BO^  (fig.  63),  axe  connected  toge- 
ther by  a  smooth  hinge-joint  at  (7,  their  other  ends  being  fast- 
ened to  two  smooth  fixed  hinges  ^,  £,  in  a  vertical  line :  to  find 
the  magnitudes  and  directions  of  the  pressures  on  the  hinges  and 
of  the  mutual  action  of  the  rods  at  the  joint. 

It  is  frequently  convenient  in  problems  of  this  class,  to  make 
use  of  diagrams  in  which  the  several  members  of  the  system  are 
represented  to  the  eye  in  a  state  of  slight  detachment ;  the  actions 
and  reactions  being  indicated  by  arrowed  lines  not  running  into 
each  other.  The  student  will  thereby  escape  falling  into  errors 
of  sign  in  writing  down  the  equations  of  equilibrium,  to  which  he 
is  liable  from  confounding  together  actions  and  reactions.  In  fieu^, 
the  problem  thereby  resolves  itself  into  the  consideration  of  the 
equilibrium  of  several  distinct  bodies. 

Let  AC^  2a,  BG^^b,  and  let  tan  a,  tan  /9,  be  represented  by 
m,  n,  respectively.  The  horizontal  and  vertical  components  of 
the  actions  and  reactions  on  the  rods  are  indicated  in  the  diagram, 
as  well  as  the  weights  of  the  rods. 

For  the  equilibrium  of  ^C^  there  is,  resolving  horizontally, 

X+Jr"  =  0. (1), 
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verticaUy,  Y+  T"  ^  P («), 

and,  taking  moments  about  C, 

X,  2a  cos  a  +  F.  2a  sin  a  »  P.  a  sin  a, 

or,  2X+  2mY^mP. (3). 

In  like  mannet,  for  the  equilibrium  of  BCy 

jr'  =  X" (4), 

r=^Q+r' (5), 

and  F.2ft  sin)S  =  X',26cos/9+  Q.bsinfi] 

or,  2nr'  =  2X'  +  ng (6). 

From  (1),  (2),  (3),  there  is 

2X"  +  2mY"^mP (7). 

From  (4),  (5),  (6),  there  is 

2X"-2nr"  =  ng (8). 

From  (7)  and  (8)  we  have 

Y-^^.a^i^ (9). 

Also,  from  (7)  and  (8),  we  have 

X'=i.-^.(P+<2) (10). 


Hence  also,  bj  (1)  and  (4), 


mm 


^'-♦;jf?;i(^+«) ("). 


mn 


X,=     i-^(P+Q) (12). 

From  (2)  and  (9), 

y_mP-^n{2P+Q) 

2(M  +  n)         ^^'*^' 

From  (5)  and  (9) 

r.^LC+MiifW (u). 

2  (m  4-  n)  ^    ^ 

The  two  components  of  the  pressures  exerted  at  A,  C,  -B,  upon 
each  rod  having  been  ascertained,  the  required  directions  and 
magnitudes  of  these  pressures  are  therefore  known. 

w.  s.  7 

# 
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(2)    At  the  middle  points    of    the  sides   of   any  polygon 
ABODE. (fig.  64),  and  at  right  angles  to  them,  are  ap- 
plied a  series  of  forces  P,  Q,  £,  .......  respectively  proportional 

to  the  sides ;  the  sides  of  the  polygon  are  perfectly  rigid,  and 
capable  of  moving  freely  about  the  angular  points  ^,^,  (7, />,...; 
to  determine  the  form  of  the  polygon  that  it  may  be  in  equi- 
Ubrium,  the  lengths  of  the  sides  being  given. 

Let  j7,  .q,  Ty  8f denote  the  mutual  actions  of  the  sides  of 

the  polygon  .at  the  angles  A,  B,  C,  By ,  of  which  the  di- 
rections will  lie  in  certain  straight  lines  bBfi,  cOy,  dBSy 

For  the  equilibrium  of  the  side  BG  we  have,  resolving  forces 
at  right  angles  to  it, 

0  :=?  sin  iiCBjS+r  sin  ^-BCfe (1); 

resolving  forces  parallel  to  BCy 

q  cos  ^CBfi=r  cos  ^BGc (2) ; 

and,  taking  moments  about  the  middle  point  of  BG, 

q  Bin  zGBfi  =  r  Bin  zBGc (3). 

Dividing  (3)  by  (2),  we  have 

ta,n^GBfi'=tsji^BGc, 

and  therefore,  z  GB/3=zBGc (4); 

hence  also,  from  (2)  or  (3),      q  =  r (5). 

Again,  from  (1)  and  (3),  we  have 

^  =  2r  sin  z  BGc ; 

in  precisely  the  same  manner  we  may  find  that 

B  =  2r  aia  z  DGy, 

J  ^,       -  Q     sin^  BGc 

and  therefore  ^  =  -= nvr  J 

B     Bm^DCy 

but,  by  the  hypothesis, 

Q     BG     sin  z  BBG 


hence 


B     DG^Bm^CBD' 

sin  ^BGc  ^sin  ^BDG ^ 
sinz/^Oy'sinz  GBD' 
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but  from  the  geometry  it  is  evident  that 

^BCc  +  zDCy^  zBDC+z  CBD; 

hence  we  readily  see  that 

zBCc=z  BBC (6). 

In  just  the  same  way  we  might  prove  that 

/  CBfi^zBAC, 
and  therefore,  by  (4), 

jiBDG^zBAC (7). 

From  this  relation  (7)  it  is  plain  that  a  circle  passing  through 
the  three  points  A^  B,  C,  must  pass  likewise  through  the  point 
D;  similarly  we  might  shew  that  this  circle,  since  it  passes 
through  -B,  G,  2>,  must  likewise  pass  through  E,  and  so  on  in- 
definitely ;  hence  we  see  that  when  the  sides  of  the  polygon  are 
arranged  consistently  with  equilibrium,  all  its  angular  points 
must  be  situated  in  the  circumference  of  a  single  circle. 

From  (5)  we  gather  that 

or  that  the  mutual  pressures  at  all  the  angular  points  are  equal. 
It  is  evident  also  from  the  relation  (6),  that  all  the  lines  oo,  b/3y 

cy,  dSy are  tangents  to  the  circle  passing  through  A,  B, 

G,  2), 

The  value  of  the  mutual  pressure  at  each  of  the  angular 
points  is  easily  obtained :  thus,  as  we  have  shewn, 

C  =  2r  sin  ^BCc; 

but  since  z  BGc  is  equal  to  half  the  angle  subtended  by  BG  at 
the  centre  of  the  circle  circumscribing  the  polygon,  it  is  clear 
that 

sin  /  BGc  =  ^^, —  : 

radius 

hence  r  =  radius  x  ~^ , 

-DO 

and  therefore,  p  =  q  =  r  =  s =kp, 

where  p  denotes  the  radius  and  k  the  ratio  between  any  one  of 
the  forces  and  the  corresponding  side  of  the  polygon. 

Fuss;  M^mmres  de  St.  PSiersh.  1817,  1818,  p.  46. 

7—2 
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The  following  is  a  different  solution  of  the  same  problem : — 

Let  the  forces  P,  Q,  By be  represented  in  magnitude  by  the 

lines  2AB,  2BG,  2  CD, ,  to  which  they  are  proportional. 

Instead  of  the  force  2AB  acting  at  the  middle  point  of  the  side 
ASy  apply  two  forces,  each  equal  to  AB,  one  at  the  end  A  and 
the  other  at  the  end  B  of  the  side  AB;  each  of  these  forces 
being  at  right  angles  to  the  side  AB.  Again,  instead  of  the 
force  2BC  acting  at  the  middle  point  of  BO,  apply  a  force  BO 
at  O,  and  a  force  BO  at  the  extremity  B  of  the  side  AB,  (which 
we  are  at  liberty  to  do,  because  the  point  B  of  AB  is  rigidly 
attached  to  the  point  B  of  BO,)  each  of  these  forces  being  at 
right  angles  to  BO,  Now,  according  to  this  distribution  of  the 
forces,  the  only  force  which  could  twist  BO  about  C,  is  the 
action  of  the  rod  AB  upon  the  end  B  of  BO;  and  therefore  for 
the  equilibrium  of  BO  it  is  necessary  that  this  action  should  take 
place  exactly  along  BO.  Hence  conversely  the  action  of  CB 
upon  BA  will  take  place  entirely  in  the  direction  OB,  Let  this 
action  be  denoted  by  B, 

Thus,  the  line  AB  is  acted  upon  at  the  point  j8  by  a  force  AB 
at  right  angles  to  AB,  a  force  BO  at  right  angles  to  BO,  and  a 
force  B  in  the  direction  OB:  but,  by  the  principle  of  the  paral- 
lelogram of  forces,  the  forces  AB  and  BO  at  .8  are  equivalent  to 
a  single  force  A 0 acting  at  right  angles  to  AO;  hence  for  the 
equilibrium  of  AB  we  have,  taking  moments  about  A, 

B.AB.smzABO^^AO.ABcoa^BAO, 

or,  B  sin  z  ABO^^AO  cos  l  BAO. 

Similarly,  for  the  equilibrium  of  the  side  OD, 

B  sin  I  BOD  =  BD  cos  ^  BDO; 

,  ^,      .  sin  ^  ABO    AO  cos  ^  BAO 

ana  tnereiore  -. — —^^Tri—  irri tttttv' 

sm  z  BOD     BD  cos  ^  BDO 

But,  by  the  geometry, 

BO  .       J  p/7 
sm^BAO     ^gg^^^^-^^     BD  sin  z  ABO 

sin  ^  BDO    W^.        TTi'^  AO  sm  ^  BCD' 

jTjT  sm  ^  BOD 
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Hence  from  these  two  relations  we  have 

sin  ^  BAO ^  cos  ^  BAO 
sin  ^BDC^ cos  ^BDO' 

tan  ^  BAG  =  tan  ^  BDO,      t  BAG  =  t  BDC; 

which  shews,  as  in  the  former  solution,  that  the  sides  of  the 
polygon  must  be  so  arranged  that  its  angular  points  may  all  lie 
in  the  circumference  of  a  single  circle. 

(3)  A  quadrilateral  ABCD,  (fig.  65),  consists  of  four  rigid 
rods,  which  are  capable  of  free  motion  about  the  angular  points 
Ay  B,  C,  D'f  supposing  the  points  A,  (7,  and  ^,  i>,  to  be 
attached  together  by  strings  AC  and  BB  in  given  states  of 
tension,  to  determine  the  geometrical  conditions  necessary  for 
the  equilibrium  of  the  quadrilateral. 

Let  P,  Qj  represent  the  tensions  of  the  strings  ACy  BD. 
Let  K,  L,  My  N,  denote  the  actions  and  reactions  between  the 
four  pairs  of  points  {Ay  B),  {By  G)y  (C,  i?),  (2>,  A). 

The  force  P  acting  upon  the  point  A  in  the  direction  ACy  iB 
equivalent  to  a  force,  in  the  direction  AB, 

"^BinBAD"     sin  BAD' AO        BD.OA' 

and  to  some  force  {F  suppose)  in  AD. 

Similarly,  the  force  Q  acting  upon  the  point  B  in  the  direc- 
tion BDy  is  equivalent  to 

a  force,  m  BAy  =  Q  j^q  q^> 

and  some  force  {O  suppose)  in  BO. 

Hence  clearly  the  point  A  is  solicited  by  a  force  F—  N  in 
ADy  and  a  force 

^Sf^-^^^^ W' 

and  therefoie  for  its  equilibrium  we  have 
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Similarly  for  the  equilibrium  of  the  point  B  there  is 

G-L^O,    and  Q ^n   OB^^^^ ^^^' 

From  (1)  and  (2)  we  have 

^OI).AB_^OC.AB 
^BD.OA~^  AG.OB' 

and  therefore 

P.  OP  _  Q.OG 

BD.OA"  AC.OB' 
which  is  the  condition  for  the  equilibrium  of  the  quadrilateral. 

Euler ;  Act.  Acad.  Petrop.  1779,  P.  ii.  p.  106. 

The  following  is  a  different  solution  of  the  same  problem : 

For  the  equilibrium  of  the  rod  AB  there  is,  taking  moments 
about  B^ 

N.  BD .  sin  i  BDA  =  P.BO.  sin  z  BOG\ 

and  for  the  equilibrium  of  the  rod  CD,  taking  moments  about  (7, 

N.GA.^mi  GAD:=Q.GO.Bm^BOG; 

hence  obviously 

BD  sin  z  OP  A  BD.AO     P.  BO 

GAsin^OAD    ^"^    AG.DO^  Q.GO' 

(4)  Four  rigid  rods  AB,  BG,  GD,  DA,  (fig.  66),  are  so 
joined  together  that  they  are  capable  of  revolving  freely  about 
the  angular  points  of  the  quadrilateral  which  they  form ;  these 
rods  are  attached  together,  two  and  two,  viz.  those  which  are 
contiguous,  by  strings  a  a,  bfi,  cy,  cffi,  in  given  states  of  tension ; 
to  determine  the  form  of  the  quadrilateral  which  shall  corre- 
spond  to  the  equilibrium  of  the  rods. 

Let  A,  By  G,  D,  denote  the  tensions  of  the  strings  a  a,  Jy8, 
cy,  dS.    Then  the  force  Ainaa  upon  the  point  a  is  equivalent 

to  a  force,  in  BA, 

.      J.     Da 
_    .  sm  aaD  _    .  aa   __    .  Aa .  Da  _ 

~      sin^ajD"        .      .  ^     DA ""      aa.DA' 

sm  ADa .  -7— 
Aa 
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and  to  a  force,  in  a2>, 

.      -  am  aula. —  .      -. 

__    .  sm  Aaa  __    .  aa   _   .  Aa .  iJa 

~      einAaD  "  ,  r,   ^D "      aa.DA 

sin  a  AD .  — 77 

=s  ul'  suppose. 

But  the  force  A  in  aD  is  equivalent  to 

y^o  sina5i).^r- 

-         •      J  rk         J,  sinaJJH       J,  Ua 

a  force  in -i4x>,  ==-4  -; — tttb—^  t^  1 


i)-4 


"^  2>a.5^^      aa.5^' 


and  to  a  force  in  BD.  =  A  —. — ttts 

'  sin  ADB 

gin  DAa  •  ■-\—  ^      ■»>  t>  .j       ^      -n  t\ 

—  A'  ^lAa.BD  _    .  Aa . ^q . ^x> 

BmDAB.  YTn 

Thus  we  see  that  the  force  A^  acting  upon  the  point  a  in  the 
direction  aa^  is  equivalent  to  the  three  forces 

.    OD  .  Aa      .  ^    M  A  A    -40t  •  <^B     •  A   T\  A 

A  --ry^ in  SA  upon  A.    A  -7-5 in  AD  upon  -4, 

AD.aa  ^  AB.aa  ^ 

««^  (X'A.Aa.BD  .     p^ «,./.«  » 

ana  -2-5? — 3-^; m  -ox/  upon  JS, 

AB.  AD.aa  *^ 

Similarly,  the  force  A  acting  upon  the  point  a  in  the  direction 
a  a,  is  equivalent  to 

J.  aB  •  Aa  »     t\  a            a       a  Aa .  oD  -     a  n  a 

A  -j-n —  in  ^A  upon  Ay    ^-tJ) ^  ^^  ^pon  Ay 

,  .oA.Aa.DB  .     ^.^  ^ 

and  -4-rri — 1-5 m  x/5  upon  x/. 

AD.AB.aa  ^ 

Now  these  three  forces  are  equal  and  opposite  to  the  three 
former,  and  therefore  the  string  a  a  with  a  tension  A  produces 
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the  same  effect,  and  may  therefore  be  replaced  bj  i^  string  BD 

with  a  tension 

.  aA .  Aa .  BD 

AB  .AD.aa' 

In  the  same  way  we  maj  shew,  that  the  tension  of  cy  is  equi- 
valent to  a  string  BJ)^  of  which  the  tension  is  equal  to 

^CB.CD.(^' 

Hence  the  tensions  of  a  a,  cy,  together,  are  equivalent  to 
a  string  BB  with  a  tension 

^Aa.Aa.BB  .  ^Cc.Gy.BB 
'^BA.BA.aa'^^BCf.BC.iTf' 

Similarly  it  may  be  shewn,  that  the  tensions  &/9,  dS,  are 
equivalent  to  a  string  A  C  with  a  tension 

^Bb.Bfi.OA        PS  Bd.AG 
^AB.OB.b/3'^     AB.OB.dS' 

Hence,  by  the  result  of  the  preceding  problem,  the  condition 
of  equilibrium  is  expressed  by  the  relation 

OB.  OB  fB.Bb.B0       D.DS.Dd\ 
~BIJ^     \AB  .OB  .bfi'^  AB  .OB  .ds) 

OA.OO  f  A.Aa.Aa        C.Cc.Oy  \ 
'2U^[BA.BA.aa'^:bO.BC.oy)' 

Euler;  Act.  Acad.  Petr&p.  1779,  P.  2,  p.  106. 

(5)  Two  equal  uniform  beams  AB,  AO^  moveable  about  a 
binge  at  A,  are  placed  upon  the  convex  circumference  of  a 
circle  in  a  vertical  plane ;  to  find  their  inclination  to  each  other 
when  they  are  in  their  position  of  equilibrium. 

Let  3a  m  the  length  of  each  beam,  20  ^  their  inclination  to 
each  other,  and  r  =  the  radius  of  the  circle.  Then  0  will  be 
determined  by  the  equation 

r  cos^  —  asin'^. 

(6)  A  and  0  (fig.  67)  in  the  same  vertical  line  are  fixed 
points,  about  which  beams  AB,   CBj  are  finely  moveable  by 
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hinge  joints ;  AB  is  supported  in  a  horizontal  position  bj  GDj 
with  which  it  is  connected  by  a  hinge  joint  at  D,  and  has  a 
weight  suspended  at  ^:  to  find  the  pressure  at  C,  the  weights 
of  the  beams  being  neglected. 

Let  H  and  V  be  the  horizontal  and  vertical  pressures  at  C, 
and  P  the  weight  suspended  from  B.    Then 

jr^pAB  y^p4i 

and  therefore  the  whole  pressure  at  (7  is  eqiial  to 

(7)  Two  uniform  rods  AC,  BD^  (fig.  68),  are  connected  toge- 
ther by  a  hinge  at  D.  Their  ends  A,  B,  resting  on  a  smooth 
horizontal  plane,  are  tied  together  by  a  string.  To  find  the 
tension  of  the  string. 

I£A0^2a^  BD^ib,  AB^c,  i  OAB^a,  iBBA^fi,  and 
Py  Q,  denote  the  weights  of  AO,  BD^  respectively,  the  tension 
of  the  string  will  be  equal  to 

Pa  sin  g  +  Q&sin  ff 
c  tana  tan/3 

(8)  Three  uniform  beams  ABj  BC,  CD,  of  the  same  thick- 
ness, and  of  lengths  Z,  2Z,  Z,  respectively,  are  connected  by 
hinges  at  B  and  (7,  and  rest  on  a  perfectly  smooth  sphere,  the 
radius  of  which  is  equal  to  2Z,  so  that  the  middle  point  of  BG 
and  the  extremities  of  AB^  CD,  are  in  contact  with  the  sphere ; 
to  compare  the  pressure  at  the  middle  point  of  BO,  and  the 
pressures  at  A  and  2),  with  the  weight  of  the  three  beams. 

Let  W  be  the  weight  of  the  three  beams  taken  together ;  B 
the  pressure  at  each  of  the  points  A  ^^^d  B ;  and  B!  the  pressure 
at  the  middle  point  of  BG.    Then 

"TT"  40  '      W  100 ' 

(9)  Four  equal  uniform  beams  ABy  BG,  GD,  DE,  (fig.  69), 
connected  together  by  joints  at  their  extremities,  rest  in  equi- 
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librium  in  a  vertical  plane ;  the  distances  AE  and  OFy  of  which 
the  latter  is  perpendicular  to  AE  and  vertical,  are  given;  to 
determine  the  conditions  of  equilibrinm. 

If  a,  /3,  be  the  inclinations  of  AB  and  ED^  BC  and  DC^ 
to  the  horizon ;  we  must  have 

tan  a  s=  3  tan  )3. 

Draw  AS"  at  right  angles  to  AE\  let  GF=a,  ^i^==5,  FK^Xy 
BK=y\  then  from  the  equation  in  a  and  )3,  and  the  geometry 
of  the  figure,  we  may  get 

^= 2j '  y= 2^^ • 

These  values  of  x  and  y  are  obtained  by  Couplet  in  his 
Recherchea  sur  la  Cofistmctum  des  Combles  de  Charpente,  in  the 
Mfmoires  de  V  Acad^mie  des  Sciences  de  PartSy  1731,  p.  69. 
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CHAPTER  V. 

EQUILIBRIUM  OF  FLEXIBLE  STRINGS. 

The  form  of  equilibrium  assumed  by  a  uniform  flexible  string 
sustained  at  its  two  extremities  and  acted  on  by  gravity,  at- 
tracted the  attention  of  Galileo  ^  who,  from  a  want  of  sufficient 
examination,  concluded  it  to  be  a  parabola;  tliis  mistake  may 
have  arisen  from  the  fact,  that  in  the  immediate  neighbourhood 
of  its  lowest  point  it  approximates  very  nearly  to  the  parabolic 
form.  The  inaccuracy  of  Gralileo's  conclusion  was  experi- 
mentally ascertained  by  Joachim  Jungius^.  This  subject  having 
been  at  last  successfdlly  investigated  by  James  Bernoulli',  he 
proposed  the  problem  of  the  chainette,  the  name  which  he  gave 
to  the  required  curve,  as  a  trial  of  skill  to  the  mathematicians  of 
the  day.  The  four  mathematicians  who  succeeded  in  arriving 
at  correct  solutions  of  the  problem  were,  James  Bernoulli,  by 
whom  it  had  been  proposed,  his  brother  John,  Leibnitz,  and 
Huyghens :  their  four  solutions  appeared  without  analysis  in  the 
Acta  Ervditorum  for  the  year  1691,  Jun.  pp.  273 — ^282.  A 
demonstration  of  the  results  of  these  four  illustrious  mathema- 
ticians was  first  published  by  David  Gregory,  in  the  Philosophical 
Transactions  for  the  year  1697. 

The  form  of  equilibrium  of  the  chatnette  or  catenary,  of 
which  the  thickness  is  supposed  to  be  uniform,  having  been 
thoroughly  discussed,  James  Bernoulli*  next  directed  his  atten- 
tion to  more  complicated  problems  of  the  same  character;  he 
investigated  the  form  of  equilibrium  when  the  thickness  varies 

*  MeehanUa  /  Dialogo  2,  p.  131. 
'  Geometria  Empyrica, 

'  Ai^a  Eruditorttm,  Lips.  1600,  Mai.  p.  217 ;  Opera,  Tom.  i.  p.  424. 

*  Acta  JSrudUorum,  Lips.  1691,  Jun.  p.  289 ;  Opera,  Tom.  i.  p.  449. 
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from  point  to  point  according  to  any  assigned  law,  and,  con- 
versely, determined  the  law  of  its  variation  that  the  string  may 
hang  in  assigned  curves :  he  likewise  considered  the  problem  of 
the  catenary  when  the  string  is  extensible,  the  extension  of 
each  element  being  assmned  according  to  the  law  established 
experimentally  by  Hooke  ^  to  vary  as  the  tension.  The  analysis 
of  these  problems,  of  which  the  solutions  only  were  published  by 
James  Bernoulli,  was  supplied  by  John  Bernoulli'.  The  consi- 
deration of  the  general  conditions  of  the  equilibrium  of  flexible 
strings  was  first  attempted  by  Hermann',  whose  investigations, 
however,  were  not  free  from  error;  a  more  accurate  analysis 
was  furnished  by  John  Bernoulli*,  who  has  particularly  ex- 
amined various  cases  of  the  equilibrium  of  strings  acted  on  by 
cental  forces. 

Among  the  numerous  mathematicians  who  afterwards  dis* 
cussed  the  theory  of  the  equilibrium  of  flexible  strings,  may  be 
mentioned  Euler*,  Clairaut^,  Krafit^,  Legendre*,  Fuss®,  Ventii- 
roli^^  and  Poisson", 


Sect.  1.    Free  Inextensible  String ;  general  Conditions 

of  Equilibrium. 

To  investigate  the  conditions  for  the  equilibrium  of  an 
inextensible  string,  of  which  the  density  and  thickness  vary 
from  point  to  point  according  to  any  assigned  law ;  the  accele- 
rating forces  which  act  upon  the  string  being  any  whatever. 

>  Dt  Potentia  R^tHhdiva,  or  Spring, 

*  LecUones  MathenutHets  in  unan  Hotpiialii,  OperOy  Tom.  iv.  p.  387, 
'  Phoronamia,  lib.  I.  cap.  3,  and  Append.  §  y. 

*  Opera,  Tom.  it.  p.  334. 

^  CotnmaU*  Petrop,  Tom.  iii.;  Nov.  CommeiU.  Petrop,  Tom.  zv.  and  Tom.  z.x. 

*  MiaetUanea  Berolinenria,  Tom.  yii.  p.  370, 1743. 

7  Nov.  Comment.  Petrop,  Tom.  v.  p.  143;  1754  and  1765. 
^  Mem.  Aead.  Par.  1786,  p.  30. 

>  Nooa  Acta  Petrop.  Tom.  xxi.  p.  145, 1794. 

*^  ElemmOe  ofMechamet,  by  Cresswell,  Part  i.  p.  62. 
*^  Traiie  de  Mieanique,  Tom.  i.  p.  564.  Booonde  ^tion. 
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Let  APB  (fig.  70)  be  any  portion  of  the  string  in  a  position 
of  rest ;  Pp  being  a  small  element  of  its  length ;  Xy  y,  «,  and 
X'\-txy  y  ^-hy^  «  +  S«,  the  co-ordinates  of  P  and  p  respectively ; 
8  the  length  of  the  string  reckoned  firom  some  assigned  point  up 
to  P,  and  «  +  &  the  length  np  to  ^ ;  t  the  tension  of  the  string 
at  P. 

The  resolved  parts,  parallel  to  the  axes  of  x,  y,  z,  of  the  force 
exerted  upon  the  point  P  of  the  element  J^  by  the  portion  AP 
of  the  string,  will  evidently  be 

dx  dy  dz  ^ 

and  therefore,  since  each  of  these  three  forces  mnst  be  some 
Amotion  of  «,  it  is  plain  by  Taylor's  theorem  that  the  resolved 
parts  of  the  force  exerted  on  the  element  Pp  by  the  portion  pB 
of  the  string,  will  be 

'di^-dsKdir' 

Again,  let  X,  F,  Z^  be  the  sums  of  the  resolved  parts  of  the 
accelerating  forces  which  act  upon  the  element  I^;  p  the 
density  of  the  string  at  P,  and  k  the  area  of  a  section  at 
right  angles  to  its  length  at  that  point.  Then  clearly  the  mass 
of  the  portion  i^  of  the  string  will  be  kpSs^  which  therefore 
for  a  constant  value  of  &  will  vary  as  kp;  hence  evidently 
the  product  kp,  which  we  will  call  m,  may  be  taken  to  measure 
the  mas8tvene88  of  the  string  at  the  point  P;  it  will  be  con- 
venient to  call  it  the  unit  of  mass  at  the  point  P.  The  impressed 
moving  force  then  of  the  element  I^,  will  have  for  its  resolved 
parts  parallel  to  the  co-ordinate  axes, 

mXSsy    m  YSs^    mZSs. 

Hence  clearly  for  the  equilibrium  of  i^?  we  must  have, 
equating  to  zero  the  sum  of  the  resolved  forces  which  act  upon 
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it  parallel  to  each  of  the  three  axes,  and  dividing  the  three 
resulting  equations  by  Sa, 

d  ( .  dx 


(«); 


ds 

which  three  equations  constitute  the  conditions  of  equilibrium 
of  the  entire  string. 

By  the  elimination  of  t  we  readily  obtain  the  three  following 
equations, 

dy  I  m2!d8  =  dz  \m  Yds, 
dz  \mXds  =  dx  ImZds ; 

dx  \m  Yds  =  dy  jmXds, 

any  two  of  which  will  be  differential  equations  to  the  required 
curve  of  equilibrium. 

Cob.  1*    From  the  equations  (a)  we  have  also 

t -^  =  —  ImXds,      t-^^—  jmYdSf      t  -j' ==  —  ImZds ; 
squaring  and  adding  these  equations,  and  observing  that 

ds'^  ds'^ds'      ^ ^^^' 

we  obtain  for  the  value  of  the  tension  at  any  point, 

e  =  (LnXds^  +  il^Yds^  +  (jmZdsJ. 

We  may  obtain  also  another  expression  for  the  tension: 
differentiating  (i)  with  respect  to  «,  we  get 

dx  d^x     dy  d^y     dz  cPz  ^  •      f  \ 

H  W^'d^  d?'^d^d^^^ ^""^^ 
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hence,  multiplying  the  three  equations  (a)  by  dx,  dy^  de,  in 
order,  and  adding  the  resulting  equations,  we  have,  by  the  aid 
of  (i)  and  (c), 

t=  C-jm{Xdie'^  Ydy-\'Zdz), 
where  (7  is  an  arbitrary  constant. 

V 

Cor.  2.  If  the  whole  string  lie  entirely  within  one  plane,  let 
the  plane  of  a;;^  be  so  chosen  as  to  coincide  with  this  plane ; 
then  the  three  differential  equations  to  the  string  will  be 
reduced  to  the  single  one 

dxjmYds=  dy  \mXd8 {d)\ 

and  the  two  formulae  for  the  tension  will  become 

f  =  (jrnXdaJ  +  (jm  YdsJ, 


t^C-jmiXdx+Ydy). 


These  two  formulae  for  thft  tension,  and  also  the  differential 
equation  {d)  to  the  string,  coincide  with  those  given  by  Fuss ; 
MSmmrea  de  St,  Piterabourgy  1794,  pp.  150,  151. 


Sect.  2.     Parallel  Forces, 

(1)  A  flexible  string  fixed  at  any  two  points  A  and  B, 
(fig.  71),  is  acted  on  by  gravity;  supposing  the  unit  of  mass 
to  vary  according  to  any  assigned  law  as  we  pass  from  one 
point  to  another,  to  find  the  equation  to  the  catenary  of  rest; 
and  conversely,  the  curve  being  known,  to  determine  the  law 
of  the  unit  of  mass. 

Let  the  axis  of  y  extend  vertically  upwards,  and  let  the  axis 
of  (c  be  horizontal,  the  plane  xOy  coinciding  with  the  plane 
which  contains  the  catenary.    Then,  since 
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we  have,  by  the  first  two  of  the  equations  (a)  of  section  (I), 


s('l)-»« <«• 

Integrating  the  equation  (a),  we  get 

where  (7  is  a  constant  quantity :  let  r  denote  the  tension  at  the 
lowest  point  of  the  cur^e,  then  evidently  r^  C^  and  therefore 

'^"•^ (*')• 

From  (ft)  and  (c),  we  have 

d  dy 

and  therefore  ''" ^  ~  /*''9'  ^' 

but  evidently  at  the  lowest  point  of  the  catenaiy  ^^^i  ^^^ 

therefore,  supposing  a  to  be  the  value  of  3  at  the  lowest  point, 

0=1  mgds; 


hence 


^i=^/i^* ^^'^' 


If  m  be  given  in  terms  of  the  variables  x,  y,  «,  the  form  of  the 
catenaiy  may  be  determined  firom«(c2). 

Again,  differentiating  (d)^  we  obtain 

T  daf  ,  V 

"^^-g-Z (')' 

dx 

a  formula  by  which  m  may  be  computed  for  every  point  of  the 
string  when  the  form  of  the  catenary  is  given.  Also  from  (c) 
we  get 
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'"S w. 

which  gives  the  tension  at  any  point  of  the  catenarj  when  its 

form  is  known. 

John  Bernoulli ;  Lectionea  MathematiccBj 

Lect.  38,  39,  40 ;   Opera,  Tom.  iil. 

(2)  A  flexible  string  A  OB,  (fig.  72),  fixed  at  two  points  A  and 
By  is  acted  on  bj  gravity ;  the  nnit  of  mass  at  any  point  P  varies 
inversely  as  the  square  root  of  the  length  OP  measured  firom  the 
lowest  point  0 ;  to  find  the  equation  to  the  catenary. 

Let  the  origin  of  co-ordinates  be  taken  at  0,  x  being  horizon- 
tal, and  y  vertical,  and  the  plane  of  an/  coinciding  with  the  plane 
of  the  catenary ;  also  let  0  be  the  origin  of  s. 

Then,  if  /i  be  the  unit  of  mass  at  the  end  of  a  length  c  from 
the  lowest  point, 

i 


8^ 


and  therefore  by  (1,  rf),  a  being  in  the  present  case  zero,  we  have 

hence,  putting  for  the  sake  of  brevity 

2g/MC*       1 

^  dx  dor     ax     \       cLrl 
^dx'ck?      , 


integrating  with  respect  to  a;  we  obtain 

W.  8. 


8 
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but  a;  =  0,  -^  =  0,  simultaneously ;   hence  G=  2/3,  and  therefore 

2/8(l  +  ^)*  =  ar  +  2)8 ' (a); 

squaring  and  transposing, 

4/9-^=(x  +  2i3)'-4/9', 

2/8  dy  =  {(a?+  2/9)*  -  4/9*}*  &j  ; 

integrating  we  have 

(7+2i3y  =  i(a;  +  2/9)(a?H-4^a?)*-2/9*log{a?  +  2i3  +  (a?  +  4/8a;)*l; 

butx  =  0,  y  =  0,  simultaneously;  hence 

(7=-2i8»log(2/S); 

hence,  eliminating  C, 

which  is  the  required  equation  to  the  catenary. 

Cor.     From  (a)  we  get 

&  _  a;  -f  2/9 
tfe"     2/8     ' 

and  therefore,  by  (1,/), 

ds       T  ,        _^. 

'  =  "^  =  2i8(^  +  ^^)' 

which  gives  the  tension  at  any  point  of  the  curve. 

John  Bernoulli ;  Led.  Math.,  Opera,  Tom.  ill.  p.  497. 

(3)  To  find  the  law  of  variation  of  the  unit  of  mass  of  a  cate- 
nary acted  on  by  gravity  that  it  may  hang  in  the  form  of  a  semi- 
circle with  its  diameter  horizontal. 

The  notation^i 'emaining  the  same  as  in  (2),  the  equation  to  the 
catenary  will  be 

where  a  denotes  the  radius  of  the  semicircle :  hence 

0^—0?=  {a  —  yf,       y^a—{a^-' .r*)"  ; 
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dy  _        X  d^y  _       a* 

1  ^  —  11  ^y^  —     ^*  ^  —        ^        . 

dii^  ""         da?~ cf  —  a?^        ^^  (a'— a?")*' 

and  therefore,  by  (1,  e), 

dx 

or  the  unit  of  mass  at  any  point  varies  inversely  as  the  square  of 
its  depth  below  the  horizontal  diameter  of  the  semicircle. 

Cor.     By  (1,/)  we  have  for  the  tension  at  any  point 

£&  _       ra       _    ''■« 

John  Bernoulli ;  Opera^  Tom.  ill.  p.  502. 

^  (4)  To  find  the  length  of  a  uniform  chain  ALB^  (fig.  73), 
suspended  firom  two  points  A  and  B  in  the  same  horizontal 
line,  when  the  stress  on  each  point  of  support  is  equal  to  the 
whole  weight  of  the  chain ;  to  find  also  the  depth  of  the  lowest 
point  L  of  the  chain  below  the  line  AB,  and  the  direction  of  its 
tangent  at  A  or  B. 

Let  yCLO  be  vertical,  OL  being  equal  to  a  length  of  the 
chain  of  which  the  weight  is  equal  to  the  tension  of  the  lowest 
point  Ly  Ox  horizontal ;  PM  at  right  angles  to  Ox.  OM  =  x, 
PM^y,  OL^c,  ALB^l,  AC^BC-^^a. 

Then  the  equation  to  the  curve  will  be 

y  =  Jc(e^  +  6"^../. (1), 

a  a 

and  also  l^^cie^-e"^ (2). 

Let  m  denote  the  unit  of  mass  of  the  chain,  which  will  be  the 
same  at  all  its  points ;  then  the  tension  at  P  will  be  equal  to 

■_      _• 
mgy=^^^mcg{€'  +  e'^, 

a  a 

and  therefore  at  B  to      ^cg  {e*  +  €  ') ; 

8—2 
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but  by  the  hypothesis  the  tension  at  £  is  equal  to  mgly  and 

therefore  by  (2)  to 

•      —• 
meg  (€*  —  €  •^) ; 

as  aft 

hence  ^^ncg  {e*  +  €  •)  =  meg  (e*  —  e"^) ; 

a  • 

€•=8,      — =log.3,      -  =  ilog.3 (3). 

Hence  from  (2)  we  hare 

4a 


log.3V       3*/      3*  log.  3 
which  gives  the  length  of  the  chain. 

Again,  putting  a;=:a,  we  have  from  (1), 

a  a 

and  therefore  CL  =  (i e^+  J  e"^-  1)  c 

'3*  +  3"* 


/3"  +  3«       \    2a       .        ,_, 

^/2^_  \    2a    _    2a    2-3* 
Is*       /log.3"log.3     3*     ' 


which  gives  the  depth  of  the  lowest  point  of  the  chain  below 
the  line  AB. 

Again,  from  (1)  we  have 

and  therefore,  ^  denoting  the  inclination  of  the  chain  at  j8  to 
the  horizon, 

tan^  =  i(e--ei=4(3i-i)  =  i; 


hence  ^  ~  E  • 
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(5)  A  imiform  string  A'ALBB  (fig.  74)  is  placed  over  two 
supports  A  and  B  in  the  same  horizontal  line,  so  as  to  remain 
in  eqnilibrinm ;  having  given  the  length  of  the  string,  and  the 
distance  of  the  points  of  support,  to  find  the  pressure  which  thej 
have  to  bear. 

Let  L  be  the  lowest  point  of  the  curve  ALB^  OLy  a  vertical 
line  through  X,  where  OL  is  equal  to  a  length  of  the  chain,  the 
weight  of  which  is  equal  to  the  tension  at  X ;  Ox  horizontal. 
Then,  Oxy  Oy,  being  taken  as  the  axes  of  co-ordinates,  we  shall 
have  for  the  equation  to  the  curve  ALB,  putting  OL  »  c, 

y  =  ic  (€^+  €"•) (1) ; 

and,  if  m  be  the  unit  of  mass  at  each  point  of  the  string,  the 
tension  at  Pwill  be  equal  to 


»  m 


mgy  or  \mcg(€*-\-e  *); 
hence,  if  AG=:  BC=  a,  the  tension  at  B  will  be  equal  to 

a  a 

Jwkyr  (€•+€"•) (2), 

But  the  tension  at  jS  is  evidently  equal  to  the  weight  of  Bffj 
and  therefore,  if  BB'  =  «,  to  the  expression  mgs ;  hence 

a  • 

Tngs^^mcg  {€''{-€"'), 

an 
^t  «  =  JC  (€•+€") .....(3). 


Suppose  that  the  length  of  the  whole  string  A'ALBB'  is  2Z; 
then  the  length  of  the  portion  LBB'  will  be  Z,  and  Z  —  «  will  be 
the  length  of  BL^    Hence,  by  the  nature  of  the  catenary, 


a 


Z-.«  =  ic(€«-€   •) (4). 

Adding  together  the  equations  (3)  and  (4),  we  obtain 

a 

whence  c  is  made  to  depend  upon  the  known  quantities  a  and  Z: 
hence  the  expression  (2)  for  the  tension  at  B  is  known.  * 
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Differentiating  (1),  we  get 
but,  if  iP=«', 

hence  evidently  -/>  =  ~ , 

and  therefore,  if  <f>  denote  the  an^le  between  the  line  BB'  and 
the  curve  BL  at  B^ 


a 


C08  ^  =  ^.       ^   , (5). 

Let  P  denote  the  pressnre  on  the  point  5,  and  t  the  tension  of 
the  string  at  B)  then 

P"  =  27*  +  27*  cos  ^ 
=  27*  (1  +'cos  4>) ; 
and  therefore,  from  (2)  and  (5), 


7\l 


P"=im'cy(€'+€    ') 


=  wV/  (1  +  eO 

9a 
P=7W0y(l  +  6*)^ 

which  gives  the  required  value  of  the  pressure,  c  having  been 
previously  determined. 

(6)  A  uniform  chain  ABC  (fig.  75)  is  suspended  from  a  point 
A  above  an  inclined  plane  BSi  having  given  the  angle  which 
the  chain  at  the  point  of  suspension  and  which  the  plane  makes 
with  the  horizon,  and  also  the  length  of  the  whole  chain,  to  find 
the  length  of  the  portion  BO  which  is  in  contact  with  the  plane. 


N 
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Let  ABLA  denote  the  catenary,  of  which  AB  is  an  arc,  L 
heing  the  lowest  point.  Let  Pbe  any  point  in  the  curve  AL ; 
^  the  inclination  of  the  curve*  at  P  to  the  horizon,  i  the  tension 
at  jff ;  a,  /3,  the  values  of  ^  at  -4,  Jff,  respectively ;  c  the  length 
of  chain  of  which  the  weight  is  equal  to  the  tension  at  Z ;  m  the 

unit  of  mass  of  the  chain ;   iP=  «,  ABO^  Z,  J5<7=  f. 

« 

Then,  by  the  nature  of  the  catenary, 

«  C08/3  =  meg (1), 

8  3=  c  tan^ (2). 

Now  it  is  evident  that  the  tension  at  B  is  equal  to  mgV  sin  ^  \ 
hence,  from  (1), 

mffl' sin  fi  CO&  ^  =  nicg,      c  =  f  sin /8  cos  )8 (3). 

Again,  from  (2),  we  have 

LBA  =  c  tan  a,      LB  =  c  tan  )9, 

and  therefore  l-^  I'  =  c  (tan  a  —  tan  /8) ; 

hence,  from  (3), 

«  Z  —  r  =  f  sin  /3  cos  /3  (tan  a  —  tan  13), 

2  cos  a  =  I'  (cos  a  +  sin  a  sin/8  cos/8  — sin^/8  cos  a) 

=  r  cos  )8 .  cos  (a  —  )8) 

,,  _  Z  cos  a 

~*  cos  /9  cos  (a  —  /3) ' 

(7)  -4  OB  (fig,  72)  is  a  flexible  string  acted  on  by  gravity,  and 
is  in  a  position  of  rest ;  the  unit  of  mass  at  any  point  varies 
as  the  cosine  of  the  angle  at  which  an  element  of  the  curve  at 
the  point  is  inclined  to  the  horizon ;   to  find  the  equation '^^he 

Assuming  m  =  fi-j-^  where  /8  is  some  constant  quantity,  the 

equation  to  the  catenary  will  be 

2t 

which  shews  that  the  catenary  is  the  common  parabola. 

James  Bernoulli ;  Act.  Erudit.  Lips.  Jun. ;  Operay  Tom.  i. 
p.  449.    John  Bernoulli;  Opera,  Tom.  iii.  p.  501. 
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\  (8)    To  find  the  equation  to  the  catenary  when  the  nnit  of 

mass  varies  as  x  cos  4>y  where  ^  is  the  angle  of  inclination  of  the 

element  of  the  curve  at  any  point  to  the  horizon. 

'       don 
Assuming  m  =  fix  --r-,  the  required  equation  will  be 

which  belongs  to  a  cubical  parabola. 

James  Bernoulli ;  lb.    John  Bernoulli ;  lb. 

(9)  To  find  the  equation  to  the  catenary  when  the  unit  of 
mass  varies  as  x^  cos  0. 

1  dx 
Assuming  m  =  fix^  -j-  ,  the  equation  will  be 

16//9'a^=2257y. 
James  Bernoulli ;  lb,    John  Bernoulli ;  lb, 

(10)  To  find  the  equation  to  the  catenary  when  the  unit  of 
mass  varies  as  y*  sin  0,  where  n  is  any  positive  quantity. 

If  the  origin  of  co-ordinates  be  so  chosen  that  the  axis  of  as 
passes  through  the  lowest  point  of  the  catenaiy,  and  that  y==co 
when  ^  =  0,  the  required  equation  will  be 

^M^     {n+l)T 

James  Bernoulli ;  lb.    John  Bernoulli ;  lb, 

(11)  To  find  the  law  of  the  variation  of  the  unit  of  mass  when 
the  catenary  is  the  common  parabola. 

^  The  construction  and  notation  being  the  same  as  in-  (2), 

2t 


\ 


m  = 


<7  (a*  +  4a:»)* ' 

a  being  the  latus  rectum  of  the  parabola. 

John  Bernoulli ;    Opera,  Tom.  Iii.  p.  504. 

(12)  A  chain  suspended  at  its  extremities  firom  two  tacks  in 
the  same  horizontal  line,  forms  itself  into  a  cycloid ;  to  find  the 
unit  of  mass  at  any  point  of  the  string  and  the  weight  of  the  arc 
between  this  and  the  lowest  point. 
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Let  w  denote  the  weight  of  the  aic ;  then,  taking  the  ordinaiy 
equations  to  the  cycloid 

x^a{0  +  &m0)f    y  =  a (1  —  cos  ^, 

we  shall  have 

T  (sec  i^*  .      .  ^ 

wi  =  — i- — ^— ^,    t(7  =  Ttan*&. 

m 

(13)  One  end  of  a  heavy  chain  is  attached  to  a  fixed  point  Aj 
and  the  other  to  a  weight  which  is  placed  on  a  rough  horizontal 
plane  passing  through  Ay  and  the  chain  hangs  through  a  slit  in 
the  horizontal  plane ;  to  find  the  greatest  distance  of  the  weight 
firom  Ay  at  which  equilibrium  is  possible. 

If  a  be  the  length  of  the  chain,  x  the  greatest  distance  of  the 
weight  firom  A,  /i  the  coefficient  of  firiction,  and  n  twice  the 
ratio  between  the  given  weight  and  that  of  the  chain, 


(14)  A  uniform  chain  is  suspended  firom  two  tacks  in  the  same 
horizontal  line  at  a  distance  2a  firom  each  other ;  to  determine 
the  length  of  the  chain  that  the  stress  on  the  tacks  may  be  a 
minimum. 

Let  c  denote  a  length  of  the  chain  of  which  the  weight  is  equal 
to  the  tension  at  the  lowest  point ;  and  let  I  denote  the  required 
length  of  the  chain.    Then 

•      l/»l  •        •  • 

bom  the  former  equation  -  and  therefore  c  is  to  be  determined, 

and  then  I  will  be  given  by  the  latter. 

If  for  instance  2a  ~  10  feet,  then  c  »  4 .  168  feet  nearly,  and 
Z  =s  12  •  578  feet  nearly. 

Diarian  Bqxmtofyy  p.  644. 


X 


122  EQUILIBRIUM  OF  FLEXIBLE  STEINQS. 

(15)  •A  chain  a^cted  on  by  gravity  hangs  in  the  form  of  a 
curve,  of  which  a^y  =  a;*  is  the  equation ;  to  find  where  the  unit 
of  mass  is  a  maximum,  and  its  maximum  value. 

When  m  is  a  maximum,  x  and  y  being  the  co-ordinates  of  the 
point, 

a  ,  2.3*T 

The  law  of  the  mass  of  the  chain  is  erroneously  investigated  in 
the  Ladys  and  Oefnilemans  Diary  for  the  year  1745 ;  see  also 
Diarian  Sepository,  p.  435. 

(16)  A  uniform  chain  of  length  2l  is  suspended  from  two 
points  in  a  horizontal  line,  the  distance  2a  between  which  is 
given :  to  investigate  an  equation  for  the  determination  of  the 
inclination  of  the  curve  to  the  horizon  at  either  point  of  support. 

If  0  represent  the  required  angle. 


a  =  lcGt<f>  log  [tan  — j'^)  • 


(17)  A  chain  ABCDE^  (fig.  76),  passes  over  a  smooth  pulley 
5,  the  portions  BA^  DE,  of  the  chain  hanging  freely,  while  the 
portion  CI)  rests  upon  a  smooth  table.  Supposing  CD  to  be 
half  the  length  of  the  whole  chain,  to  compare  the  length  of  the 
chain  with  the  height  of  B  above  CD, 

The  required  ratio  is  equal  to 

2(3  +  V3). 

(18)  A  perfectly  flexible  chain  of  variable  thickness  hangs  in 
the  form  of  a  curve  defined  by  the  equation 


f  =  log(8ecg, 


the  axis  of  x  being  horizontal :  to  find  the  law  of  variation  t>f  the 
thickness  and  of  the  tension. 

The  tension  of  the  string  at  any  point  varies  as  the  area  of  the 
section  of  the  string,  each  varying  as  sec  f  r]  • 
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(19)  A  uniform  chain  of  length  I  hangs  over  two  fixed  points, 
which  are  in  a  horizontal  line :  from  its  middle  point  is  sus- 
pended bj  one  end  another  chain  of  equal  thickness  and  of 
length  I'.  Supposing  each  of  the  two  tangents  of  the  former 
chain  at  its  middle  point  to  make  an  angle  0  with  the  vertical, 
to  find  the  distance  between  the  two  fixed  points,  and  to  shew 
that  0  can  never  exceed  a  certain  value. 

The  distance  between  the^ivo  fixed  points  is  equal  to 
The  value  of  0  can  never  exceed  that  given  hj  the  equation 

^  2~7TT' 


Sect.  3.     Central  Forces. 

(1)  To  find  the  equation  to  a  flexible  string  in  a  position  of 
equiUbrium  under  the  action  of  any  central  attractive  force. 

Let  APB  (fig.  77)  be  any  portion  of  the  string ;  8  the  centre 
of  force ;  P  any  point  in  the  string,  PT  a  tangent  at  this  point ; 
8Y  s,  perpendicular  ifrom  8  upon  PT;  p  a  point  of  the  string 
indefinitely  near  to  P,  and  pk  a  tangent  at^.  Also  let  OP,  Op, 
be  the  normals  at  P,  p,  0  being  therefore  the  centre  and  OP  the 
radius  of  curvature  at  P;  let  OP  produced  meet^A;  in  k. 

Let  OP=-py  8P=r,  8Y=p,  z  8PT^<f>,  t  kOp^'^,  w  =  the 
unit  of  mass  at  P;  1-=^  the  tension  at  P  and  t'\-d%  at  p\ 
Pp  =  da,  P=  the  central  force  at  P. 

Then  for  the  equilibrium  of  the  element  ij?  we  have,  resolving 
the  forces  which  act  upon  it  at  right  angles  to  PT, 

Fmds  sin  0  =  (<  +  dt)  co&pkO  ={t  +  dt)  sin  '^, 
or,  retaining  infinitesimals  of  the  first  order, 

Fmds  sin  0  =  «^  =  <  —  ; 

r 


=  —  r  T-  and  sin  <f>  =-2 , 
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and  therefore 

Fm  8in^=  - (a)  ; 

and  resolving  forces  parallel  to  PTwe  have 

Fmds  cos  ^  s=  (^  +  dt)  sin  Okp  —  t 

or,  retaining  iniSnitesimals  of  the  fijqpt  order  only, 

Fmda  cos  if^^dt; 
and  therefore,  {&  cos  ^  being  equal  to  dr, 

Fmdr  =  dt (ft). 

From  the  equation  (a),  since 

dr 

we  have  Fmdr  +  -^  ^  =  0 ; 

and  therefore  from  {b) 

^+4^  =  0. 

J>     t 

log  (p«)  =  log  C, 
where  C  is  an  arbitraiy  constant ;  and  therefore 

JFmdr 

which  is  the  equation  to  the  catenary  in  p  and  r  when  the  form 
of  jP  is  known. 
Let  $  be  the  angle  between  8P  and  any  fixed  line ;  then 

t'dd 

^     {dt'  +  i'de^^' 

and  therefore  from  (c),  patting  JFmdr  =  B, 

Bt'de=C{dt'  +  i'dff)^, 
ffr*d0'=C{dt'  +  t'd0^, 

and  therefore  dd  = 1 (d). 
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the  differential  equation  to  the  catenary  between  t  and  6.    This 
is  the  form  in  which  the  solution  is  given  bj  John  Bernoulli*. 

The  value  of  the  tension  at  any  point  of  the  catenary  is  given 
by  (i),  when  the  expression  for  J' in  terms  of  r  is  known. 

The 'relations  at  which  we  have  arrived  may  be  deduced  from 
the  general  equations  of  equilibrium  of  section  (1) ;  the  method 
however  of  the  tangential  and  normal  resolution  is  more  con- 
venient in  the  case  of  central  forces. 

K  the  central  force  be  repulsive  instead  of  attractive,  we  must 
replace  -Fby  —  jP,  wherever  it  occurs  in  the  above  formulflB. 

(2)  To  jSnd  the  form  of  the  catenary  when  the  central  force 
is  attractive  and  varies  inversely  as  the  square  of  the  distance ; 
the  unit  of  mass  being  invariable. 

Let  AOB  (fig.  78)  be  the  catenary;  B  the  centre  of  force; 
SO  the  radius  vector  which  meets  the  curve  at  right  angles. 

T  =  the  tension  at  0,  and  80  =  c. 

Then,  if  Ic  denote  the  attraction  at  the  distance  c, 

B^JFmdr^jk^mdr^:  0'-^, 

where  (7'  is  an  arbitrary  constant:  but,  by  (1,  6),  ^  =  5,  and 

therefore 

T=  C'—mkc; 

hence  t=^B  =  r  +  mJcc (a), 

r 

Hence,  from  (1,  d),  we  have 

M     9± 


|^^+^4c-^V-c«}^ 


but  from  (1,  c),  since  j?  =  c  and  ^ »  r  at  the  point  0,  we  see  that 
(7=ct;  therefore 

"77 wP? )!• 

r  ■!  ( T  +  mkc j  r*—  c*t^ 

^  Opera,  Tom.  it.  p.  288. 
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For  the  sake  of  simplicitj  put  r  «  fwnhc ;  then 

ncdr 


d0^ 


|(n  +  l-^)V-nV}* 


ncdr 


r{(n  +  l)V-2(n  +  l)cr  +  c»-nV}*' 

the  equation  to  the  catenaiy  resulting  from  the  integration  of 
this  differential  equation  will  be  of  three  different  forms  accord- 
ing as  n  is  greater  than,  equal  to,  or  less  than  unity. 

First,  suppose  that  n  is  greater  than  unity ;  then  the  integral 
of  the  equation  will  be,  supposing  that  6  =  0  when  r^c^ 

(n  - 1)  c 


^^^{(^"-0  S- 


Secondly,  suppose  that  n  =  1 ;  then  the  equation  to  the  cate- 
nary will  be,  if  5  =  0  when  r  =  c. 


c 

Thirdly,  let  n  be  less  than  unity ;  then,  if  as  before  5  =  0  when 
r  =  Cy  the  equation  will  be 

Again,  from  (1,  c)  we  have,  since  C7=ct, 

and  therefore  by  (a) 

CT nc 

T  +  7?l«C n+1 

r  r 

tic 
hence,  putting  r  =  oo ,  we  have  p  = ,  which  shews  that  the 

three  catenaries,  corresponding  to  the  three  values  of  n,  have  all 

of  them  asymptotes  passing  within  a  distance  — rr  ^om  the 


EQUILIBRIUM  OF  FLEXIBLE  8TRIN08.  127 

centre  of  force.    Put  r  =s  oo  in  the  equations  to  the  three  curves, 
and  we  get  for  the  inclinations  of  the  pair  of  asymptotes  of  each 

to  the  line  80y 

» 

n           _,  1         ,        n       ,      l  +  (l-n")* 
T  COS  '  - ,  and 1  log ^ • 

John  Bernoulli ;  Opera,  Tom.  it.  p.  240. 
Wheweirs  MechanicSy  3rd  edit.  p.  183. 

(3)  To  find  the  equation  to  a  uniform  catenary  A  OB  (fig.  78) , 
acted  on  bj  a  central  force  tending  to  8,  the  intensity  of  which 
varies  as  the  /^^ power  of  the  distance;  the  tension  at  0  being 
(1  +  fi)^  of  the  weight  of  a  length  80  of  the  string,  each  element 
of  which  length  is  supposed  to  be  acted  on  by  a  constant  force 
equal  to  that  at  0  and  towards  8. 

The  notation  remaining  the  same  as  in  (2),  the  equation  to  the 
catenary  will  be 

y     =cos(,i  +  2)5. 


(4)  To  find  the  equation  to  a  uniform  catenary  8AOB9 
(fig.  79),  acted  on  by  a  central  repulsive  force  emanating  from  8, 
at  which  the  two  ends  of  the  atring  are  £eistened,  the  intensity  of 
this  force  varying  inversely  as  the  fjfi^  power  of  the  distance ;  the 
tension  at  0  being  (ji  —  1)***  of  the  weight  of  a  length  80  of  the 
string,  each  element  of  which  length  is  supposed  to  be  acted  on 
by  a  constant  force  equal  to  that  at  0  and  from  8. 

The  notation  remaining  the  same  as  before,  the  equation  to 
the  curve  will  be 


(0 


-)     =cosOii-2)5. 


Sect.  4.     Constrained  Eguilibrium. 

(1)  A  flexible  string  ah,  (fig.  80),  acted  on  by  gravity,  rests 
on  the  arc  of  a  curve  APE  in  a  vertical  plane ;  to  find  the 
tension  of  the  string  and  the  pressure  on  the  curve  at  any  point. 
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Let  Py  p,  be  anj  two  points  of  the  curve  very  near  to  each 
other;  PO,  pOj  normak  at  these  points,  the  point  0  being  the 
centre  of  curvature  when  p  approaches  indefinitely  near  to  P: 
let  ax,  ay,  be  the  axes  of  x,  y,  the  former  being  horizontal,  the 
latter  vertical;  aP^s,  Pp^ds;  t^the  tension  at  P  and  t  +  dt 
at  p ;  £ = the  unit  of  pressure  on  the  curve  9,t  P,  m  =  the  unit  of 
mass  of  the  string,  4  POp  =  ^,  PO—p. 

Then,  resolving  forces,  which  act  on  the  element  i^  of  the 
string,  parallel  to  the  tangent  at  P,  we  have 

(<  +  eft)  cos  ^  —  ^  =  mffcb .  --f- , 

or,  neglecting  infinitesimals  of  higher  orders  than  the  first, 

dt  s=  mgdy ; 

integrating  and  observing  that  t  is  equal  to  zero  when  y  s=  0,  we 
get 

«  =  wvy (1), 

which  gives  the  tension  at  anj  point  of  the  string. 

Again,  resolving  the  forces  on  the  element  i^  parallel  to  the 
normal  OP, 

tngds .  ^  +  (e  +  eft)  sin  ^  =  Bda, 
or,  neglecting  infinitesimals  of  orders  higher  than  the  first, 

but  ^  is  equal  to  - ;  hence  we  have  for  the  pressure  on  the 
curve  at  any  poii^f , 

n  dx       t 


-^(l-S- 


(2)  Two  equal  weights  ^,  Q,  are  suspended  at  the  extremi- 
ties of  a  flexible  string  hanging  over  a  smooth  curve  in  a  vertical 
plane ;  to  find  the  pressure  at  anj  point  of  the  curve,  the  weight 
of  the  string  being  reckoned  inconsiderable. 
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Let  APB  (fig.  81)  be  the  curve ;  OP,  (?p,  normals  at  two 
consecutive  points  P^p;  0  the  inclination  of  OP  to  some  assign- 
ed line  in  the  plane  of  the  curve,  POp^d0\  PO^^  p,  AP^s^ 
Pp^^ds'y  p^  the  unit  of  pressure  on  the  curve  at  the  point  P; 
t  =■  the  tension  of  the  string  at  P,  <  +  ^  ==  the  tension  at^. 

Then  for  the  equilibrium  of  the  element  Pp  of  the  string  we 
have,  resolving  forces  at  right  angles  to  the  tangent  at  P, 

{t  +  di)  sin  dQj^pds  =:ppd0, 
and  therefore,  retaining  infinitesimals  of  the  first  order, 

.     idd^ppdd,     t=pp (1). 

Again,  resolving  forces  parallel  to  the  tangent  at  P, 

{t  +  dt)cosdd-t^O, 
and  therefore,  retaining  infinitesimals  of  the  first  order, 

dt^O,  ^  =  constant; 

but  evidently  at  A  the  tension  is  equal  to   Q ;   hence  t^  Q. 
Hence  from  (1)  we  have 

Cor.    The  whole  pressure  on  the  curve  AB  is  equal  to 

J  J    p  J  B^ 

If  the  tangents  at  the  points  where  the  string  leaves  the  curve 
be  vertical,  we  have  wQ  for  the  whole  pressure  along  the  curve ; 
if  they  be  not  vertical  there  will  of  course  be  pressures  at  the 
points  A,  B,  in  addition  to  the  pressure  along  the  curve. 

Euler;  Nov,  Comment.  Petrop.  1775,  p.  307. 
Poisson ;  TraitS  de  AUcantque,  Tom.  i.  ch.  3. 

(3)  To  find  the  pressure  on  a  curve  AB,  (fig.  82),  when  two 
weights  Q,  B,  balance  each  other  over  it  by  means  of  a  fine 
string,  the  fiiction  between  the  string  and  the  curve  being  taken 
into  account;  and  the  weight  Q being  considered  as  much  greater 
than  £  as  is  consistent  with  equilibrium. 

w.  8.  9 
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Let  /Lfr  be  the  coefficient  of  friction ;  the  rest  of  the  notation 
being  the  same  as  in  the  preceding  problem.  Then  the  friction 
on  the  element  I^  will  be  fipds,  and  will  act  nearly  in  the 
direction  of  the  tangent  at  P.  Hence,  resolving  forces  on  the 
element  i^  parallel  to  PO,  we  have 

{t  +  dt)  sin  d0  =jxi3  =^ppdd ; 

and  therefore  in  the  limit 

tdJd^ppdd,     t=pp.... (1); 

again,  resolving  forces  parallel  to  the  tangent  at  P, 

(t  +  dt)  C09  dd-t'\-/jLpd8=^0,    ' 

and  therefore  in  the  limit 

dt  +  fipda  =  0, 
and  consequently  by  (1) 

P 
integrating,  we  get 

loge ^j^  =  ^,MJd0  =  C^fM0 (2); 

hence,  the  values  of  ^  at  .^  and  B  being  Q  and  iZ, 

log(2=(7-/*5„    logB^C^^, (3), 

and  therefore    log^  =  fi{0,^0X    J  =  e'^^'''*^^ 

which  expresses  the  relation  which  must  subsist  between  Q  and 
E  under  the  circumstances  of  the  problem. 

Also,  from  (2)  and  (3), 

log|-=M(^,"^),     t^B^(^'^ (4); 

hence  the  whole  pressure  along  the  curve  is  equal  to 
j^c&=j— e,  from  (1), 

=  jtd0  =  B  l€^^'-^d0  =  (7  -  -  €^<*-« ; 
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but,  when  0^0^,  it  is  clear  that  the  pressure  along  the  curve 
is  zero ;  hence 

/* 
and  therefore  the  whole  pressure  from  0^  to  ^j,  is  equal  to 

In  addition  to  this  pressure  along  the  curve  there  are  the 
pressures  at  the  extremities  A  and  B.  *   « 

Cor.    If  the  curve  be  a  semicircle  ^^  —  ^^  =  w*,  and  we  have 

Q 

Euler;  Nov.  Comment.  Petrop.  1775,  p.  316. 
Poisson ;  Traiti  de  M^canique^  Tom.  I.  ch.  3. 

(4)  *  A  heavy  chain  ABC  (fig.  83),  rests  partially  on  the 
circumference  of  a  circular  section  of  a  rough  horizontal  cylinder* 
moveable  about  its  axis :  having  given  the  lengths  of  the  two 
portions  AB^  BO,  of  the  chain,  to  determine  the  moment  of  a 
force  about  the  axis  of  the  cylinder  which  shall  maintain  the 
equiKbrium. 

Let  AB  =  a,  BC  ^h,  r^  the  radius  of  the  cylinder,  and  m  = 
the  mass  of  a  unit  of  the  chain's  length.  Then  the  required 
moment  is  equal  to 

mrglrein  -  +  JJ . 

(5)  Two  equal  weights  P,  P,  are  connected  by  a  string  which 
passes  over  a  rough  fixed  horizontal  cylinder:  to  compare  the 
forces  required  to  raise  P,  accordingly  as  P  is  pushed  up  or  P' 
pulled  down. 

If  p  be  the  force  in  the  former  and^  in  the  latter  case, 

(6)  If  a  weight  P  attached  to  one  end  of  a  fine  cord,  which 
is  laid  over  a  rough  horizontal  cylinder,  can  support  a  weight 
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nP  attached  to  the  other  end,  to  determine  the  weight  which 
it  can  support  when  the  cord  is  wrapped  r  times  round  the 
cylinder. 

The  required  weight  is  equal  to 

(7)  A  light  thread,  the  length  of  which  is  7a,  has  its  extremi- 
ties fastened  to  those  of  a  uniform  heavy  rod,  the  length  of 
which  is  ba ;  and,  when  the  thread  is  passed  over  a  thin  round 
peg,  it  is  found  that  the  rod  will  hang  at  rest  provided  that  the 
point  of  support  be  anywhere  within  a  space  a  in  the  middle  of 
the  thread :  to  determine  the  coefficient  of  firiction  between  the 
thread  and  the  peg ;  and,  when  the  rod  hangs  in  a  position  bor- 
dering upon  motion,  to  find  its  inclination  to  the  horizon  and 
the  tensions  of  the  two  parts  of  the  string. 

If  fi  represent  the  coefficient  of  friction,  W  the  weight  of  the 
rod,  8,  T,  the  tensions  of  the  longer  and  shorter  parts  of  the 
string  respectively,  and  0  the  inclination  of  the  rod  to  the 
horizon ; 

/[t  =  Hlog|,     8^iW,     T=^iW,    cos5«». 

(8)  A  thin  inextensible  cord,  in  which  the  density  of  the 
material  increases  in  geometric  as  the  distance  from  one  ex- 
tremity increases  in  arithmetic  progression,  is  laid  directly 
across  a  rough  horizontal  cylinder,  the  circumference  of  a  vertical 
section  of  which  is  equal  to  twice  the  length  of  the  cord :  to 
determine  the  coefficient  of  friction,  supposing  the  cord  to  be 
only  just  supported  when  its  two  extremities  are  both  in  the 
horizontal  plane  through  the  axis  of  the  cylinder. 

Taking,  in  accordance  with  the  hypothesis,  oc^  as  the  expres- 
sion for  the  density  at  a  distance  s  from  one  end  of  the  string, 
and  denoting  the  radius  of  the  cylinder  by  r, 

r 
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Sect.  5.    ^Extensible  Strings, 

If  an  extensible  string  of  given  length  be  stretched  bj  any 
force,  it  is  found  by  experiment  that  the  extension  of  the  string 
beyond  its  natural  length  is  proportional  to  the  force.  From  this 
it  is  easily  seen  that,  if  the  string  be  of  variable  length,  the 
extension  will  vary  as  the  product  of  the  force  and  the  natural 
length  of  the  string.  Hence,  if  a  denote  the  natural  length 
of  the  string,  and  a'  the  length  under  the  action  of  a  stretching 
force  P,  we  shall  have 

a'  =  a(l+XP), 

where  X  is  a  constant  quantity  depending  upon  the  quality  of 
the  string,  called  the  modulus  of  elasticity. 

This  theory  was  first  announced  by  Hooke,  in  the  form  of  an 
anagram,  among  a  list  of  inventions  at  the  end  of  his  Descrip- 
tions of  Helioscopes^  published  in  the  year  1676.  The  anagram 
is  ceiiinosssttuyy  from  which  may  be  extracted  the  proposition, 
"  ut  tensio  sic  vis."  He  afterwards  published  a  work  entitled 
De  Potentia  RestihUiva  or  Spring,  in  which  the  theory  was 
developed  at  large  with  experimental  illustrations.  Hooke's 
theory  forms  the  basis  of  a  memoir  by  Leibnitz,  in  the  AcUi 
Eruditorum  for  the  year  1684,  entitled  Demonstrationes  Novce 
de  Besistentia  Solidorum,  For  additional  information  on  the 
subject  the  student  is  referred  to  s'Gravesande's  ElemerU.  Physic 
Lib.  I.  c.  26. 

(1)  An  elastic  string  AC  (fig.  84)  is  suspended  firom  its  ex- 
tremity A,  and  has  a  weight  attached  to  it  at  a  point  B]  the 
natural  lengths  of  AB,  BC,  being  given,  to  find  the  length 
of  the  string  ACm\\&  present  circumstances. 

Let  m  denote  the  unit  of  mass  of  the  string  in  its  natural 
state ;  a,  ft,  the  natural  lengths  of  AB,  BG,  and  a',  J',  their 
lengths  under  the  circumstances  of  the  problem ;  c  the  length  of 
a  portion  of  the  natural  string,  the  weight  of  which  is  equal  to 
the  weight  attached  to  5;  let  P  be  any  point  in  AB,  and  p  a  point 
very  near  to  it;  let  AP=x,  I^  =  dx;  let  t  be  the  tension  at  P 
and  t  +  dt  Aip, 
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Then,  since  bj  Hooke's  Principle  the  unit  of  mass  of  the  ele- 
ment dx  must  evidently  be  diminished  in  the  ratio  of  1  +  X^  :  !> 
the  weight  of  Pp  will  be 

mgdx 
1  +  X<' 

and  therefore,  for  the  equilibrium  of  i^, 

integrating  we  get 

but  it  is  evident  that 

t=^mg  {a  +  b  +  c)y     when  a;  =  0, 
and  t^mff{b-\-c)^    when  x^a; 

hence  we  obtain 
(a  +  i  +  c)  {1  +  i  \mg  (a  +  6  +  c) }  =  (6  +  c)  { 1  +  i  \mg  (6  +  c) }  +  a , 

and  therefore 

a'=^a-\-  ^Xmg  {(a  +  6  +  c)*-  (i  +  c)*} 
=  a  +  iXwij'  {a*+2ab  +  2ac) 
=  a{l+jX?n^(a4-2ll^  +  2c)} (1). 

Again,  if  Q  be  any  point  in  BC,  BQ  =  y,  and  t  =  the  tension 
at  Qy  we  shall  have,  as  before, 

but  evidently 

T  =  wi^J,    when  y  =  0, 

and  T  =  0,    when  y  =  J' ; 

hence  we  have 

V^b[\  +  \\mgh) (2). 

Hence  from  (1)  and  (2),  if  V  denote  the  whole  length  of  the 
string  AG^  we  find  that 

r  =  a  +  i  +  iXTWgr  [a  (a  +  2ft  +  2c)  +  b% 
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(2)  An  elastic  string,  of  which  the  nnstretched  length  is  a,  is 
fixed  at  one  end  to  the  summit  of  a  smooth  inclined  plane  the 
length  of  which  is  also  equal  to  a;  to  find  the  length  which 
will  hang  over  the  plane,  the  string  being  stretched  by  its  own 
weight. 

Let  A  CD  (fig.  85)  be  the  string  hanging  firom  the  point  A  in 
the  inclined  plane  AC;  P  any  point  in  AC^  and  p  a  point  near 
to  P;  let  t  be  the  tension  at  P,  T  at  A,  and  t  at  0;  let  AP=  x, 
Pp^dx\  m  =  the  unit  of  mass  of  the  string  when  unstretched, 
a  =  the  inclination  of  AC  to  the  horizon. 

Then,  by  virtue  of  Hooke's  Principle,  the  mass  of  Pp  will  be 

mdx 

and  therefore,  t  +  dt  being  the  tension  at  p,  we  have  for  the 

equilibrium  of  Pp 

,      mg  sin  a  , 

{l  +  \t)dt  +  7nff&madx=^0; 

integrating  we  obtain 

t{l  +  ^Xt)  +  mgx  sin  a  =  O; 
hence,  t  being  the  value  of  t  when  x  =  a  and  T  when  a;  =  0,  we 

have 

T{l+^\r)+mga  8ina=  2^(1  +ixr), 

(T-T){l  +  i\(T+r)}+w2^asina  =  0 (1). 

Let  8  be  the  natural  length  of  CJD;  then  a^s  will  be  the 
natural  length  oi  AC;   hence  clearly 

T  =  mgs,     T=  mg  {«  +  (a  —  a)  sin  a} ; 
we  have  then,  by  (1), 

(a  —  «)  [1  +  ^mg  {2«  +  (a  —  «)  sin  a}]  =  a, 
\\mg  (a  —  s)  {2«  +  (a  —  «)  sin  a}  =  », 

whence  a  may  be  determined  by  the  solution  of  a  quadratic 
equation. 

If  a  be  the  actual  length  of  the  portion  CD  of  the  string,  we 
may  shew  that 

and  therefore  a  and  a  are  both  known. 
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(3)  A  slightlj  extensible  string  ^a  (fig.  86)  is  attached  to  the 
upper  extremily  A  of  the  vertical  radius  AO  of  a  circukr  arc 
AB  along  which  it  rests;  having  given  its  natural  length,  to 
find  its  length  as  it  rests  on  the  arc. 

Let  P,  p,  be  any  two  points  very  near  together  in  the  string 
Aa;  draw  the  lines  PO,pO;  let  ^P==«,  i5>  =  A,  zAOP^fp, 
^  POp  =  d^,  AO  =  a;  m  =  the  unit  of  mass  of  the  string  when 
unstretched ;  let  t,  t  +  dt,  be  the  tensions  at  P,  /? ;  s,  ds'^  the 
lengths  of  AP,  Pp^  without  stretching. 

Then,  by  Hooke's  Principle, 

A  =  (1+Ai)  ds' (1). 

Again,  for  the  equilibrium  of  the  portion  i^  of  the  string,  we 
have,  resolving  forces  parallel  to  the  tangent  at  P, 

{t  +  dt)  cos  {d<f>)  +  mffds'  sm^-^t; 
and  therefore,  retaining  infinitesimals  of  the  first  order, 

dt  +  mgds'  sin  ^  sr  0 ; 
hence,  by  the  aid  of  (1),  we  have 

(l  +  X^)c2^  +  m^  sin^dtf-O; 
or,  since  8^(uf>, 

integrating  we  get 

^  (1  +  ^7U)  -^moff  cos ^  =  C ; 

let  /3  be  the  angle  subtended  at  0  by  the  arc  Aa;  then  it  is  clear 
that,  when  <f}  =  ff^t  will  be  equal  to  zero ;  hence 

—  mag  cos  /S  =  O, 

and  therefore      t{l  +  ^\t)=maff  (cos ^  — cos /9) (2). 

From  (1)  we  have,  putting  (uf>  for  s, 

ad^=(l+X^)(&', 

and,  X  being  by  the  hypothesis  a  small  quantity, 

ds'  =  ad4>  (1  ->i)  =  adff)  -  a\td<l> (3). 

Now  from  (2)  we  get  approximately 

t  =  mag  (cos  ^  —  cos  /S), 
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and  therefore,  substituting  this  value  of  ^  in  the  small  term  of 
the  equation  (8), 

da*  =  od^  —  mothjg  (cos  ^  —  cos  /8)  ^ ; 
integrating  we  get 

8  -\-  C^cuff  —  ma*\ff  (sin  ^  —  ^  cos  /S) ; 

but,  when  ^  =  0,  it  is  evident  that  «'  =  0 ;  hence  (7=  0,  aod  we 
have 

s' ^ a4f> ^ ma*\g  {smip ^  ^  cos/9) ; 

let  o^  be  equal  to  the  natural  length  of  Aa;  tl^en  evidently 

ajS^  ^  afi  —  mcfkg  (sin /S  — /9  cos /9), 

iS' = /S -ittaX^  (sin/9 -/S  cos/9) ; 

but,  since  /S  =/9'  nearly,  we  may  substitute  jff  for  /9  in  the  coeffi- 
cient of  the  small  quantity  X ;  thus  we  obtain 

/9  =  iff  +  «ia^  (sin iff  -  iS' cos /9'), 

which  determines  the  required  length  Aa, 

(4)  Two  weights  P,  Q,  (fig.  87),,  resting  on  two  smooth  in- 
clined planes  CAy  CB,  are  connected  by  a  given  elastic  string 
PQ ;  •  to  find  their  position  of  equilibrium. 

Let  0  be  the  inclination  of  QP  to  the  horizon ;  a,  i3,  the 
inclinations  to  the  horizon  of  the  planes  CA,  CJB;  a  the 
natural  length  of  the  string  PQ.  Then  the  position  of  equili- 
brium will  be  defined  by  the  two  equations, 

.     ^     Pcot/9-gcota       j,^        L  ^    XPsina  ) 

(5)  Two  equal  weights  P,  Q,  (fig.  88),  are  connected  by  a  fine 
elastic  string  PQ,  of  which  the  horizontal  line  BC  is  the  natural 
length ;  to  find  the  nature  of  the  curves  PP,  CQ,  on  which  they 
will  always  remain  in  equilibrium  with  the  string  parallel  to  the 
horizon,  the  plane  of  the  curves  being  vertical. 

Bisect  BC  in  A,  and  draw  AM  vertical;   let  AB^a^AC, 

AM  =  a?,    MP  =r  y  =  MQ ;    then  the  equation  to  each  of  the 

curves  will  be 

(y  -  ay  ==  2\aPx, 
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or  jBPy    CQ,  are  two  semi-parabolas  of  which  B,  O,  are  the 

vertices. 

(6)  An  elastic  ring  BC  is  placed  round  a  vertical  cone  and 
descends  by  its  own  weight ;  to  find  the  position  of  equilibrium. 

Let  0  (fig.  89)  be  the  centre  of  the  ring  in  its  position  of  equi- 
librium ;  let  z  OAB  =  a,  2ira  =  the  natural  length  of  the  ring,  and 
W^  its  weight ;   then 

BO^a(l  +  ^  TTcota), 
which  determines  *the  required  position. 

(7)  A  fine  elastic  string  is  tied  round  two  equal  cylinders,  the 
surfitces  of  which  are  in  contact  and  axes  parallel,  the  string  not 
being  stretched  beyond  its  natural  length ;  one  of  the  cylinders 
is  turned  through  two  right  angles,  so  that  the  axes  are  again 
parallel:  to  find  the  tension  of  the  string,  supposing  that  a 
weight  of  one  pound  would  stretch  it  to  twice  its  natural  length. 

The  tension  of  the  string  = in  pounds. 

(8)  A  heavy  uniform  rod  AB  is  attached  by  a  hinge  at^  to 
an  upright  rod  AC;  the  points  B  and  C  are  connected  together 
by  a  fine  elastic  string  which,  when  unstretched,  forms  the 
hypotenuse  of  an  isosceles  right-angled  triangle,  A  being  the 
right  angle :   to  find  the  position  of  equilibrium  of  AB. 

If  6  denote  either  of  the  angles  at  B  or  (7,  TFthe  weight  of 
ABy  and  X  the  modulus  of  elasticity,  the  oblique  position  of 
equilibrium  of  AB  is  defined  by  the  equation 

There  is  therefore  no  oblique  position  unless 

V(2)  -  1 


\< 


W 


(9)  A  fine  elastic  string,  passing  over  a  smooth  tack,  supports 
a  uniform  rod,  to  the  extremities  of  which  the  ends  of  the  string 
are  attached.    Supposing  the  increase  of  the  length  of  the  string, 
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when  stretched  in  a  straight  line  by  a  force  equal  to  the  weight 
of  the  rod,  to  be  equal  to  twice  the  length  of  the  rod,  to  deter- 
mine the  position  of  equilibrium  under  the  present  circumstauces. 

K  2a  =  the  natural  length  of  the  string,  2b  »  the  length  of  the 
rod,  and  0  =  the  angle  included  between  the  two  parts  of  the 
string, 

sind  =  =^{(a"  +  J*)i-J). 

(10)  Two  equal  rigid  rods  AC,  BGy  without  weight,  are  con- 
nected together  by  a  smooth  hinge  at  C  and  rest  in  a  vertical 
plane,  their  lower  extremities,  which  are  tied  together  by  an 
elastic  string  AB,  being  placed  upon  a  smooth  horizontal  plane. 
K  a  be  the  inclination  of  each  rod  to  the  horizon,  when  a  weight 
W  is  fixed  to  the  middle  point  of  each,  and  a'  the  inclination 
when  a  weight  W  is  so  fixed ;  to  find  the  natural  length  of  the 
string. 

If  a  be  the  length  of  each  rod,  the  natural  length  of  the  string 

is  equal  to 

PTsina'— PT' sina 

^''*  Wtma'-W'tajia' 

(11)  Two  fine  strings,  slightly  elastic,  are  fastened  to  the 
middle  points  of  the  sides  of  a  uniform  rectangular  board,  thus 
crossing  the  board  parallel  to  its  sides,  and  intersecting  in  the 
centre.  Supposing  the  board  to  be  suspended  firom  the  inter- 
section of  the  strings,  to  find  the  distance  at  which  it  will  hang 
below  the  point  of  suspension. 

If  TF  be  the  weight  of  the  board,  2a,  2J,  the  lengths  of  its 
sides,  and  X  the  modidus  of  the  elasticity  of  the  strings,  the 
required  distance  is  equal  to 


(12)  Six  equal  rods  are  connected  together  by  hinges  at  their 
ends  so  as  to  form  a  hexagon,  and,  one  of  the  rods  being  sup- 
ported in  a  horizontal  position,  the  opposite  one  is  £Eistened  to  it 


140  EQUILIBRIUM  OF  FLEXIBLE  STKINGS. 

by  a  fine  elastic  string  joining  their  middle  points.  Supposing 
the  modulus  of  elasticity  to  be  equal  to  the  reciprocal  of  the 
weight  of  each  rod,  to  find  the  original  length  of  the  string  in 
order  that  the  hexagon  may  be  equiangular  in  the  position  of 
equilibrium. 

If  a  =  the  length  of  each  rod,  and  I  =  the  natural  length  of  the 
string, 

I  =  —r-  .  a. 
4 

(13)  A  heavy  elastic  string  is  laid  upon  a  smooth  double  in- 
clined plane  in  such  a  manner  as  to  remain  at  rest :  to  find  how- 
much  the  string  is  stretched. 

1{  W=  the  weight  of  the  string,  c  =  its  natural  length,  and  a, 
a',  denote  the  inclinations  of  the  planes ;  then  the  required  ex- 
tension is  equal  to 

' .         sm  a  +  sm  o^ 


(    141     ) 


CHAPTER  VI. 


VIRTUAL   VELOCITIES. 


The  Principle  of  Virtual  Velocities  consists  in  the  following 
general  proposition : 

^'  If  any  assignable  system  of  bodies  or  points,  solicited  each 
of  them  by  any  forces  whatever,  be  in  eqnilibrimn ;  and  we 
conceive  this  system  to  experience  consistently  with  its  geome- 
trical relations  any  small  arbitrary  displacement,  by  virtue  of 
which  each  point  describes  an  indefinitely  small  space;  the  siun 
of  the  forces  multiplied  each  of  them  by  the  resolved  part, 
parallel  to  its  direction,  of  the  space  described  by  its  point  of 
application,  will  be  always  equal  to  zero;  this  resolved  part 
being  considered  positive  when  it  lies  in  the  direction  of  its  cor- 
responding force,  and  negative  when  in  an  opposite  direction/' 

The  resolved  parts  of  the  spaces  described  by  the  points  of 
application  of  the  forces  are  called  their  Virtual  Velocities. 
Let  P,  Q,  JB, denote  any  system  of  forces  acting  on  a  sys- 
tem of  points  consistently  with  equilibrium;  and  let  a, /3,  7, 

denote  their  virtual  velocities;  then,  as  far  as  the  first  powers  of 
a,  /8,  7, are  concerned, 

Pa+Q/3  +  Ilry+8S+ =0 (A). 

The  Principle  of  Virtual  Velocities  was  first  detected  by 
Guido  Ubaldi*  as  a  property  of  the  equilibrium  of  the  lever  and 
of  moveable  pulleys.  Its  existence  was  afterwards  recognized  by 
Galileo^  in  the  inclined  plane,  and  the  machines  depending  upon 
it.  The  expression  '  moment '  of  a  force  or  weight  acting  on  any 
machine,  was  used  by  Galileo  to  denote  its  energy  or  effort  to 
set  the  machine  in  motion,  who  accordingly  declared  that  for  the 

'  MechaMeorum  Liber ;  De  Libra^  De  CochUa. 

*  Delia  Sciensa  Meeamea,  Opera,  Tom.  i.  p.  266;  Bologna,  1655. 
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equilibrium  of  a  macliine  acted  on  by  two  forces,  it  is  necessary 
that  their  moments  should  be  equal,  and  should  take  place  in 
opposite  directions ;  he  shewed  moreover  that  the  moment  of  a 
force  is  always  proportional  to  the  force  multiplied  by  its  vir- 
tual velocity.  The  word  *  moment'  was  used  in  the  same  sense  by 
Wallis^,  who  adopted  Galileo's  principle  of  the  equality  of  mo- 
ments as  the  fundamental  principle  of  Statics;  and  deduced  from 
it  the  conditions  for  the  equilibrium  of  the  principal  machines. 
Descartes^  has  likewise  reduced  the  whole  science  of  Statics  to 
a  single  principle,  which  virtually  coincides  with  that  of  Gralileo; 
it  is  presented  however  under  a  less  general  aspect.  The  prin- 
ciple is,  that  it  requires  precisely  the  same  force  to  raise  a  weight 
P  through  an  altitude  a,  as  a  weight  Q  through  an  altitude  5, 
provided  that  P  is  to  Q  as  i  to  a.  From  this  it  follows,  that 
two  weights  attached  to  a  machine  will  be  in  equilibrium  when 
they  are  disposed  in  such  a  manner  that  the  small  vertical  paths 
which  they  can  simultaneously  describe  are  reciprocally  as  the 
weights. 

Torricelli*  is  the  author  of  another  principle  which  may  be 
immediately  deduced  from  the  principle  of  virtual  velocities: 
the  principle  is,  that  when  any  two  weights  rigidly  connected 
together  are  so  placed  that  their  centre  of  gravity  is  in  the 
lowest  position  which  it  can  assume  consistently  with  the  geome- 
trical conditions  to  which  they  are  subject,  they  will  be  in  equi- 
librium. The  principle  of  Torricelli  has  given  birth  to  the 
following  more  general  one,  viz. — that  any  system  whatever  of 
heavy  bodies  will  be  in  equilibrium  when  their  centre  of  gravity 
is  in  its  lowest  or  highest  position. 

John  Bernoulli  was  the  first  to  announce  the  principle  of 
virtual  velocities  under  its  most  general  aspect  in  the  form  which 
we  have  given  above,  in  a  letter  to  Varignon*,  dated  B^le, 
Jan.  26,  1717.  The  striking  value  of  the  principle,  as  an 
instrument  of  analytical  generalization,  has  been  splendidly  ex- 
hibited by  Lagrange  in  his  M^canique  Analytique. 

*  Mechttnica,  sive  de  Motu,  Traciatus  Gcometricus. 

'  Lettre  73,  Tom.  i.  1657  ;  de  Mechanica  Traciatus^  Opuscula  Posthuma, 

^  De  Motu  gravium  naturaliter  deseendentium,  1644. 

•*  Nouvelle  Mkccodque,  Tom.  ii.  sect.  9. 
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From  the  principle  of  virtual  velocities  may  be  immediately 
deduced  the  principle  which  was  proposed  by  Maupertuis  in  the 
M^moires  de  VAcadfnde  des  Sciences  de  Paris  for  the  year  1740, 
nnder  the  name  of  the  Loi  de  Bqpos;  and  which  Euler  has  deve- 
loped at  large  in  the  MSmoires  de  VAcadSmie  de  Berlin  for  the 
year  1751.  Suppose  that  any  number  of  forces  P,  Q,  JB,.. .tend- 
ing towards  fixed  centres  and  functional  of  their  distances  j?,  q,  r, 
...fiK>m  the  centres,  to  act  on  a  system  of  points  rigidly  con- 
nected together.  Then  supposing  the  system  of  points  to  be 
slightly  displaced,  so  that  p,  q,  r,... receive  increments  dp^  dq^ 
rfr,...we  shall  have,  by  the  principle  of  virtual  velocities, 

Pdp+Qdq  +  Bdr  +  ..,  =  0. 

Let  dH  denote  the  left-hand  member  of  this  equation ;  then 

rfn  =  0 (B). 

From  this  it  appears  that  if  the  system  be  so  placed  that  11 
may  have  a  maximum  or  a  minimum  value,  there  will  be  equili- 
brium: this  proposition  constitutes  Maupertuis'  Principle  of  Best. 
It  does  not  however  follow  conversely  that,  whenever  the  sys- 
tem is  at  rest,  11  shall  have  a  maximum  or  minimum  value, 
since  by  the  principles  of  the  differential  calculus  .we  know  that 
the  equation  (B),  although  a  necessary,  is  not  the  only  condition 
for  the  existence  of  such  a  value.  Lagrange*  has  shewn  that  if 
n  be  a  minimum  the  equilibrium  will  be  stable,  and  if  a  maxi- 
mum, unstable. 

As  an  example  of  this  theoiy,  it  is  evident  that,  if  any  system 
be  in  equilibrium  under  the  action  of  gravity,  there  will  be 
stable  or  unstable  equilibrium  accordingly  as  the  centre  of 
gravity  is  in  the  lowest  or  highest  position  which  is  compatible 
with  the  geometrical  relations  to  which  the  system  is  subject. 

The  principle  of  equilibrium  developed  by  Courtivron*  is 
likewise  grounded  upon  the  principle  of  virtual  velocities; 
CourtivTon's  Principle  asserts,  that  if  a  system  of  bodies  be  in 
motion  under  the  action  of  any  forces  varying  according  to  any 
assigned  laws,  a  position  of  the  system  corresponding  to  a  maxi- 

"  MCeanique  Analyiique,  Pretniire  Partie,  sect.  6. 

■  Memoirea  de  PAeadimie  des  Sciences  de  Berlin^  1748, 1740, 
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mum  or  minimmn  value  of  the  vis  viva  will  be  a  position  of 
equilibrium ;  a  maximum  value  of  the  vis  viva  corresponding  to 
stable,  and  a  minimum  to  unstable  equilibrium. 


Sect.  1.  EquiUhrium, 

(1)  A  particle  P  (fig.  90)  is  attracted  towards  two  centres  of 
force  A  and  B]  to  find  the  position  of  the  particle  that  it  may 
be  in  equilibrium. 

Let  Ay  B,  denote  the  two  forces;  let  AP=  r,  BP^s,  AB^a; 
draw  PJf  at  right  angles  to  AB,  and  let-4Jf  =a?,  PM=y.  Then, 
supposing  P  to  receive  some  slight  arbitraiy  displacement,  the 
decrements  dr,  ds,  of  r,  s,  will  be  the  virtual  velocities  of  the 
forces  A,  B;  hence,  hj  the  formula  (A), 

Adr-hBds^^O (1). 

But  »-  =  (a?  +  3^*,     «={(«- a?)" +  y}*, 

,  ^xdx'\-ydy       ,  _''{^'~^) dx+ydy ^ 

and  therefore,  by  (1), 

(^+y)*       {(a-^r+yi* 

but  since  dx  and  dy  are  independent  quantities,  whatever  be  the 
small  variation  in  the  position  of  P,  we  have,  equating  their  co- 
efficients to  zero, 

Ax 


^(«-'^)     -  =  0 (2), 

-^+ -^ i  =  0 (3). 

From  (3)  we  have  y  =  0,  and  therefore  firom  (2)  we  see  that 
A^B\  thus  it  appears  that  if  any  particle  be  acted  on  by  two 
forces  tending  towards  two  fixed  centres,  the  conditions  for  its 
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equilibrium  are,  first,  that  it  shall  lie  in  the  straight  line  joining 

the  two  centres,  and,  secondly,  that  the  two  forces  shall  be  equal. 

Euler;  Mimoirea  de  VAcadimie  de  Berlin^  1751,  p.  184. 

(2)  A  rigid  rod  AB  (fig.  91)  without  weight,  rests  over  a  peg 
O,  and  against  a  smooth  wall  CD^  and  is  acted  on  by  a  weight 
P  suspended  from  the  extremity  A  ;  to  determine  its  position  of 
equilibrium  and  the  pressures  on  the  wall  and  the  peg. 

Draw  ^OJ?' horizontally;  let  AB^a,OB^x,  OE^h,  AF^y. 
Let  By  8,  denote  the  reactions  of  the  wall  and  peg  against  the 
rod,  of  which  the  former  will  be  horizontal,  and  the  latter  at 
right  angles  to  AB.  Conceive  the  rod  AB  to  be  slightly  dis- 
placed from  its  position  of  rest  by  making  its  end  B  slide  along 
CDy  the  peg  0  still  touching  the  rod ;  then  it  is  evident  that 
the  point  B  will  have  no  motion  parallel  to  B,  and  that  the 
motion  of  the  point  0  of  the  rod  resolved  parallel  to  8  will  be 
an  infinitesimal  of  the  second  order.  Hence  of  the  three  forces 
P,  8,  JB,  P  alone  will  have  a  virtual  velocity.  We  have  then, 
by  the  principle  of  virtual  velocities, 

PJy=0,  orrfy=:0 (1). 

Now,  by  similar  triangles  AFO,  BEO,  there  is 

and  therefore 


y= 


X 


differentiating  this  equation  and  performing  obvious  simplifica- 
tions, we  shall  have 

,          ah^  —  of     y 
ay  = T  ax ; 

and  therefore,  by  (1), 

ai«-a^=0,      aj  =  (a&»)* (2), 

which  defines  the  position  of  equilibrium. 

In  order  to  determine  8^  conceive  each  point  of  the  rod  to 
receive  the  same  vertical  displacement  /3,  the  point  B  thus 
sliding  along  CD  and  the  rod  moving  parallel  to  itself. 

w.  8.  10 
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Then,  putting  z  BOE^  ^j  the  yirtoal  velocities  of  P,  £,  By 
will  be  —^3, 0,  /3  cos  ^y  reqiectivelj,  and  therefore 

/8.i8cos^  =  P.i8,     iScos^  =  P; 
but  C08^  =  |=(^)*,  by(2); 


hence  S 


-'■at- 


In  order  to  find  jB,  conceive  the  rod  to  be  displaced  along  its 
length  through  a  space  /3;  then,  the  virtual  velocities  of  P,  JB,  8y 
being  —  /3  sin  ^,  /3  cos  ^,  0,  respectively,  we  have 

jB/3  cos^  =  i)9  sin^,    jB  =  Ptan^; 
but  tan^==^     ^    ^  =^      ^   '  ,  by  (1); 

therefore  B  =  P^^  "",    ^  . 

ft* 

Euler;  Mhnoires  de  VAccuUmie  de  Berlin^  1751,  p.  196. 

(3)  A  particle  is  placed  upon  a  smooth  inclined  plane  ABy 
(fig.  92),  at  a  point  0,  and  acted  on  by  a  force  P  in  a  given 
direction;  to  determine  the  magnitude  of  P,  that  the  particle 
may  be  at  rest,  and  the  pressure  on  the  plane. 

Let  W  be  the  weight  of  the  particle,  B  the  reaction  of  the 
plane,  ^  POB^^e,  a  =  the  inclination  of  AB  to  the  horizon  A  C. 

Conceive  the  particle  0  to  receive  a  displacement  /3  along  the 
plane  AB;  then,  the  virtual  velocity  of  B  being  zero,  the  virtual 
velocities  of  P,  Wy  will  be  /8  cos  €,  —  ^  sin  a,  respectively. 
Hence,  by  the  principle  of  virtual  velocities, 

Pp  cos  €=  Wj5  sin  a,  Pcos  €=  TFsin  a (1), 

which  determines  the  value  of  P. 

Next,  displace  the  particle  parallel  to  AC  through  a  space  /3 ; 
then,  the  virtual  velocity  of  W  being  zero,  the  virtual  velocities 
of  P,  By  will  be  respectively  fi  cos  (a  -|-  c),  —  ^  sin  a,  and  there- 
fore 

J)8  cos  (a  -f  e)  =  Bfi  sin  a, 
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whence        5=  Im^^+A  =  ^'«"'('+^) ,  by  (1). 

Sin  a  008  6        '    .^  V  / 

Euler;  MSmairea  de  FAcadSmde  de  Berlin^  1751,  p.  191. 

(4)  A  rigid  rod  0-4,  (fig.  93),  without  weight,  is  acted  on  by 
a  weight  P  hanging  from  its  extremily  A ;  the  end  0  of  the  rod 
is  fixed ;  also  EF  is  a  spring  in  the  form  of  a  circular  arc  to  a 
centre  0,  of  which  the  force  of  contraction  varies  as  the  angle 
A  OB,  OB  being  a  horizontal  line ;  to  find  the  position  of  the  rod 
thai  it  maj  be  at  rest. 

Let  0-4  =  a,  z  AOB=^j  OF—b;  leta  be  the  value  of  ^when 
the  force  of  the  spring's  contraction  is  equal  to  E;  then,  corre- 
sponding to  the  angle  ^,  the  force  of  contraction  will  be  equal  to 

E^ 
a 

Let  AO  he  displaced  slightly  through  an  angle  dt^  into  the 
position  Oa ;  draw  ap  at  right  angles  to  AF^  and  let  /  be  the 
new  position  of  F;  then,  by  the  principle  of  virtual  velocities, 

F.Ap-^^<f>.Ff^O (1); 

but,  since  Ap,  Aa,  are  respectively  at  right  angles  to  OB,  OA,  it 
is  clear  that  ^  aAp  =  ^,  and  therefore 

Ap  =  Aa  cos  ^  =  ad^ .  cos  ^ ; 
also  Ff=  hd^ : 

hence  firom  (1)  we  have 

E 
Pa  cos  <f> 0i  a=  0 ; 

co8<&      Eb 

the  required  condition  of  equilibrium,  firom  which  ^  is  to  be 
determined. 

Euler;  Mfmaires  de  VAcadimiede  Berlin,  1751,  p.  196. 

(5)  A  smooth  rod  AB  (fig.  94)  rests  against  two  horizontal 
bars  which  pierce  the  vertical  plane  through  the  rod  at  right 
angles  in  the  points  A,  A";  the  rod  passes  under  the  lower  and 
over  the  higher  bar,  its  lower  extremity  A  being  sustained  upon 

10—2 
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a  smooth  horizontal  plane ;  to  detennine  the  pressures  upon  the 
two  bars,  and  npon  the  horizontal  plane. 

The  pressures  upon  the  bars  and  upon  the  horizontal  plane 
will  be  equal  to  their  reactions  upon  the  rod ;  the  reactions  of 
the  bars  upon  the  rod  will  be  two  forces  Ry  R\  at  right  angles  to 
the  rod ;  and  the  reaction  of  the  horizontal  plane  will  be  a  verti- 
cal force  jB.  Let  O  be  the  centre  of  gravity  of  the  rod,  at  which 
point  we  will  suppose  its  whole  weight  to  be  collected.  Thus  we 
have  four  forces  By  Ry  R\  W,  acting  respectively  at  the  four 
points  Ay  A'y  A"y  Oy  rigidlj  connected  together,  so  as  to  produce 
equiUbrium. 

Let  AO  =  ay  A' A"  =  b,  and  a  —  the  inclination  of  the  rod  to 
the  horizon. 

Conceive  the  rod  to  receive  a  small  displacement  of  such  a 
character  that  it  still  remains  in  contact  with  the  two  bars ;  then 
evidently  the  virtual  velocities  of  TFand  B  will  be  equal,  the  one 
being  a  positive  and  the  other  a  negative  velocity,  and  therefore, 
a  denoting  the  magnitude  of  the  virtual  velocity  of  each,  we  have 

Ba-Wa^Oy 

and  therefore  -8=  W. (1). 

Next,  conceive  the  rod  to  receive  a  slight  displacement,  as  in 
(fig.  95),  by  revolving  through  a  small  angle  a>  about  the  point 
A"  which  is  supposed  to  be  kept  stationaiy ;  the  points  a,  a ,  gy 
being  the  new  positions  of  Ay  A'y  G ;  from  a  draw  am  at  right 
angles  to  the  vertical  line  through  Ay  and  from  g  draw  gn  at 
right  angles  to  the  vertical  On  through  O.  Then,  by  the  prin- 
ciple of  virtual  velocities, 

B.Am^B.AW^  W.On^O, 
and  therefore,  by  (1), 

W{Am''On)-'B:.A'a'=^0 (2); 

but  Afn  =  Aa  cos  a  =  AA".  a>  •  cos  a, 

and  On=  Off  co8a=^A"G. a>.co8 a; 

and  therefore    Am^  On  =  AO.w  co&a^cuo  cosa; 
also  A'a  =  AA'\  a>  =  hto. 

Hence  from  (2)  we  have,  substituting  for  Am  —  C/n  and  A'a 
their  values,  Wcuo  cos  a  —  Jo)  jB'  =  0, 
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and  therefore  R  ^ jr (3). 

Again,  conceive  the  rod,  as  in  fig.  96,  to  be  slightly  displaced 
into  the  position  <mah^  parallel  to  its  original  position,  and  still 
touching  the  horizontal  plane ;  a,  a ,  a",  h,  being  the  new  posi- 
tions of  -4,  A\  A'\  B.  Then,  the  virtual  velocities  of  R  and 
-B"  being  equal  and  opposite,  we  have 

R'^R^W""-^,  by  (3). 

(6)  A  string  of  given  length  passes  over  a  given  pulley;  it  has 
attached  to  its  two  extremities  two  weights,  one  of  which  is 
capable  of  sliding  freely  on  a  given  curve;  to  determine  the 
curve  on  which  the  other  ought  to  slide  in  order  that  in  every 
position  of  the  two  weights  they  may  be  in  equilibrium. 

Let  P,  P*,  (fig.  97),  denote  the  two  weights  in  any  position ;  A 
the  pulley ;  and  let  AB  be  a  vertical  line  through  A ;  let  AJP  =  p, 
AF  =  p.  Draw  PM,  PM\  at  right  angles  to  AB;  let  AM^  x, 
AM'^x\  ^PAB^4>,  ^PAB^ij}'. 

Then,  supposing  the  two  weights  to  receive  displacements 
along  two  small  arcs  of  their  corresponding  curves  of  constraint, 
we  have,  by  the  principle  of  virtual  velocities, 

Pdx  +  Pdx'^O; 

and,  since  this  relation  is  true  for  all  corresponding  points  of  the 
two  curves,  we  have,  integrating, 

Px-\-Px'=^c, 

where  0  is  some  constant  quantity ;   and  therefore,  in  polar  co- 
ordinates, 

Pp  co&^  +  Pp  cos^'  =  c (1). 

Again,  if  I  denote  the  length  of  the  string, 

f>  +  p=Z (2). 

Supposing  the  curve  on  which  P  moves  to  be  the  given  one,  we 
have  f{p',  f )  =  0 (3), 

where /(/>',  ^')  denotes  some  known  ftmction  of  p,  ^'. 
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Eliminate  from  the  equations  (1),  (2),  (3),  the  quantities  py  ^', 
and  we  shall  get  for  the  equation  of  the  required  curve 

X  (/>)  ^)  denoting  some  function  of  p,  ^. 

John  Bernoulli ;  Act.  ErudiL  1695.  Febr.  p.  59.  Leib- 
nitz ;  lb.  April,  p.  184.  L'Hdpital ;  AcL  ErudtL 
Supph  Tom.  II.  sect.  6.  p.  289.  Fuss ;  Nova  Acta 
Acad.  Petrcp.  1788,  p.  197. 

(7)  Four  unifonn  beams  ABj  BG,  CD,  DE,  (fig.  98),  con- 
nected together  hj  smooth  hinges,  are  placed  in  a  position  of 
equilibrium,  the  ends  A  and  E  being  attached  to  two  smooth 
hinges  in  the  same  horizontal  line  AE\  the  beam  AB  is  equal 
to  the  beam  ED,  and  the  beam  BCto  the  beam  CD ;  to  compare 
tiie  angles  Al^  and  C52>. 

Let-45  =  i>^=2a,  BC=^CD^2h,  zBAE^a,  z  CBD^fi, 
AE^  c ;  A  =  the  height  of  the  centre  of  gravity  of  the  beams 
above  the  line  AE;  m  »  the  weight  of  each  of  the  lower  and 
n  =  tiiat  of  each  of  the  higher  beams.    Then 

{2in-^2n)h^2ma  sina  +  2n  (2a  sma  +  b  sin^), 
"*^        (wj  +  n)  A=  (mH-2n)  a  sina-fnJ  sinjS; 
but  for  equiUbrium  h  must  be  a  maximum  or  aminimum;  hence 

0={m  +  2n)acoBada  +  nb  cosfidfi (1). 

Again,  it  is  evident  hj  the  geometry  that 

0  s  4a  cos  a  +  45  cos  ^, 

and  therefore         0  =  asinac2K  +  ft  siafi  dfi (2). 

Multiply  (1)  by  sin  a  sin  )8,  and  then,  by  (2),  we  have 
{m+2n)  cosa  sin)9.&  sin /SdJS  =  n  cos ^  sina.ft  sin  fidfi, 
and  therefore      (m  +  2n)  cos  a  sin  ^  s  n  cos  )9  sin  a, 

.  m  +  2n  ^     a 

tana= tan/3. 

n 

If  m  =  n,  we  have 

tan  a  =  3  tan  /3. 
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(8)  A  beam  AB^  (fig.  99),  restB  with  one  end  against  a  smooth 
vertical  plane  OK^  and  npon  a  smooth  curve  a^ ;  the  plane  of 
the  beam  and  the  curve  being  at  right  angles  to  the  plane  0K\ 
to  determine  the  nature  of  the  curve,  that  the  beam  may  rest  in 
any  position. 

From  any  point  0  in  the  section  OK  of  the  vertical  plane 
draw  OL  horizontal ;  from  the  point  of  contact  P  corresponding 
to  auy  position  of  the  beam  draw  FM  vertical ;  let  (?  be  the 
centre  of  gravity  of  the  beam ;  draw  (?5^  vertical.  Let  OJf  =  aj, 
PJf  s=  y,  AG^a.    Then,  from  the  geometry,  we  see  that 

«ir-,.p«.|-,.(.-.*)|.,-.|+«|. 

Now  since  for  the  equilibrium  of  a  material  system  acted  on 
by  gravity,  it  is  necessary  that  its  centre  of  gravity  be  in  the 
highest  or  lowest  possible  position  consistent  with  geometrical 
relations,  it  is  clear  that  in  the  present  problem,  equilibrium 
being  possible  for  every  position  of  the  beam,  (7^  must  be  of 

invariable  magnitude.    Hence>  if  ^  =  ^  i 
difierentiating  with  respect  to  x^  and  putting  -Jr^qi 


(1  +y)^ 


hence  e'^O,    or  aj  = r: 

the  former  of  these  solutions  gives  a  straight  line  for  the  locus  of 
P;  if  we  integrate  the  second  equation,  we  shall  get,  for  the 
equation  to  the  locus  of  P, 

Suppose  the  origin  of  co-ordinates  to  be  so  chosen  that  y=»0 
when  a;  =  a,  in  which  case  0  will  be  the  intersection  of  the  beam 
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in  itB  horizontal  position  with  the  line  OK;  then  C^O,  and  the 
equation  will  be 

-'  (9)  A  particle  0  is  acted  upon  by  three  forces  -4,  5,  (7,  pass- 
ing through  three  points  A,  B^  G;  to  determine  the  conditions 
for  the  equilibrium  of  the  particle  bj  the  principle  of  virtual 
velocities. 

The  three  pointe  A,  B,  C7,  must  all  lie  in  a  single  plane  con- 
taining the  particle ;  also  the  relative  magnitude  of  the  forces 
A,  B,  C,  are  given  by  any  two  of  the  three  proportions, 

B  :  (7  ::  sin  COA  :  sinAOB, 
C  :  A  ::  sinAOB  :  sin 50(7, 
A  :  B  ::  smBOG  :  sin  GOA. 
Euler;  Mfmoirea  de  VAcadSmie  de  Berlin^  1751,  p.  185. 

^J,  (10)  A  particle  is  acted  on  by  any  number  of  forces ;  to  find 
the  conditions  to  which  their  magnitudes  and  directions  must  b^ 
subject  that  the  particle  may  be  A  rest. 

From  the  particle  draw  straight  lines  representing  the  forces 
in  magnitude  and  in  direction ;  then,  that  the  particle  may  be  in 
equilibrium,  its  position  must  coincide  with  the  centre  of  gravity 
of  a  number  of  equal  particles  placed  at  the  extremities  of  the 
straight  lines. 

This  celebrated  theorem  for  the  equilibrium  of  a  particle  is 
due  to  Leibnitz^:  Euler'  gave  a  demonstration  by  the  aid  of 
Maupertuis'  Ixn  de  Repos^  and  Lagrange'  by  the  principle  of 
Virtual  Velocities.  See  also  Poisson,  TraUS  de  Mfcanique^ 
Tom.  I.  No.  67.  A  more  general  theorem  of  forces,  which  com- 
prehends this  of  Leibnitz  as  a  particular  case,  has  been  given 
by  Chaslea*:  see  Bulletins  de  VAcadimie  des  Sciences  et  BeUeB- 
Lettres  de  BruxeUes,  1840,  2me  partie,  p.  261. 

>  Jtmmal  det  Sonant,  1683  ;  OpereL,  Tom.  iii.  p.  283. 

*  Mimoiret  de  VAcadhnU  de  Berlin,  1751. 
"  Mecanique  Analfftique,  Tom.  i.  p.  106. 

*  Correepondanee  MaihhmOtique,  Tom.  v.  p.  106—106;  1839. 


.  VIRTUAL  VELOCITIES.  163 

.4 

,  u^  (11)  A  string  of  given  length  passes  over  a  fixed  point;  it 
has  attached  to  its  two  extremities  two  weights,  one  of  which  is 
capable  of  sliding  freelj  along  an  inclined  plane  passing  through 
the  point ;  to  determine  the  curve  on  which  the  other  most  be 
placed  that  in  every  position  of  the  two  weights  thej  may  be  in 
equilibrium. 

Let  the  angle  which  the  inclined  plane  makes  with  the  vertical 
be  a;  then,  the  notation  remaining  the  same  as  in  (6),  the  equa^ 
tion  to  the  required  curve  will  be 

(Pcos^  — P'cosa)  p^c  —  Pl cos Oy 

which  belongs  to  a  conic  section. 

Fuss ;  Nova  Acta  Acad.  Petrop.  1788. 

,  s  (12)    A  beam  FQ,  (fig.  100),  rests  against  a  smooth  vertical     \ 
plane  AB  and  a  smooth  curve  AP;  to  find  the  nature  of  the 
curve  that  the  beam  may  be  at  rest  in  all  positions. 

Let  O  be  the  centre  of  gravity  of  the  beam ;  draw  PM  hori- 
zontal; letP^=a,  GP^c,  AM=Xj  PM^y\  then  the  equa- 
tion to  the  curve  will  be 


3 +  Ii=l> 


7" 

which  is  the  equation  to  an  ellipse,  the  centre  of  which  coincides 
with  Q  when  PQ  is  horizontal. 

/j  1/(13)  A  uniform  beam^lP,  (fig.  101),  rests  upon  a  smooth  hori- 
zontal plane  Ga^  and  against  a  smooth  vertical  plane  Gh\  a  string 
AGP  is  attached  to  the  end  A  of  the  beam,  and  hangs  through 
a  small  ring  at  (7,  with  a  weight  P  at  its  extremity ;  to  find  the 
position  of  the  beam  when  at  rest. 

If  W  denote  the  weight  of  the  beam,  and  0  the  angle  BA  (7, 

then 

W 
tand=^. 

^  (14)  A  plane  figure,  bounded  by  a  parabola,  rests  in  a  vertical 
plane,  on  two  points  in  the  same  horizontal  line,  the  centre  of 
gravity  of  the  figure  being  in  the  axis  of  the  parabola  at  a  given 
distance  from  the  vertex;  to  find  the  position  of  equilibrium. 


;  ; 
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Let  2a  be  the  distance  between  the  two  points,  4m  the  latos 
rectum,  h  the  distance  of  the  centre  of  gravity  from  the  vertex, 
and  0  the  inclination  of  the  axis  to  the  vertical  in  the  position  of 
equilibrimn ;  then  the  equation 

sin  0  {3a*  cos*  5  -  4m  (A  -  w)  cos*  tf  +  4m*}  =  0 

will  give  the  positions  of  equilibrium. 

/  7  (15)  A  particle  is  attracted  towards  each  of  two  fixed  centres 
of  force  varying  inversely  as  the  square  of  the  distance ;  to  find 
the  equation  to  the  surface  on  which  it  may  remain  at  rest 
in  every  position. 

If  /i,  /i',  be  the  absolute  forces  of  attraction ;  r,  r',  simultaneous 
distances  of  the  particle  firom  the  centres ;  and  a,  a',  given  values 
of  r,  r  ;  then  the  equation  to  the  surface  will  be 

A*  ./_/*./*' 
r      r      a     a 

I  V  (16)  To  the  extremity  £  of  a  rod  ABy  (fig.  102),  which  is  able 
to  revolve  fireely  about  A,  is  attached  an  indefinitely  fine  thread 
BCMy  passing  over  a  point  G  vertically  above  Ay  and  sustaining 
a  heavy  particle  at  if  on  a  smooth  curve  CMN  in  the  vertical 
plane  BAG;  to  determine  the  nature  of  the  curve  that  for  all 
positions  of  the  rod  and  particle  the  system  may  be  in  equi- 
librium. 

Let  AB:=^  2a,  AG^by  l^the  length  of  the  thread  BGM,  p^ 
the  straight  line  GMy  d^i  A GMy  m » the  mass  of  the  particle, 
m  s  the  mass  of  the  rod.   Then  the  equation  to  the  curve  will  be 

m'p*  4-  2  (2mft  cos  5  —  m'Z)  p  =  c, 
where  c  is  a  constant  quantity. 

This  problem  was  proposed  by  Sauveur  to  L^Hdpital,  by  whom 
a  solution  was  published  in  the  Acta  ErudUoruniy  1695,  Febr. 
p.  56.  The  curve  was  shewn  by  John  Bemoidli,  lb.  p.  59,  to 
be  an  Epitrochoid.     See  also  James  Bernoulli,  lb.  p.  65. 

(17)  A  rod  passing  through  a  fixed  ring  in  the  vertical  axis 
of  a  surfisice  of  revolution,  rests  in  all  positions  with  one  end  on 
the  8urfa<»:  to  find  the  nature  of  the  generating  cunre. 
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Let  P  be  any  point  of  the  curve,  0  the  ring,  6  the  inclination 
of  OP  to  the  vertical  line  drawn  downwards  from  0\  then,  if 
OP—  r,  the  equation  to  the  curve  is 

r  =  a  +  c  sec  ^, 

c  being  an  arbitrary  constant. 

^0  (IS)  The  plane  of  a  parabola  is  vertical  and  its  axis  hori- 
zontal :  two  weights  are  placed  on  the  curve,  being  attached  to 
the  ends  of  a  fine  string  which  passes  over  a  pulley  at  the  focus : 
to  find  the  condition  of  equilibrium. 

If  P,  P',  be  the  weights  and  y,  y',  their  distances  below  the 
axis,  the  condition  of  equilibrium  is  expressed  by  the  equation 

£=^ 

4 

^^  (19)    A  uniform  rod  of  length  I  rests  between  the  concave  arc  -^ 
of  an  ellipse  and  the  axis  minor,  which  is  vertical,  the  axes  of 
the  ellipse  being  22  and  l\  to  determine  the  position  of  the  rod's 
equilibrium. 

The  rod  will  be  in  equilibrium  at  all  inclinations  to  the 
horizon. 

.  X  (20)  Two  weights,  P,  P',  are  attached  to  the  ends  of  a  string 
which  hangs  in  contact  upon  a  parabola  of  which  the  axis  is 
vertical ;  to  find  the  condition  of  equilibrium. 

If  x^  x\  represent  the  distances  of  the  weights  P,  P,  below 
the  vertex,  and  4m  denote  the  latus  rectum,  the  weights  will 
rest  if 

P*     P^F*^P 
XX  fn 

v^(21)    To  find  a  point  on  the  surface 

a      a      G 

where  a  particle,  attracted  towards  the  origin  by  any  force,  will 
remain  at  rest. 
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The  point  required  is  given  bj  the  equations 

^  —  y  —  ^  —         1 

«*""*  "?""(a«  +  ft'  +  c*)** 

l'^  (22)  A  right  cylinder  on  an  elliptic  base,  the  semiaxes  of 
which  are  a  and  by  rests  with  its  axis  horizontal  between  two 
smooth  planes  inclined  at  right  angles  to  each  other,  the  line 
of  intersection  of  the  planes  being  parallel  to  the  axis  of  the 
cylinder:  to  determine  its  positions  of  equilibrium,   (1)  when 

the  inclination  of  one  of  the  planes  is  greater  than  tan~^7y 

(2)  when  the  inclination  of  both  planes  is  less  than  tan"^  ? . 

Let  a  be  the  inclination  of  one  of  the  planes  to  the  horizon, 
and  <!>  the  inclination  of  the  major  axis  of  a  transverse  section  of 
the  cylinder  to  the  other  plane.  Then,  under  the  hypothesis  (1), 
there  will  be  two  positions  of  equilibrium,  viz.  when  the  major- 
axis  of  the  section  is  parallel  to  either  of  the  two  planes.  Under 
the  hypothesis  (2),  there  will  be  three  positions  of  equilibrium, 
viz.  two  the  same  as  under  the  former  hypothesis,  and  one  as 
defined  by  the  equation 

cos  2  0  =  — i — n  •  cos  2a. 


Sect.  2.     Stability  and  Instability  of  Equilibrium* 

(1)  Three  weights  are  suspended  from  the  angles  of  an  isos- 
celes triangle,  the  plane  of  which  is  vertical,  and  which  is  sup- 
ported by  a  horizontal  axis  passing  through  its  centre  of  gravity, 
about  which  it  is  able  to  revolve :  to  determine  its  positions  of 
equilibrium,  when  the  two  weights  suspended  from  the  extremi- 
ties of  the  base  of  the  triangle  are  equal  to  each  other,  and  are 
each  of  them  greater  than  the  third ;  and  to  determine  the  cha- 
racter of  the  equilibrium. 

Let^  (fig.  103)  be  the  vertex,  and  AB  the  axis  of  the  triangle, 
Q  being  the  centre  of  gravity.  Let  AB=Sa,  Let  P  be  the 
smaller  weight,  and   Q  either  of  the  larger  ones.      The  two 
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weights  Q  may  be  collected  at  B,  Let  0  be  the  inclination  of 
AB  to  the  vertical.  The  moment  of  2  Q  about  (7  is  2  Q  a  sin  0, 
and  that  of  P,  in  an  opposite  direction^  P.  2a  sin  0. 

The  resultant  of  these  two  moments  is 

2a(Q-P)  sin 5, 

estimated  in  the  direction  of  the  arrows.  This  moment,  from 
0=0  to  0  =  iry  always  acts  in  the  same  direction,  provided  that 
0  be  not  actually  0  or  ir,  in  which  cases  the  moment  vanishes. 
Hence  we  see  that,  for  equilibrium, 

^  =  0  or  0  =  7r, 

the  former  corresponding  to  stable  and  the  latter  to  unstable 
equilibrium. 

(2)  AB  (fig.  104)  is  a  beam  moveable  about  a  hinge  A;  Gis 
a  small  pulley  in  the  vertical  line  through  A^  AC  being  equal  to 
AO,  where  G  is  the  centre  of  gravity  of  AB;  a  fine  string 
is  attached  to  (7,  which  passes  over  C  and  has  a  weight  P 
suspended  by  it;  to  find  the  stable  and  unstable  positions  of 
equilibrium  of  the  beam. 

Let  GA  =s  CA  =  a,  Z  =  the  length  of  the  string  GOPj 
Jr=  the  weight  of  the  beam  AB,  ^  GOA  =  0;  »  =  the  vertical 
distance  of  the  centre  of  gravity  of  P  and  the  beam  below  the 
horizontal  line  through  G, 

Now,  firom  the  geometry, 

CP=Z-2acostf; 

and  the  distance  of  G  below  the  horizontal  line  through  G,  is 

a  +  a  cos  20 ; 
hence,  by  the  property  of  the  centre  of  gravity  of  bodies, 

(P  -h  TT)  X  =  P  (Z  -  2a  cos  ^)  +  TFa  (1  +  cos  20) . 

Now  for  equilibrium  x  must  have  a  maximum  or  a  minimum 
value ;  hence  evidently 

tt  =  Trco8  2^'-2Pcosi? 
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must  have  a  maximum  or  minimum  value ;  therefore 

tlu 


d9 


«-2irflin2d  +  2Psin^  =  0, 


and  therefore        simO {2W cos 0 -- P)  =0; 

hence  for  equilibrium  it  is  necessary  that  sin  &  s=  0,  and  there- 

p 
fore^=sO,  or  cos 5 «r-^^. 

J  rr 

Differentiating  u  a  second  time,  we  get 

^  =  -  4ircos2tf  +  2Pcos 5 ; 

if  ^  =  0,  we  have  ^  =  -  4Tr-h  2P; 

d*u 
hence  -^  will  be  positive  or  negative,  and  therefore  u  a  mini- 
mum or  a  maximum  according  as  P  is  greater  or  less  than 
2 W;  hence,  if  P  be  greater  than  2W,  0^0  gives  a  position  of 
unstable  equilibrium,  and,  if  P  be  less  than  2  W,  one  of  stability. 

Again,  if  cos  0  »  -—  ,  we  shall  have 

^  =  -4Tr(2co3'g~l)-f  2Pcosg=^^^^; 

if  then  2  TFbe  greater  than  P,  -^  is  positive,  and  therefore  the 

altitude  of  the  centre  of  gravity  of  P  and  the  beam  is  a  maxi- 
mum, and  therefore  the  position  will  be  one  of  unstable  equi- 
librium ;  if  2  IF  be  less  than  P,  cos  0  will  be  impossible,  or 
the  only  position  of  equilibrium  will  be  the  unstable  one  given 
by  ^  =  0. 

(3)  A  uniform  beam  FQ  (fig.  105)  is  placed  upon  two  smooth 
inclined  planes  ABy  AC;  to  find  whether  its  position  of  equi- 
librium is  one  of  stability  or  of  instability. 

Let  G  be  the  centre  of  gravity  of  the  beam ;  firom  P  and  G 
draw  PMy  GHy  at  right  angles  to  the  horizontal  plane  bAc 
through  A.    Let  z  BAb  =  a,  -^  GAc^fi,  PG^  QG^a,  d  =  the 
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angle  of  inclination  of  PQ  to  the  horicon,  0H=:  z.  Then,  by 
the  geometry, 

z=amjiO  +  PM^  a  sin  &  +  APma  a 

.    ^      .  sinffl-^) 

=:  a  sm  ^  +  sm  a  •  2a  —, — ,     .     ' 

sin  (a  4-  p) 

=  -; — 7 ST  fain  (S  — a)  sintf -h2BinaBin)8coBtf} ; 

then,  if  0  be  a  maximum  or  minimum, 

tt  =  sin  (/8  —  a)  sin  ^  -h  2  sin/S  sin  a  cos  d 
will  be  a  maximum  or  minimum ;  hence 

-5^  =  Bin  ()3  —  a)  cos  ^  —  2  sin  /8  sin  a  sin  ^  =  0 ; 

and  therefore,  for  equilibrium, 

^^^  8in(^-a) 
2  smp  sma 

a  positive  quantity,  if,  as  we  will  suppose,  /9  be  greater  than  a. 

Differentiating  u  a  second  time,  we  have 

-^  =  —  sin  (^  —  a)  sin  ^  —  2  sin /8  sin  a  cos  5; 

from  this  it  appears  that,  since  d  is  clearly  less  than  - ,   -^ 

will  be  negative,  or  that  in  the  position  of  equilibrium  the 
centre  of  gravity  is  at  its  maximum  altitude ;  hence  the  equi- 
librium will  be  unstable. 

(4)  A  square  board  hangs  in  a  vertical  plane  by  a  string, 
which  passing  over  a  smooth  nail  has  its  ends  fastened  to  two 
points  symmetrically  situated  in  one  edge  of  the  board.  To  in- 
vefltigate  the  positions  and  circumstances  of  eqmUbrium. 

Let  G  (fig.  106),  be  the  centre  of  gravity  of  the  board,  KGL 
the  string  passing  over  the  nail  G  and  attached  to  the  board  at 
the  points  K^  L ;  draw  GHsi  right  angles  to  KL,  and  let  ACB 
be  an  indefinite  horizontal  line. 

Let  I  ^  the  length  of  the  string,  KL  s:  a,  e  =  the  length  of  a 
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side  of  the  square,  6  ==  the  inclination  of  HG  to  the  vertical, 
Jtt  =  the  distance  of  G.  below  AB. 

Since  CSr+  CL  =  Z,  the  locus  of  (7,  relatively  to  KL^  is  an 
ellipse  of  which  K^  Z,  are  the  foci.  Now  conceive  ^  to  be  for 
the  present  invariable :  then  it  is  evident  that  H  and  therefore 
G  will  be  the  lower,  the  lower  the  highest  point  of  the  ellipse ; 
the  highest  point  must  therefore  coincide  with  (7,  and  AB  mnst 
accordingly  be  a  tangent  to  the  ellipse. 

The  distance  of  H  from  the  tangent  of  the  ellipse,  the  axis 
major  of  the  ellipse  being  I  and  eccentricity  j ,  is  equal  to 

i(?-^cos*^*: 
hence  w  =  c  cos  d  +  (?  —  a'  cos*^)^* 

Differentiating  we  shall  get 

du       ./if      a^cosd  ] 

^  l(?-a*cos*^)*       i 

d%  ^(      (^coB0  )  Wsin'tf 

-55=C0S^^ r-C^ J. 

Putting  ^  =  0,  we  shall  obtain 

d 


^==0  or  cos^  = 


d'l 


a{a*  +  <^)*' 


.s 


u  cos  If  =  — T ,     3^  = i — 82"  =  ft  negative  quantity. 

a{a*-h<f)*      ^  a^^^B  5  ^  j 

Thus  we  see  that,  if  I  be  less  than  -  (a*  +  c^\  there  will  be 

c 

three  positions  of  equilibrium,  and,  if  it  be  greater,  only  one. 

In  the  former  case 

a* 


(P-a«) 


;-^  -  c  =  a  positive  quantity. 
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and  therefore  0  =  0  corresponds  to  a  position  of  unstable,  and 

cos^  = 1 

to  two  positions  of  stable  equilibrium. 
In  the  latter  case 

.  —  c  =  a  negative  quantity, 

and  therefore  0  =  0  corresponds  to  a  position  of  stable  equi- 
Ubrium. 

(5)  A  uniform  slender  rod,  acteil  on  by  gravity,  is  placed 
with  its  extremities  against  two  planes  (one  horizontal  and  the 
other  vertical),  having  at  a  point  in  their  intersection  an  attrac- 
tive force,  varying  inversely  as  the  square  of  the  distance, 
which  at  the  centre  of  gravity  of  the  rod  is  equal  to  half  the 
force  of  gravity ;  to  find  the  position  of  equilibrium  of  the  rod, 
and  to  ascertain  whether  it  is  stable  or  unstable. 

Let  AB  (fig.  107)  be  the  rod,  O  its  centre  of  gravity,  P  any 
point  in  it ;  join  OP,  0  being  the  centre  of  attraction ;  draw 
PM  At  right  angles  to  the  horizontal  line  OA.  Let  AO==a 
=  Ba,  AP^8,  OP=r,  PM^y,  l  OAB=0;  let  the  mass  of  a 
unit  of  the  rod's  length  be  taken  as  the  unit  of  mass. 

Then  the  attraction  on  an  element  &  of  the  rod  at  P  will  be 

equal  to  gBs  vertically  downwards,  and  to  j^^  -^  &  towards  the 

centre  0.    Hence,  adopting  the  notation  which  was  employed 
above  in  the  enunciation  of  Maupertuis'  Principle, 


n^S-er^i^gBsdy  +  ^g^dr^, 


and  therefore     dU  ^gS'^  {^dy)  —^cfg  rfS"*  — , 
Now,  by  the  geometry, 

y  =  «  sin  0,     dy=:3  QOsOdO; 

hence    S"*  (&rfy)  =  S"*  {sSs  cos  6  dff)  =  h''  («&)  cos  0  d0, 
w.  s.  11 
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and  consequently,  the  limits  of  the  integration  being  obvionslj 

0,  2a, 

r'(&rfy)=2a'co8i?d». 

Again,  by  the  geometry,  we  see  that 

r*  =  /  —  4a  cos*  5  « -h  40*  cos*  6 ; 
hence  we  have 


»•  (/  -  4aj?  cos*  e  +  4a*  cos*^)  * 

=  (7+ log  {«  -  2a  cos*^  +  (/  -  4a«  cos*  tf  +  4a*  cos*^)^}, 
and  therefore,  between  the  limits  «  ~  0,  « s=  2a, 

& _       flmg(l  +  8ing)  _       tani(y  +  2g) 

Hence         '^^  7"  taiii(^  +  2d)  "te^p" 


cos  0     sin  ^ ' 

&       .  . 

Putting  for  S"*  (&c?y)  and  d^  —  their  values  in  the  expression 

T 

for  rfll,  we  get 

^n    1  ,  /     1.1^.     ^ 

-32-  =  i  a*a 2  +  "=—2  4-  4  cos  tf  . 

a^      *    ^  V    cos  r     sm  ^  / 

Now  there  will  be  equilibrium  if  11  have  a  maximum  or  a 
minimmn  value,  and  therefore  if 

sin  d  —  cos  ^  —  4  sin  Q  cos*^=  0 ; 

multiplying  this  equation  by  cos  ^  +  sin  ^,  a  quantity  which  can- 
not be  equal  to  zero  from  5  =  0  to  5  =  Jw,  we  get 

-  cos  25  -  (1  +  cos  25)  (1  -h  sin  25  -  cos  25)  =  0, 

cos  25  +  sin25  +  sin  25  (cos  25  +  sin  25)  =0, 

(1  +  sin  25)  (cos  25  +  sin  25)  =  0  ; 

but  it  is  evident  that  l+sin  25  cannot  become  zero  for  any  value 
of  5  from  0  to  \ir ;  hence 
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which  determines  the  position  of  equilibrium. 

Again,  differentiating  the  expression  for  -^ ,  we  have 


rf*n         ^   8   /sin^  ,  cos^ 


which  is  evidently  a  negative  quantity  when  6  =  \ir\  hence,  for 
this  value  of  d,  II  receives  a  maximum  value,  and  ther^ore  the 
equilibrium  is  one  of  instability. 

(6)  A  particle  is  placed  in  a  position  of  equilibrium  between 
two  centres  of  attractive  force,  vajying  according  to  any  power 
of  the  distance;  to  determine  for  what  laws  of  force  the  equi- 
librium is  stable  and  for  what  unstable. 

The  equilibrium  will  be  stable  or  unstable  according  as  the 
forces  attract  in  direct  or  inverse  powers  respectively. 

(7)  Two  heavy  particles,  connected  together  by  a  thread 
'PAQ  (fig.  108)  passing  over  the  convex  side  of  a  circle  situated 
in  a  vertical  plane,  balance  each  other  when  placed  at  P  and  Q ; 
to  determine  the  position  of  P,  Q,  and  to  ascertain  whether  the 
equilibrium  is  stable  or  unstable,  the  weight  of  the  thread  being 
neglected. 

Let  0  be  the  centre  of  the  circle,  OA  a  vertical  radius ;  let 
^POQ^^a,  aPOA  =  0,  ^  QOA  =  ^;  and  let  w,  n,  denote  the 
masses  of  the  particles.  Then  we  shall  have  for  the  equilibrium, 
which  will  be  unstable,  the  equation 

AM     ^m.    ft 

tani(6  — tf)  2= tan^a. 

(8)  A  uniform  rod  passes  through  a  hole  in  a  spherical  shell, 
and  rests  with  one  end  against  the  internal  surface,  the  length  of 
the  rod  being  equal  to  twice  that  of  the  diameter ;  having  given 
the  inclination  of  the  rod  to  the  vertical  when  it  is  in  a  position 
of  stable  equilibrium,  to  determine  its  inclinations  to  the  vertical 
when  in  its  positions  of  unstable  equilibrium. 

11—2 
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If  a  denote  its  inclination  to  the  vertical  when  in  its  position 
of  stable  equilibrium,  then  its  inclinations  for  its  two  positions 
of  unstable  equilibrium  will  be 

-i(^  +  a)  and  J(w— a). 

(9)  A  board  in  the  form  of  an  isosceles  triangle  PQR 
(fig.  109),  of  which  PQ  is  the  base,  is  placed  upon  two  inclined 
planes  AL,  AM,  at  right  angles  to  each  other,  the  plane  of  the 
triangle  being  vertical  and  perpendicular  to  the  intersection  of 
the  two  inclined  planes :  to  find  the  position  of  equilibrium  and 
to  determine  whether  it  is  stable  or  unstable. 

J£FQ=s2a,  A  =  the  altitude  of  the  triangle,  a  =  the  inclination 
of  AP  and  0  s=  that  of  PQ  to  the  horizon :  then  the  equation 

^         a  cos  2a 
tan9  = 


a  sin  2a  +  ^h 
will  define  a  position  of  unstable  equilibrium. 

(10)  To  find  the  position  and  nature  of  the  equilibrium  of  a 
cube  which  rests  between  two  smooth  inclined  planes,  the  edges 
in  contact  with  the  planes  being  parallel  to  the  line  of  their 
intersection. 

If  a,  a'y  denote  the  inclinations  of  the  two  planes,  and  0  the 
inclination  of  the  base  of  the  cube  to  the  horizon,  the  position  of 
equilibrium,  which  is  unstable,  is  given  bj  the  equation 

.      ^  sin  (a  -  a) 

tan  ^  =  -5 ; 77-^ — —--^ ; J. 

sm  (a  4-a )  +  2  sm  a sm  a 

(11)  A  very  small  bar  of  matter  is  moveable  about  one 
extremity  which  is  fixed  half  way  between  two  centres  of  force 
attracting  inversely  as  the  square  of  the  distance :  to  find  the 
positions  of  the  equilibrium  of  the  bar  and  to  determine  their 
nature. 

Let  A,  B,  he  the  two  centres  of  force,  C  the  middle  point 
between  them,  GL  the  position  of  the  bar  at  rest.  Let  AJB^  2a, 
CL  =  Z,  ^  BCL  =  ^,  and  let  /*,  /*',  denote  the  absolute  forces  of 
Ay  By  respectively. 
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Of  the  two  quantitieB  fA^  /i',  let  fA  be  not  the  smaller:  then,  if 

there  will  he  only  two  positions  of  eqniUhrium,  defined  bj  ^  :=  0, 
^  =  IT,  the  former  unstable,  the  latter  stable. 

If  the  ineqnalily  (1)  be  not  satisfied,  ^  =  0,  ^  =  tt,  correspond 
to  two  positions  of  stable  equilibrium;  two  unstable  positions 
being  given  by  the  equation 

COS^^^—T-S.ry. 
^        /A-^fA      21 

(12)  A  heavy  uniform  rod  AB  hangs  vertically  downwards 
firom  a  smooth  hinge  at  A :  each  particle  of  the  rod  is  attracted 
towards  a  centre  of  force  at  a  point  G,  at  a  vertical  distance 
above  A  equal  to  ABy  according  to  the  law  of  the  first  power  of 
the  distance:  to  ascertain  the  condition  for  stabilily  or  insta- 
bility. 

Let  fA  denote  the  absolute  force,  a  the  length  A  G  orAJB;  then, 
if  /ia  <^,  the  equilibrium  is  stable,  and,  if  /ita  >  y,  unstable* 
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CHAPTER  VII. 


ATTRACTIONS. 


(1)  To  find  the  attraction  of  the  solid  generated  hj  the  revo- 
lution of  the  curre  r*  ==  a*  cos  0  round  its  axis,  on  a  particle 
placed  at  the  origin,  the  particles  attracting  inversely  as  the 
squares  of  the  distances. 

The  required  attraction,  fx  denoting  the  absolute  force,  is 
equal  to 


I     I  rdddr .  2wr  aiaO  .^  cos  0 

Jo    Jo  ^ 

=  27r/A  I     /  si 


sin  0  CO&0  d0  dr 

0    •'  0 

=  27r/ial     (costf)*sintfcW 

0(2  a 

^-^TTfJM  j~(C0S^* 

4 

=  -7r/Aa. 
o 

(2)  To  determine  that  point  in  the  axis  of  a  hemispherical 
body,  the  particles  of  which  attract  inversely  as  the  square  of 
the  distance,  where  a  corpuscle  must  be  placed  so  as  to  remain 
in  equilibrium  by  the  equal  and  contrary  action  of  the  matter  of 
the  hemisphere  surrounding  it. 

Let  CA  (fig.  110)  be  the  axis  of  the  hemisphere,  DGIf  a 
diameter  of  its  base,  and  0  the  required  position  of  the  cor- 
puscle ;  DAiy  the  intersection  of  the  plane  through  GA^  BGU^ 
with  the  surface  of  the  hemisphere ;  draw  BOB  at  right  angles 
to  (7-4,  join  OD ;  take  any  points  P,^,  in  the  arcs  AB^  BDy  join 
PO,  po,  and  draw  PM,  pm,  at  right  angles  to  GA.  Let 
GA^a^GD,    GO^c,    OB^b,   OD^h\   OP^r,   OM^x, 


I 
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PM^y^  Op^r\  Om^x\  pm^y  \  /«=:: the  absolute  attraction 
of  a  unit  of  mass  of  the  hemisphere,  and  p  =  its  density;  A  =  the 
attraction  of  the  portion  BAB*  of  the  hemisphere  on  the  cor- 
puscle, and  B  of  the  portion  BDB'D\ 

The  attraction  of  a  thin  slice  of  the  hemisphere  at  right  angles 
to  its  axis  at  the  point  M^  and  having  a  thickness  dx^  will  be 

2irfipdx  (l  -  ^)  , 
as  may  be  seen  in  elementary  treatises  on  attraction ;  hence 


A  f*^  xdx 


["^xdx  ... 


similarly  we  have 

B  r  x'  dx'  ,. 

=c-      — r-  (2). 

2'tt'fip  J^     r  ^  ' 

Now  from  the  geometry  we  see  that 

r*  =  a:*+y"  =  a?  +  a*-(a;  +  c)'=a*-(?-2<xr  =  i*-2ca;; 

hence  2c»=&'  — r*,         cdx^-^rdry 

J  , ,         «  X  dx  h  —r     1 

and  therefore  = ^r-i—  dr ; 

y  2c"         ' 

hence  from  (1),  it  being  observed  that  r  is  equal  to  a  —  c^  i, 
when  X  is  equal  to  a  —  c,  0,  we  have 

Again,  from  the  geometry, 

r'»=:a;'«+y'«=:a.'»+a*-(c-a;')"  =  a»-c»  +  2cic'  =  i»  +  2ca;'; 
hence  2cx'  =  r'"  -  J',  cdx'  =  rdr\ 

:i  .r      i.  ddx*        y-r'^  ^, 

and  therefore  — r-  = «—  dr  : 

r'  20*  ' 


•tf' 
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hence  from  (2),  since  r  is  equal  to  h\  b,  when  x'  is  equal  to  c,  0, 


B 


2'7rftp 
but  it  is  evident  that 


f  {V  -  r"*)  dr  =  fiV  -  O  dr; 


^^""^      i^^'^+^iy-'^^'' (*)• 


But,  since  the  corpuscle  is  in  equilibrium,  we  must  have  A  =  B, 
and  therefore,  by  (3)  and  (4), 

1  r 

hence  a  —  2c  =  r^  |     (J*  —  r^)  dr: 

performing  the  integration,  and  putting  for  b'  its  value  (a*  +  c*)*, 
we  shall  get,  after  certain  obvious  simplifications, 

a»"-4c*==(a»-2c*)(a'  +  c)*; 
squaring  both  sides  and  simplifying, 

12c*  -  8a*c  +  3a*  =  0, 

an  equation  from  which  the  value  of  c  is  to  be  determined; 
as  an  approximation  c  ~  ^a. 

Diartan  Repcmtoryy  p.  629. 

(3)  Two  infinite  lines  in  space,  inclined  to  each  other  at  a 
given  angle,  attract  each  other  with  forces  vaiying  inversely  as 
the  square  of  the  distance :  to  find  the  whole  attraction  in  the 
direction  of  the  shortest  line  between  them,  the  mutual  attraction 
of  two  units  of  length  collected  in  centres  and  separated  by  the 
unit  of  distance  being  considered  equal  to  unity. 

Let  EE\  FF\  (fig.  Ill)  be  the  two  straight  lines;  AB  the 
shortest  distance  between  them.  Take  P,  Q,  any  two  points  in 
the  lines:  join  PQ.  Through  B  draw  a  plane  at  right  angles  to 
AB^  and  let  Qf  be  the  projection  of  QP  on  this  plane. 
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Let  AB^c^PK,  PQ^a,  AP^r^BK,  BQ^r\  i  QPK^^. 
Let  6  =  the  angle  between  the  two  lines  JEff',  FF\ 

The  mutual  attraction  of  P  and.  Q  is  equal  to  — \ — :  and  its 
resolved  part  parallel  to  AB  is  equal  to 

dr .  d/.  cos  <f>  _dr.  dr^.  s  cos  <f>  ^dr.  dr\  c 

7  ?  ?~- 

But  ^=  QK*  +  PK^=^f^  +  r**- 2rr'  cos^4- c». 

Hence  the  whole  mutual  attraction  parallel  to  AB  is  equal  to 


>+0P  /•  + 

C 


r^r^  dr.dr' 

•^-cD-'-oD  ((j»  +  /  +  r'*-2rr'cos^* 


+•  r  +  < 


-n 


drdr 


«    •^-00 


{(r'-rcos^'  +  c"  +  r^sin'tfl* 


^^  r*  **r (/-rcosg)dr ^1 

^'-co  — L(c'4-r*8in*tf){(/-rcos^"  +  c»  +  r«sin'tf}*J 

-o    r*__^L___-    2      *•(.     -irsinfl        2ir 
'^""J..  ?4V^S^~ri5^  ..1^  ~T"j  "s"0- 

(4)  A  slender  ring  BEF^  (fig.  112),  is  attached  to  another 
slender  ring  ABG  by  means  of  a  string  AD^  the  length  of  which 
is  equal  to  the  radius  of  ABC;  supposing  DEFto  {all  entirely 
within  ABG,  to  determine  the  tension  of  the  string,  when  DEF 
is  at  rest :  the  force  of  attraction  oiABG  vaiying  inversely  as  the 
cube  of  the  distance. 

It  is  plain  that,  when  the  smaller  ring  is  at  rest,  AD  will 
coincide  with  a  radius  of  the  larger.  ^ 

Let  Pbe  any  point  in  the  smaller  ring,  jB  in  the  larger.  Join 
PR,  DRy  DPj  and  produce  2>P  to  R.  Let  a  =  the  radius  of  the 
larger  ring,  2)J?=  a',  DP^c,  PR-^p,  ^PDO^O,  ^RDQ^if>, 
X  RPQ  =  -^ ;  let  da,  da',  be  elements  of  the  two  rings  at  R,  P, 
respectively,  and  fi,  fi,  the  masses  of  units  of  length  of  the  two 
rings ;   let  3r=:  the  required  tension. 
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Then  T^^/ifi.' jicoadda' (-,  cos  fX. 

Now         ds  =  ad^,      da'  =  ^'d{ir  -  2^)  =  -  a'dd. 

Hence  ?"=  ftfi'aa'  I      \coB0d0l      -fcos'^v. 

/■'''^        .      {^      acoB<f»-c        ,.      d  (^  d4> 

i,    7**''^~i,    (a'+<^-2ac cos  j,)*  ^ ~ dc}^  a*+c'-2acco8«^ 

^  /-a*  Be<^|i^ 


*^Jo    (a-c)'  +  (a  +  c)'tan»^ 


dc    ola"  — r  \a  — c        2/ 

f"^**      ^^ii       ^^        A     't^^"     cos'g^ 

I  COS  (f  OCf  •  7-5 jTj  =  4ira   l  7-s a j-grs 

j_j»  («  -c )  J- Jir  (a  -  a   cos'  0)* 

Hence  T^i^^!^. 

(5)  To  determine  how  much  of  the  Earth^s  surface,  considered 
spherical,  a  person  can  see,  who  is  raised  to  such  a  height  aa  to 

lose  I -1    part  of  his  weight. 
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If  r  3s  the  radius  of  the  Earth,  the  visible  area  is  equal  to 

(6)  ACG'  is  a  thin  iMnina,  bounded  by  CAO\  an  arc  of  a 
lemniscate,  (the  node  of  which  is  0  and  equation  /  so*  cos  2^, 
and  CC\  a  circTilar  arc,  of  which  0  is  the  centre  and  radius 
a  sin  €•  To  find  the  law  of  the  variation  of  the  resultant  attract 
tion  of  the  lamina  upon  a  molecule  at  0,  when  €  varies ;  the 
particles  of  the  lamina  being  supposed  to  attract  according  to  the 
law  of  nature. 

The  resultant  attraction  varies  as 


log  (cot  I)  - 


cose. 
V      '^/ 

(7)  The  sides  of  an  isosceles  triangle  are  formed  of  slender 
uniform  prisms,  attracting  with  forces  which  vary  inversely  as 
the  square  of  the  distance;  to  determine  the  vertical  angle  in 
order  that  a  particle  may  remain  at  rest  in  a  point  which  divides 
the  perpendicular  from  the  vertex  in  a  given  ratio. 

Ka  be  the  distance  of  the  particle  from  the  vertex,  and  h  from 
the  base,  then 


the  vertical  angle  =  2  sin"*  {-\  . 


(8)  Two  straight  lines  ABy  A  0,  at  right  angles  to  one  another, 
attract  a  particle  P  placed  at  the  point  where  the  perpendicular 
-4P  meets  BC;  to  find  the  direction  and  magnitude  of  the  force 
necessary  to  keep  the  particle  at  rest,  the  law  of  attraction  being 
that  of  the  inverse  square. 

Let  AB=  d,  A  C=  J,  BC=  c,  fi  —  the  absolute  force  of  a  unit 
of  length  of  the  attracting  lines  condensed  into  a  point ;  then  the 
direction  of  the  required  force  will  make  an  angle  of  45®  with  AB, 
and  its  magnitude  will  be  equal  to 

V(2)  /^' 
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(9)  A  particle  is  attached,  hj  means  of  a  fine  string,  to  the 
centre  of  a  thin  hemispherical  shell  of  attractive  matter;  to 
determine  the  tension  of  the  string,  supposing  its  length  to  be 
less  than  the  radius  of  the  shell,  the  force  of  attraction  vaiying 
inversely  as  the  square  of  the  distance. 

If  r  =  the  radius  of  the  shell,  c  =  the  length  of  the  string, 
/i  =  the  attraction  of  a  unit  of  the  shell's  mass  condensed  at  a 
unit  of  distance,  r  ==  the  thickness  of  the  shell,  the  tension  will 
be  equal  to 

^       I   "(c'  +  O^ 

(10)  A  molecule  is  placed  at  a  point  within  a  triangle  ABC^ 
formed  of  three  uniform  rods  of  equal  thickness,  which  attract 
according  to  the  law  of  the  inverse  square,  the  densities  of  the 
rods  BGy  CAy  AB,  being  X,  /a,  v,  respectively :  to  find  the  con- 
ditions for  the  equilibrium  of  the  particle. 

J£p,  qy  r,  be  the  perpendicular  distances  of  the  molecule  £rom 
BCy  CAy  AB,  respectively,  then 

If  X s=  ^  =  i;,  then  p^q^Ty  or  the  molecule  will  rest  at  the 
centre  of  the  inscribed  circle,  a  theorem  proved  by  Ferdinand 
Joachimsthal,  in  the  (Jambridge  and  Dublin  MaihemaUcal  Joumaly 
Vol.  in.  p.  93. 

(11)  Two  equal  straight  rods,  the  particles  of  which  attract 
each  other  with  a  force  varying  inversely  as  the  square  of  the 
distance,  are  parallel  to  each  other  and  perpendicular  to  the 
lines  joining  their  ends,  and  are  held  asunder  by  strings  attached 
to  their  middle  points :  to  determine  the  tension  of  the  strings 
when  the  rods  are  at  a  given  distance  firom  each  other. 

If  a  =  the  distance  between  the  rods  and  b  =  the  length  of 
either,  the  required  tension  is  equal  to 

^  {(«•  +  *")*-«}. 
a   ^ 
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(12)  A  brittle  rod  ABy  attached  to  smooth  hinges  at  A  and  B, 
is  attracted  towards  a  centre  of  force  C  according  to  the  law  of 
nature.  Supposing  the  absolute  force  to  be  indefinitely  aug- 
mented, to  determine  where  the  rod  will  eventually  snap. 

If  ^  be  the  point  of  snapping,  then,  a,  /3,  denoting  the  angles 
BA  Gy  ABG,  respectively, 

sm 
C08  ^AEO^ 


sm    ^ 


Mackenzie  and  Walton's  Solutions  of  the  Cambridge  Problems 
fir  1854. 
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CHAPTER  Vm. 


MISCEIJiiANEOUS  PROBLEMS. 


(1)  Strings  are  fastened  to  any  number  of  points  A^  By  (7, 
y  in  space,  and  are  pulled  towards  a  point  P  with  forces  pro- 
portional to  FAy  PBy  PCy :  shew  that,  wherever  the  point 

P  be  situated,  the  resultant  of  these  forces  will  always  pass 
through  a  fixed  point. 

Let  a,  b,  c,  be  the  co-ordinates  of  P  referred  to  three  rectangu- 
lar axes :  then,  x,  y,  z,  being  the  co-K)rdinates  of  any  one  of  the 

points  A,  B,  (7, ,  the  components  of  the  resultant  will  be 

equal  to 

/A(na  — 2a?),       /A(?ii  — %),       fi{nc-'Xz), 

which  will  therefore  be  proportional  to  the  direction-cosines  of 
the  resultant.    The  equations  to  the  resultant  will  therefore  be 

x—a   _  y  ^o   _  z  ^c 
na  —  Xx     nh^Xy     nc  —  Xz  * 

multiplying  each  of  these  fractions  by  n  and  adding  unity  to 
each  we  get 

nx  —  Xx  _  ny  —  Xy  ^nz*  —  Xz 

na  —  Xx      nb  —  Xy      nc  —  %z  * 

Hence  we  see  that  the  resultant  always  passes  through  a  point 
of  which  the  co-ordinates  are 

-  Xx,         -  Xy,         -  Xz. 

(2)  Find  the  amount  of  work  done  in  drawing  up  a  common 
Venetian  blind.  How  must  the  same  problem  be  solved  for  a 
curtain  ? 
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Let  W=^  the  weight  of  each  bar  of  the  blind ;  a  =  the  distance 
between  two  consecutiTe  bars;  »  =  their  number.  Then  the 
work  done  will  be  equal  to 

W{a  +  2a  +  Sa  + +  na) 

=  in(w+l)  Wa. 

Let  P  =  the  sum  of  the  weights  and  I  =  the  height  of  the 
window :  then  P=  n  Wand  I  =  nay  and  the  work  done  is  equal  to 

Let  n  =  00 :  then  the  Venetian  blind  is  mechaDically  the  same 
as  a  curtain,  the  number  of  its  bars  being  infinite  and  the  weight 
of  each  indefinitely  small.  Thus,  P  being  the  weight  and  I  the 
length  of  the  curtain,  the  work  done  is  equal  to 

iP?. 

The  work  done  in  raising  the  curtain  may  also  be  estimated  by 

integration. 

P 

The  weight  of  a  length  dx  of  the  curtain  is  -r  da; :   hence  the 

work  done 

=J  jdx.x  =  ^Fl. 

(3)  The  firustum  of  a  paraboloid  of  revolution,  the  density  of 
its  circular  sections  varying  as  their  areas,  stands  upon  its  vertex 
on  a  horizontal  plane :  to  find  the  length  of  its  axis  when  the 
equilibrium  is  indifferent. 

If  the  vertex  of  a  solid  of  revolution,  of  which  the  axis  extends 
vertically  upwards,  be  placed  upon  the  summit  of  another  solid 
of  revolution  the  axis  of  which  extends  vertically  downwards, 
then,  as  is  proved  in  most  works  on  Statics,  the.  equilibrium  will 
be  stable,  unstable,  or  indifferent,  accordingly  as  the  altitude  of 
the  centre  of  gravity  of  the  upper  body  above  the  point  of  con- 
tact is  less  than,  greater  than,  or  equal  to 

rr 


r-\-r'' 


r,  r,  being  the  radii  of  curvature  of  the  two  surfaces  at  the  point 
of  contact. 


176  MISCELLANBOUS  PROBLEMS. 

If  r ,  the  radius  of  curvatme  of  the  lower  surfisuse,  be  equal  to 
00 ,  the  lower  surface  becomes  a  plane,  and  the  expression 

becomes  r. 


In  the  present  question,  as  we  may  easily  ascertain,  the  alti- 
tude of  the  centre  of  gravity  is  equal  to  }c,  c  being  the  length  of 
the  axis.  Also  the  radius  of  curvature  at  the  vertex  is  equal  to 
\lyl  being  the  latus  rectum.     Hence 

(4)  A  beam  can  turn  in  every  direction  about  one  end  which 
is  fixed;  The  other  rests  on  the  upper  surface  of  a  rough  plane, 
(the  coefficient  of  friction  being  /a),  which  is  inclined  to  the  hori- 
zon at  an  angle  a.  If  /3  be  the  angle  the  beam  makes  with  the 
plane,  prove  that  the  beam  will  rest  in  any  position  if  tan  a  be 
not  greater  than 

(l+/x*tan'/8)*' 

Let  0,  (fig.  113),  be  the  fixed  end ;  0(7  a  perpendicular  upon 
the  rough  plane;  CB  a  section  of  the  rough  plane  by  a  vertical 
plane  through  0G\  OEB  a  horizontal  line  cutting  BCin  E; 
the  circular  quadrantal  arc  APB  the  locus  of  the  free  end  of  the 
beam ;  Pthe  place  of  the  end  of  the  beam  for  a  limiting  position 
of  equilibrium;  PQ  a  line  parallel  to  AG,  and  QB  at  right 
angles  to  OEB. 

Let  Z=the  length  of  the  beam,  /  PGQ  =  dj  -B  =  the  normal 
reaction  of  the  rough  plane  at  P;  then,  the  horizontal  component 
of  B  being  jB  sin  a,  parallel  to  EO^  and  the  horizontal  compo- 
nents of  fiB  being  fiB  cos  0  along  PQ  and  fiB  sin  0  cos  a  parallel 
to  -BO,  we  have  for  the  equilibrium  of  the  beam,  taking  moments 
about  a  vertical  line  through  0, 

-B  sin  a .  PQ^fiB  cos  0 .  OB-^fiB  sin  ^  cos  a .  PQj 

sin  a .  ?  cos  /?  sin  ^ 

=:fjLCo&0U  -r-^  +  (Zcos/3 cos tf — Zsin/Scota) cosa[ 

-{-fi  sin^cosa .  Zcos/Ssintf, 
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sina  C08/9  aind  =  /xBin/3  cob0  sina  +  fi  cosa  cob/3, 

tan  a  tan  ^  —  /x  tan  a  tan  /3  =  /x  (1  +  tan*  ^^ 
(tan*  a- /x*)  tan' ^  -  2/A  tan"  a  tan /3  tan  tf +A**  (tan»  a  tan'/8  - 1)  =  0. 

That  tan  0  may  be  impossible,  or  that  there  may  be  no  limit' 
ing  equilibrium,  we  must  have 

tan*a  tan*  /8  <  (tan"  a  -  fjf)  (tan"  a  tan"  /3  - 1), 
or  tan"a(l+/A"tan"/3)  </x". 

A  different  solution  of  this  problem  may  be  seen  in  the  Bolu* 
tians  of  the  Senate-House  Problems  for  1844,  by  O'Brien  and 
Ellis. 

(5)  A  system  consists  of  n  equal  particles  which  have  no 
initial  velocities :  prove  that  it  will  remain  at  rest,  if  their  co-or- 
dinates can  only  vary  subject  to  the  condition 

w2  (pif  +  f  +  z*)  -  {txy-  (Sy)"-  (t«)'=  a  constant: 

the  particles  attracting  one  another  with  a  force  which  varies  as 
the  distance. 

The  attraction  between  any  two  of  the  particles  P^,  P,,  at  a 
distance  r  from  each  other  is  proportional  to  r.  Conceive  the 
syst^n  to  experience  any  indefinitely  small  displacement  con- 
sistently with  its  geometrical  connexions,  and  let  a  denote  the 
component  of  P/s  motion  estimated  along  P^  P,,  and  fi  that  of 
P,'s  motion  estimated  along  JP^Pi^  Then  (a4-/8)r  will  denote 
the  sum  of  the  moments  of  the  two  forces ;  but  (a  +  /9)  =  —  rfr : 
hence,  by  the  principle  of  Virtual  Velocities,  equating  to  zero 
the  sum  of  the  moments  of  the  whole  system,  we  have 

0  =  S  (r  rfr), 
whence  (7=2/2  {rdr) 

=  t{(«'-a!)«  +  (y'-y)» +(«'-«)»} 

=  (n -  1)  2 (ic"  +  y"  +  «")  -  2S (aw'+yy  +  zz) 
=  n2(a?  +  3^  +  «")  -  (2a?)"-(2y^"-  (tz)\ 

W.  8.  12 
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(6)  If  an  elliptic  board  be  placed,  so  that  its  plane  is  vertical, 
on  two  pegs  which  are  in  a  horizontal  line,  there  will  be  equili- 
brium if  these  pegs  be  at  the  extremities  of  a  pair  of  conjugate 
diameters.  What  are  the  limits  which  the  distance  between 
the  pegs  must  not  exceed  or  fall  short  of,  in  order  that  this  posi- 
tion of  equilibrium  may  be  possible  ?  Shew  that  the  position  is 
one  of  unstable  equiUbrium. 

Let  P*,  P",  (fig.  114),  be  the  two  pegs :  C  the  centre  of  the 
ellipse,  CA  the  semi-axis  major:  draw  PM'y  P*M!\  at  right 
angles  to  OA  and  CQ  at  right  angles  to  FF\ 

Then,  equating  CQ  to  the  difference  of  the  projections  of 
CiTy  FHfj  upon  its  direction,  we  get 

„«?JL5.  w    y  "y  j.> ^  g  y  +  gy 

o      ^  c  c  ' 

Put  a;'  =  acos^',  y  =  Jsin^',  a:"  =  acos^",  y"=ft8in^", 
a  and  b  being  the  semi-axes  of  the  ellipse :  then,  if  ^'+  ^"=  ^^^ 

cu^ ab  sm  {<f>'  +^")  =  aft  sin '^. 

That  u  may  be  a  maximum  or  minimum, 

whence  -^  =  ^y  which  shews,  by  a  known  property  of  the  ellipse, 
that  Fy  F*y  are  extremities  of  conjugate  diameters  of  the  ellipse. 
Again, 

hence  t^  is  a  maximum,  or  the  equilibrium  is  unstable. 

Moreover,    <^  =  (oj'  +  a?")'  +  (y'  -  fY 

=  a"  (cos  f  +  cos  f )'  +  y  (sin  f  -  sm  f )" 

=  a"(cos  f  +  sin  f  )*  + J"  (sinf -cosf)* 

=  a«  +  5«  4.  (a«  -  &•)  sin  2^'. 

Hence  we  see  that  the  greatest  and  least  limits  of  c  are 
a<^2  and  1^/2. 


mY+'KBp^O (2), 
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(7)  A  flexible  thread  rests  upon  a  smooth  surface,  under  the 
action  of  any  forces :  to  investigate  its  form. 

Let  li  =  the  reaction  of  the  surface  at  any  point  {x,  y ,  z)  of  the 
thread,  t  being  the  tension  at  that  point.  Then,  for  the  equili- 
brium of  the  thread,  X  denoting  a  certain  coefficient,  and  rnBs  the 
mass  of  an  element  Ss  of  the  thread, 

|(4)+™x+x«|-o (I), 

^(4)  +  »2+xb|=« (S). 

Also,  if  w  =  0  be  the  equation  to  the  surface, 

dtt    ,  dU    y  dU    y  ^  ,,. 

^^^Ty^y^^^-"" (*)• 

Jj. 

From  (1),(2),  (3),  eliminating  -j-  and  \R  by  cross  multiplica- 
tion, we  get 

/     «, ,  ^  d\\(dx  du     dy  du\  ,^. 

+  y^+'w)[di^-I^) (5)- 

'  But,  from  (1),  (2),  (3),  (4), 

+  m{Xdx  +  Ydy  +  Zdz), 
and  therefore 

0  =  cZ<  +  m(X^+  Ydy-\-Zdz) (6). 

The  equations  (5),  (6),  together  with  the  equation  to  the  sur- 
face, determine  the  form  of  the  thread. 

(8)  From  a  square  ABCD  a  triangle  AEF  is  cut,  AE  being 
the  fourth  part  of  AD,  and  -42^  three-fourths  of  AB]  to  find  the 
centre  of  gravity  of  the  remaining  figure  BGDEF, 

12—2 
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If  a  denote  a  side  of  the  square,  the  distances  of  tlie  required 
centre  of  gravity  from  AB^  AD^  respectively,  are 

63  61 

a,         TT-r  a. 


116    '         116 

(9)  The  points  2>,  E,  F,  divide  the  sides  BO,  CA,  AB,  of  a 
triangle  proportionally,  that  is,  so  that 

BD  :  CE  :  AF  ::  DC  :  EA  :  FB] 

shew  that  the  centre  of  gravity  of  the  triangle  BEF  coincides 
with  that  of  the  triangle  ABC, 

(10)  The  diagonals  of  a  trapezium  intersect  at  right  angles  in 
a  fixed  point,  and  have  always  the  same  directions,  the  magni- 
tudes of  the  diagonals  and  of  one  side  being  given :  prove  that 
the  locus  of  the  centre  of  gravity  of  the  trapezium  is  a  circle  of 
which  the  radius  is  }c. 

(11)  A  triangular  plate  hangs  by  three  parallel  threads 
attached  at  the  comers,  and  supports  a  heavy  particle.  Prove 
that,  if  the  threads  are  of  equal  strength,  a  heavier  particle  may 
be  supported  at  the  centre  of  gravity  than  at  any  other  point  of 
the  disk. 

(12)  Two  forces  in  the  ratio  of  1  +n  to  1,  where  n  is  small, 
act  upon  a  point  in  directions  including  an  angle  a ;  shew  that 
the  sine  of  the  angle  which  the  direction  of  the  resultant  makes 
with  that  of  the  larger  force  is  nearly  equal  to 

(1-Jw)sin|. 

(13)  If  three  forces,  represented  in  magnitude  and  direction 
by  lines  OA,  OB,  OG,  act  at  a  point  0,  not  necessarily  in  the 
plane  of  ABG,  prove  that  their  resultant  will  be  represented  in 
magnitude  and  direction  by  30fl^,  G  being  the  centre  of  gravity 
of  the  triangle  ABC* 

(14)  Forces  represented  by  - ,  r ,  -,  act  at  the  angular  points 
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of  a  triangle  ABC,  right-angled  at  Gy  in  the  directions  of  the 
sides  taken  in  order ;  prove  that  the  resultant  is  represented  by 


a* 


that  it  is  indlned  taACAi  ftn  anele  cos'' r  >  snd  that  it 

cuts  BO  produced  at  a  distance  —  from  C. 

(15)  Prove  that,  if,  at  each  point  of  space,  a  force  act  which 
is  any  function  of  its  distance  from  a  given  point  A,  and  6  be  the 
angle  at  which  the  tangent  at  a  point  P  of  an  arbitrary  curve, 
connecting  any  two  points  Pj,  P,,  in  space,  is  inclined  to  the 

direction  of  the  force /at  P,  then  I /cos  Bda  from  Pj  to  P,  depends 
only  on  the  distances  AP^,  AP^. 

(16)  Eight  centres  of  force,  acting  in  the  comers  of  a  cube, 
attract,  according  to  the  same  law  and  with  the  same  absolute 
intensify,  a  particle  placed  very  near  the  centre  of  the  cube : 
shew  that  their  resultant  action  passes  through  the  centre  of  the 
cube,  unless  the  law  of  force  be  that  of  the  inverse  square  of  the 
distance. 

(17)  Shew  that  a  system  of  forces  acting  in  one  plane,  and 
represented  by  the  sides  of  a  polygon,  is  equivalent  to  a  couple 
the  moment  of  which  is  represented  by  twice  the  area  of  the 
polygon. 

(18)  Four  unequal  forces  P,  Q,  B,  8,  act  upon  a  rigid  body 
along  the  sides  OA,  AB,  BC,  GO,  of  a  square  OABCO :  prove 
that,  OA  and  OG  being  taken  as  the  axes  of  co-ordinates,  there 
will  be  a  single  resultant  force  the  equation  to  which,  if  a  be  a 
side  of  the  square,  is 

and  of  which  the  magnitude  is 

{(P-i?)« +  («-«)•}*. 
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(]  9)  Three  forces  act  in  equilibrium  at  the  angles  of  a  triangle, 
one  bisecting  the  angle  at  which  it  acts,  and  the  other  two  making 
equal  angles  with  the  side  opposite  to  that  angle ;  shew  that  the 
forces  are  as  the  sides  opposite  to  their  points  of  application. 

(20)  Assuming  friction  to  consist  of  the  sum  of  two  parts,  the 
one  proportional  to  the  pressure,  and  the  other  to  the  surface  in 
contact,  shew  that,  when  a  parallelepiped,  the  edges  of  which  are 
a,  by  c,  is  supported  with  one  edge  parallel  to  the  horizon  on 
a  given  inclined  plane  by  the  least  possible  force  acting  in  a 
given  direction  through  its  centre  of  gravity  at  right  angles  to 
this  edge,  we  shall  have 

a  o  c 

j9,  q,  r,  being  the  values  of  the  force  in  question,  when  the  paral- 
lelepiped rests  on  the  faces  be,  ca,  ab,  respectively. 

(21)  A  triangular  disk,  the  sides  of  which  are  a,  5,  c,  is  sus- 
pended from  a  fixed  point  by  threads  a,  /?,  7,  attached  to  its 
comers,  a  being  the  length  of  the  thread  attached  to  the  comer 
opposite  to  a,  and  so  of  the  rest.  If  the  plane  of  the  disk  be 
horizontal,  prove  that 

a*  +  3a'  =  J*  +  3)9'  =  c'  +  37^. 

(22)  Three  equal  heavy  rods,  in  the  position  of  the  three 
edges  of  an  inverted  triangular  pyramid,  are  in  equilibrium  under 
the  following  circumstances:  their  upper  extremities  are  con- 
nected by  fine  strings  of  equal  lengths,  and  their  lower  extremi- 
ties are  attached  to  a  hinge  about  which  the  rods  may  move  freely 
in  all  directions.  Shew  that  the  increase  of  tension  of  the 
strings,  corresponding  to  a  given  small  increase  of  their  lengths, 
varies  inversely  as  sin'^,  where  0  is  the  inclination  of  each  of  the 
rods  to  the  horizon. 

(23)  A  cone,  the  density  of  the  circular  sections  of  which 
varies  as  their  distances  from  its  vertex,  will  balance  on  the 
middle  point  of  its  axis,  if  a  weight  equal  to  three-fifths  of  its 
own  weight  be  suspended  at  the  vertex. 
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(24)  A  solid,  generated  hj  the  revolution  of  a  semicircle 
round  its  diameter  through  an  angle  of  60®,  is  placed  upon  a 
smooth  horizontal  plane ;  determine  the  moment  of  the  couple 
which  will  keep  the  axis  of  revolution  of  the  solid  in  a  vertical 
position. 

If  a  =  the  radius  of  the  circle,  and  p  =  the  density  of  the  mate- 
rial, the  required  moment  is  equal  to  ^gp^ra'^. 

(25)  If  the  frustum  of  a  cone  be  bisected  by  a  plane  through 
its  axis,  prove  that  either  half  will  just  stand  upon  the  smaller 
end  on  a  horizontal  plane,  if 

where  A,  h\  are  the  heights  of  the  smaller  and  larger  cones  the 
difference  of  which  constitutes  the  frustum. 

(26)  Two  spheres,  attached  to  the  two  ends  of  a  fine  string, 
which  hangs  over  a  fixed  point,  rest  in  contact :  prove  that  their 
weights  are  inversely  as  the  distances  of  their  centres  from  the 
point  of  suspension. 

(27)  A  pack  of  cards  is  laid  on  a  table ;  each  projects  in  the 
direction  of  the  length  of  the  pack  beyond  the  one  below  it :  if 
each  projects  as  far  as  possible,  prove  that  the  distances  between 
the  extremities  of  the  successive  cards  will  form  an  harmonic 
progression. 

(28)  A  rectangular  column  is  formed  by  placing  a  number  of 
smooth  cubical  blocks  one  above  another,  the  base  of  the  column 
resting  upon  a  horizontal  plane:  all  the  blocks  above  the  lowest  are 
then  twisted  in  the  same  direction  about  an  edge  of  the  column, 
first  the  highest,  then  the  two  highest,  and  so  on,  in  each  case  as 
£ur  as  is  consistent  with  equilibrium.  Prove  that  the  sum  of  the 
sines  of  the  inclinations  of  a  diagonal  of  the  base  of  any  block  to 
the  like  diagonals  of  the  bases  of  all  the  blocks  above  it  is  equal 
to  the  sum  of  the  cosines. 

(29)  A  quadrilateral  is  formed  by  four  rigid  rods  jointed  at 
the  ends ;  shew  that  two  of  its  sides  must  be  parallel  in  order 
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that  it  may  preserve  its  form  when  the  middle  points  of  either 
pair  of  oi^site  sides  are  joined  together  by  a  string  in  a  state  of 
tension, 

(30)  Any  sector  of  a  circle  is  placed  with  its  lower  radius 
horizontal,  the  plane  of  the  sector  being  vertical :  shew  that  a 
heavy  uniform  chain  laid  over  the  arc  and  upper  radius,  so  as  just 
to  coincide  with  them  in  every  part,  will  remain  in  equilibrium. 

(31)  The  ends  of  a  uniform  chain  are  fastened  to  two  fixed 
points  A  and  B  in  a  horizontal  line :  a  link  C  of  the  chain  rests 
upon  a  rigid  wire  which  joins  A  and  B,  so  that  the  chain  forms 
two  festoons  A  C  and  CB.  Prove  that,  if  there  be  no  friction 
between  the  wire  and  chain,  the  smaller  of  these  festoons  is  equal 
and  similar  to  a  portion  of  the  larger. 

(32)  A  uniform  chain  of  length  2l  is  suspended  from  two 
points  in  a  horizontal  line ;  if  2a  be  the  distance  between  the 
points  of  support,  t,  c,  the  respective  lengths  of  the  chain  the 
weights  of  which  are  equal  to  the  tensions  at  either  point  of  sup- 
port and  at  the  lowest  point  of  the  chain,  prove  that,  when  I  has 
such  a  value  that  tis  a,  minimum, 

(33)  To  determine  the  form  in  which  a  chain  will  hang,  sus- 
pended at  two  points,  when  the  density  at  any  point  varies  as 
the  tension  at  that  point;  the  thickness  of  the  chain  being 
uniform. 

The  axis  of  x  being  horizontal  and  that  of  y  vertical,  and  the 
origin  being  at  the  lowest  point,  the  equation  to  the  curve  will  be 


e*  =  sec  -  , 
c 


c  being  a  constant. 


(34)  A  cone  rests  with  its  base  upon  the  vertex  of  a  given 
paraboloid :  prove  that,  for  stability  of  equilibrium,  it  is  necessary 
that  the  height  of  the  cone  be  less  than  twice  the  latus  rectum  of 
the  paraboloid. 
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(35)  If  a  cone  of  the  same  substance  and  of  equal  base  with  a 
hemisphere  be  fixed  to  the  latter^  so  that  their  bases  coincide^  to 
find  the  greatest  height  of  the  cone  in  order  that  the  equilibrium 
maj  be  stable,  when  the  hemisphere  rests  sjmmetriqallj  on  a 
horizontal  plane. 

The  height  of  the  cone  must  be  less  than  r  *JZ^  r  being  the 
radius  of  the  hemisphere. 

(36)  K  a  solid  cylinder  be  cut  by  a  plane  which  touches  the 
circimiference  of  its  base  at  a  point  A  and  meets  the  axis  at  an 
angle  of  45*,  prove  that  the  piece  of  the  cylinder  included  between 
the  cutting  plane  and  the  base  will  rest  in  indifferent  equilibrium, 
if  placed  with  its  circular  end  on  the  vertex  of  a  paraboloid  the 
latus  rectum  of  which  is  f  ths  the  diameter  of  the  base,  the  point 
of  contact  being  also  at  this  same  distance  firom  A. 


DYNAMICS. 


CHAPTER   I. 

IMPACT  AND  COLLISION.     SMOOTH  SPHEBICAL  BODIES. 

• 

Conceive  two  spherical  bodies,  which  are  composed  of  the 
same  material,  to  be  moving  in  the  same  straight  line,  namely, 
in  the  line  joining  their  centres,  and  at  any  time  during  then- 
motion  to  impinge  against  each  other.  Let  m,  m',  denote  the 
masses  of  the  two  bodies ;  and  let  w,  w,  represent  their  velocities 
before  and  v,  r',  their  velocittes  after  collision;  the  symbols 
which  represent  the  velocities  being  positive  when  motion  takes 
place  in  one  direction  and  negative  when  it  takes  place  in  the 
other ;  then,  whatever  be  the  magnitudes  of  u,  tt ,  or  of  m,  mly 

tt  —  tt'  :  t?'  —  r  ::  1  :  e, 

or  v— r  =  e  {u  —  u) (A), 

where  e  is  a  numerical  quantity  not  greater  than  unity,  which  is 
invariable  while  the  material  of  the  bodies  remains  the  same, 
but  which  changes  generally  with  a  change  in  their  substance. 
The  bodies  are  said  to  be  inelastic  if  6  be  equal  to  zero ;  imper- 
fectly elastic  if  it  be  equal  to  any  fraction  between  zero  and 
unity ;  and  perfectly  elastic  if  it  be  equal  to  unity. 

The  theory  of  collision  furnishes  us  likewise  with  the  following 
general  relation, 

w(tt-- v)  =m'  (r  —  tt') (B). 

The  equations  (A)  and  (B)  are  usually  more  convenient  when 
written  in  the  forms 

mu  +  m'u  =  7nv  +  mv. 
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The  signification  of  the  equation  (A)  is,  that  the  relative 
Telocity  of  the  two  bodies  after  collision  bears  a  constant  ratio 
to  the  relative  velocity  before  collision,  so  long  as  the  material 
of  the  bodies  remains  unchanged ;  and  the  equation  (B)  implies, 
that  the  momentum  which  one  body  gains  by  the  collision  in 
the  positive  direction  of  motion,  is  equal  to  that  which  the  other 
loses.  These  are  the  two  fundamental  principles  in  the  theory 
of  collision. 

Suppose  that  u  is  equal  to  zero,  and  that  m  is  inconsiderable 
in  comparison  with  m* ;  then  clearly,  by  (A)  and  (B), 

v  —v^eu  and  v'  =  w'  =  0, 

and  therefore  t?  =  — ew (C), 

or  the  small  body  is  reflected  backwards  with  a  velocity  which 
is  to  the  velocity  of  impact  as  e  to  1;  while  the  large  body 
experiences  no  appreciable  motion  from  the  collision.  This  is 
evidently  the  case  of  bodies  impinging  and  rebounding  upon  the 
surface  of  the  earth,  or  upon  other  bodies  firmly  attached  to  it, 
the  earth  being  regarded  as  stationary. 

In  the  year  1639,  J.  Marc  Marci  de  Crownland^,  a  Hungarian 
physician,  published  at  Prague  a  work  entitled  De  Prcportione 
Motu8j  sen  Regula  Sphymicaj  in  which  he  has  treated  of  the 
collision  of  perfectly  elastic  and  perfectly  inelastic  bodies.  He 
occupies  himself  principally  with  the  consideration  of  perfectly 
elastic  bodies,  and  lays  down  precisely  the  same  rules  for  their 
collision  which  are  now  commonly  adopted.  This  work,  the 
earliest  in  which  the  theory  of  collision  had  been  correctly  pro- 
pounded, having  fallen  into  general  oblivion  in  the  scientific 
world,  the  subject  was  again  correctly  investigated  by  the  inde- 
pendent efibrts  of  Wallis,  Wren,  and  Huyghens,  who  apparently 
had  not  the  slightest  knowledge  even  of  the  existence  of  the 
work  by  Marci.  The  laws  of  the  collision  of  perfectly  inelastic 
bodies,  were  laid  down  by  Wallis,  PhiL  Trans,  1668,  p.  864, 
and  of  perfectly  elastic  bodies  by  Wren,  PhiL  Trans.  1668, 
p.  867,  and  Huyghens,  Phil.  Trans.  1669,  p.  925,  and  Journal 
des  Sgavans  of  March  18,  1669.     Wren  and  Lawrence  Kook 

*  MoDtndla;  HisUnre  du  Mathimatiqueft  Tom.  ii.  p.  406. 
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had,  several  years  earlier  than  this,  exhibited  yarions  experi- 
ments before  the  Royal  Society,  in  illustration  of  the  principles 
of  collision.  The  conclnsions  of  Wallis,  Wren,  and  HnyghenB, 
which  had  been  presented  to  the  Boyal  Society  in  a  very  brief 
shape,  were  afterwards  given  more  at  large  by  Wallis,  JfecAantbo, 
Para  Tertiaj  1671;  Keill,  Introductio  ad  Veram  Physicamy  Lect 
12,  13,  14 ;  and  Mariotte,  Traiii  de  Percussion.  There  are  some 
ingenioos  experiments  by  Smeaton  on  the  theory  of  collision  in 
the  PhiL  Trana.y  April  18,  1782.  The  principles  of  the  collision 
of  imperfectly  elastic  bodies  were  first  propounded  by  Newton, 
Principiay  Lib.  I.,  Scholium  to  the  Laws  of  Motion,  who  inferred 
experimentally  the  truth  of  the  equation  (A)  for  any  value 
whatever  of  e  between  zero  and  unity ;  preceding  philosophers 
having  directed  their  attention  to  those  cases  alone  in  which 
6  is  supposed  to  be  either  zero  or  unity.  The  physical  value  of 
Newton's  generalization  is  the  more  striking  when  it  is  con- 
sidered that  natural  bodies  are  never  actually  endowed  with  per- 
fect elasticity.  For  the  mathematical  formulsB  in  the  theory  of 
the  collision  of  imperfectly  elastic  spheres,  the  reader  is  referred 
to  Maclaurin,  Choc  dea  Gorpsy  Prix  de  V Academies  Tom.  I.  and  to 
Bossut,  Caars  de  MathSmatiquey  Tom.  in.  The  results  of  a  series 
of  experiments  on  the  elasticity  of  bodies,  by  Mr  Hodgkinson, 
are  to  be  found  in  Vol.  Iii.  p.  534,  of  the  Beports  of  the  British 
Association  for  the  Advancement  of  Science^  where  he  has  shewn 
that  the  quantity  e,  in  the  equation  (A),  is  not,  as  we  stated,  and 
as  we  shall  suppose  for  the  sake  of  mathematical  simplicity, 
entirely  independent  of  the  velocities  of  the  impinging  bodies,  as 
Newton  had  concluded,  but  that  it  decreases  as  the  relative  velo- 
city increases,  assuming  however  a  nearly  constant  value  when 
the  relative  velocity  of  collision  becomes  considerable. 

(1)    Two  inelastic  bodies  are  moving  in  opposite  directions 
with  given  velocities ;  to  find  their  velocities  after  collision. 

Let  m,  m\  denote  the  masses  of  the  bodies ;  a,  a,  their  velor 
cities  before  collision.    Then,  putting  in  the  formulae  (A)  and  (B), 

M  =  «,     u  =s  —  a,     e  =  0, 

we  have  t?'  —  t?  =  0,     w  (a  —  v)  =  m  {v  +  a'). 
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« 

and  therefore  w  (a  —  «)  =?  m  {a  +  v), 


,  wo,  —  ma 

V  =17  = 


7»  +  W 

If  then  ma  be  greater  than  md^  the  bodies  will,  after  collision^ 
move  along,  in  the  direction  in  which  m  originally  moved,  with 
a  common  velocity  (wa  —  m'a) :  [m  +  m') ;  and,  if  ma  be  lesB  than 
w'a',  they  will  move  in  the  opposite  direction  with  a  common 
velocity  {m'a  —  ma)  :  {m'  +  w).  If  ma  be  equal  to  w'a,  the  colli- 
sion will  reduce  both  the  bodies  to  rest. 

Wallis ;  Mechan.  Pars  Tertia^  de  PercusstonSy  Prop.  IV. 

(2)  Two  perfectly  elastic  bodies  are  moving  in  opposite 
directions  with  given  velocities;  to  find  their  velocities  after 
collision. 

The  notation  being  the  same  as  in  the  preceding  example,  we 
have,  6  being  in  this  case  equal  to  uni^, 

t?'  —  t?  =  a  +  a,     wi  (a  —  »)  =  m'  {a  +  v). 
Eliminating  v'  from  these  two  equations, 

ma  —  m'a       2m' a 
m+m        m+m 

Eliminating  t;,  we  have 

,     ma'—  m'a'        2ma 

V  =  -  ,-  +  — - — r. 

m-j-m        m  -T  m 

Wallis ;  lb.  de  Elatere  et  Beailiiumej  Prop.  X. 

(3)  Three  bodies  m,  m',  m"j  are  placed  in  a  row.  The  body 
m  receiving  a  given  veloci^  towards  W,  to  find  the  magnitude 
of  m'  that  the  velocity  communicated  to  m"  by  its  intervention 
may  be  the  greatest  possible. 

« 

Let  a  be  the  velocity  with  which  m  is  projected ;  a  the  velo- 
city which  m'  acquires  on  being  struck  by  m,  and  a"  that  which 
mT  receives  on  being  struck  by  m'.     Then 


t  $ 


,        ^ma  „       2m  a 

a  ^ , ,       a  ^  — , „, 

m  +  m  m-\rm 


and  therefore  a"  = 


(w  +  m)  {m'  +  m") ' 
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Since  a"  is  to  be  a  maximum,  we  most  have 

(-—7  +  1 )  ( w  +  m"]  a  minimum ; 
hence,  differentiating  with  respect  to  the  variable  m\ 

W*  —  mm"  =  0,     «i'  =  {mm")  . 

Huyghens ;  Phil  Trans.  1669,  p.  928. 

Wolff;  Ehmenta  Matheseoa  Universce,  Tom.  Ii.  p.  158. 

(4)  A  perfectly  elastic  sphere  impinges  with  a  given  velocity 
and  in  a  given  direction  against  a  smooth  plane ;  to  determine 
the  velocity  and  direction  of  reflection. 

Let  Uy  V,  denote  the  velocities  of  incidence  and  of  reflection, 
and  a,  /3,  the  angles  which  the  directions  of  the  motion  before 
and  after  impact  make  with  a  normal  to  the  plane. 

The  resolved  parts  of  the  velocities  parallel  to  the  plane  are 
u  sin  a  and  v  sin  /3,  and,  at  right  angles  to  it,  u  cos  a  and  v  cos/3. 
But  the  plane  being  perfectly  smooth  will  not  affect  the  resolved 
part  of  the  velocity  parallel  to  itself,  and  therefore 

V  sin  ^  =  u  sin  a ; 

while  the  other  resolved  part  of  the  incident  velocity  will  be 
affected  as  if  the  impact  had  been  direct,  and  therefore,  by  ((7), 

vcos/3  =  t«cosa. 

From  these  two  equations  it  is  evident  that 

tan/3  =  tana,    /9  =  a,     andv  =  t^, 

or  the  angle  of  reflection  is  equal  to  that  of  incidence,  and  the 
velocity  of  reflection  to  the  velocity  of  incidence. 

Wallis ;  Mechan.  Pars  Tertia,  De  Etatere^  &c.  Prop.  il. 

(5)  Two  smooth  spheres  moving  with  given  velocity  and  in 
any  given  directions  whatever,  impinge  against  each  other ;  the 
spheres  being  supposed  perfectly  elastic,  to  determine  their  velo- 
cities and  the  directions  of  their  motions  after  collision. 
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Let  ABy  ABy  (fig.  115),  be  the  directloiis  of  the  motion  of  the 
two  bodies  before  collision;  and  0,  O^  the  positions  of  their 
centres  at  the  instant  of  contact ;  produce  Cf  0  indefinitely  to  a 
point  C  Let  a,  a',  denote  their  velocities  before  collision,  and 
a,  a,  the  angles  AOG,  AOG. 

Then  the  resolved  parts  of  the  velocities  of  the  spheres  0,  (7, 
in  the  direction  GOO  will  be  a  cos  a,  a' cos  a',  and  at  right 
angles  to  0(7  in  the  planes  ^0(7,  A'OGj  respectively,  a  sin  a, 
a  sin  a'.  These  latter  resolved  velocities  will  not  be  afiected  by 
the  collision.  The  former  will  be  afiected  exactly  as  if  the  sphere  ' 
O  moving  along  GOO  with  a  velocity  a  cos  a  were  to  impinge 
^ectly  upon  the  sphere  O  moving  with  a  smaller  velocity 
a  cos  a  estimated  in  the  same  direction.  Hence  if  t;,  v\  denote 
the  resolved  parts  of  the  velocities  after  collision  parallel  to  the 
line  GOOy  we  have,  as  may  be  readily  ascertained  by  the  prin- 
ciples of  this  chapter, 

?/kzcosa  — macosa  .  27»Vcosa' 

t7  = 1 ; + 


I      y 


m  -\-in  wt  +  771 

,     ma  cos  a —ma  COS  a      2ma  cos  a 

V  = ; } H ; r  . 

w  + w  m-f-  m 

Let  F,  V\  denote  the  velocity  of  the  spheres  0,  0\  after  col- 
lision, and  <f>,  <f>'  the  angles  which  the  directions  of  their  motions 
make  with  00';  then 

V^^f^  +  cf  sin»a,     F'"  =  v'"  +  a'"  sin*a', 

-      a  sin  a     ^      .,     a  sin  a' 
tan  <p  = ,   tan  o  = -, —  , 

their  motions  still  taking  place  in  the  planes  B00\  BOO. 

Keill ;  Introductio  ad  Veram  Physicamy  Lect.  14. 

(6)  Two  imperfectly  elastic  bodies  are  moving  in  the  same 
direction  along  the  same  straight  line  with  given  velocities ;  the 
one  overtakes  the  other  and  collision  ensues ;  to  find  the  veloci- 
ties of  the  two  bodies  after  collision. 

If  97»,  m\  be  the  masses  of  the  two  bodies,  e  their  common 
elasticity ;  a,  a\  their  velocities  before,  and  v,  t/,  their  velocities 
after  collision. 
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ma  4-  fnW     emf  (a  —  c^) 

V  = ^ —  ,     , 

m-\-m  m  +  m 

,     ma  +  mV     em  (a  —  a') 

V  = — r-  + ^ 7^- 

m-\-m  m  +  m 

Maclaurin ;  Choc  des  CarpSy  p.  30,  Prix  de  V Academies  Tom.  I. 

'  (7)  To  find  with  what  velocity  a  ball  must  impinge  upon 
another  equal  ball  moving  with  a  given  velocity,  that  the  imping- 
ing ball  may  be  reduced  to  rest  by  the  collision,  the  common 
elasticity  of  the  balls  being  known. 

If  e  be  the  common  elasticity,  and  a  the  velocity  of  the  ball 
which  is  struck,  the  impinging  ball  must  impinge  with  an  op- 
posite velocity  equal  to 

l+e 


l-e 


a. 


(8)  To  find  the  elasticity  of  two  spheres  A  and  P,  and  the 
ratio  between  their  masses,  that,  when  A  impinges  upon  B  at 
rest,  A  may  be  reduced  to  rest,  and  JB  move  on  with  the  n**  part 
of  -4's  velocity. 

If  m,  m\  denote  the  masses  of  A^  B^  and  e  their  common 
elasticity,  then 

1      n^ 
n      m 


e  =  -  ,   —  =  n. 


(9)  Two  p^ectly  elastic  spheres  meet  directly  with  equal 
velocities;  to  find  the  relation  between  their  magnitudes,  that 
after  collision  one  of  them  may  remain  at  rest. 

If  mj  m%  denote  their  masses,  m^  corresponding  to  the  one 
which  remains  at  rest, 

m' :  «i ::  3  :  1. 

(10)  To  determine  the  velocities  of  two  bodies  A  and  B  of 
given  elasticity  and  given  masses  moving  in  the  same  direction, 
that  aft;er  collision  A  may  remain  at  rest  and  B  may  move  idong 
with  an  assigned  velocity. 


SMOOTH  SPHERICAL  BODIES.  193 

If  m,  m\  be  the  masses  of  A^  By  e  their  elasticity,  fi  the  Telo- 
city which  JF  is  to  have  after  collision,  and  a,  5,  the  required 
velocities  of  A^  B,  before  impact, 

1  +  e    m'fi  ,      (€mr-m)fi 

a= ; ;,         0= 7 ; 77-. 

Maclaurin ;  Choc  dea  Corps,  p.  52,  Prix  de  TAcad.  Tom.  I. 

(11)  A  spherical  body  A  impinges  directly  with  a  certain 
velocity  upon  a  spherical  body  B  at  rest,  the  common  elasticity 
of  the  two  bodies  being  given ;  to  find  the  mass  of  a  third  body 
which,  moving  with  the  velocity  which  A  has  before  the  col- 
lision, shall  have  the  same  momentum  which  B  has  after  the 
collision. 

If  m,  m\  denote  the  masses  of  A,  B;  e  the  common  elasticity 
ofAyB;  and  mf'  the  mass  of  the  required  body, 

m''«(l  +  e) — - — >. 
^        ^  m  +  m 

(12)  Ay  By  Cy  are  three  perfectly  elastic  balls  in  the  same 
straight  line,  the  masses  of  which  are  as  2,  3,  5 :  B  and  C  being 
at  rest,  A  impinges  on  B  with  a  velocity  1,  and  B  is  thus  made  to 
impinge  on  C^:  to  find  the  velocity  of  B,  after  the  first  impact, 
and  of  B  and  C  aft»r  the  second  impact;  and  to  ascertain 
whether  A  and  B  ever  come  together  again. 

Aft;er  the  first  impact,  B^a  velocity  is  y,  and,  after  the  second 
impact,  C7's  velocity  is  f^,  and  J3's,  in  an  opposite  direction,  is  ^. 

A  and  B  part  to  meet  no  more. 

'(13)  A  number  of  balls  of  given  elasticity  A^y  A^y  A^, ,.,  bi^ 
placed  in  a  line;  A^  is  projected  with  a  given  velocity  so  as 
to  impinge  on  A^;  A^  then  impinges  on  A^y  and  so  on;  to  find 
the  masses  of  the  balls  A^y  A^y ...  in  order  that  each  of  the  balls 
A^y  A^y  A^y  ...  mRj  bc  at  rest  after  impinging  on  the  next;  and 
to  find  the  velocity  of  the  n^  ball  after  its  collision  with  the 
(n  - 1)^. 

w.  s.  13 
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If  ic^ « the  original  velocify  of  A^^  the  filial  ydocity  of  the  n^ 
hail  IB  equal  to  e'^'^u^ ;  also 

A  --^ 


(14)  Any  number  of  spheres  of  given  elasticity  being  ar- 
ranged in  a  straight  line,  and  one  of  the  extreme  ones  having  a 
given  velocity  commnnicated  to  it  so  as  to  bring  it  into  direct 
collision  with  the  adjacent  sphere  of  the  series ;  to  determine 
the  velocity  ultimately  acquired  by  the  last  sphere. 

If  r  be  the  number  of  the  spheres,  e  their  common  elasticity, 

m^,  m,,  tn^y t»^,  their  masses,   and  a  the  velocity  with 

which  the  first  is  projected;  then,  v  being  the  velocity  acquired 
at  last  by  m^, 

+  e)     ; . — T^ — . r— ~T — •«• 

Maclaurin ;  Choc  des  CorpSy  p.  54,  Prix  de  TAcad.  Tom.  I. 

-  (15)  A  number  of  equal  spheres  are  placed  on  a  smooth  table 
in  a  straight  line  and  close  together ;  they  are  connected  together 
by  equal  inelastic  threads ;  a  motion  is  given  to  the  first  in  the 
direction  of  the  line  which  they  form  so  as  to  separate  it  firom 
the  second ;  to  find  the  time  which  elapses  before  the  last  sphere 
is  put  in  motion. 

If  n  be  the  number  of  spheres,  a  the  length  of  each  of  the 
coimecting  threads,  and  /3  the  velocity  with  which  the  first  sphere 
is  projected,  then 

the  time  required  =  — ^  -g . 

(16)  To  find  the  sum  of  the  vires  vivce  of  two  perfectly  elastic 
bodies  afiber  direct  collision. 

If  a,  a',  be  the  velocities  before,  and  t?,  t/,  after  collision, 

m^^  +  m'v*  =  ma*  +  ma\ 

Huyghens ;  De  Motu  Corporum  ex  Percuss.  Prop.  XL 
John  Bernoulli ;  Discours  sur  le  Mouvemewty  chap.  x. 
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(17)  To  find  the  sum  of  the  virea  vivcs  of  two  impexfecflj  elastic 
bodies  after  direct  collision. 

The  potation  remaining  the  same  as  in  the  preceding  example, 
and  e  denoting  the  elasticity, 

,  ,     ,  ^         •  ,     ,  -     (1  —  ^  mm'  (a  —  aT 
mtr  +  mv  turner  +  ma'''- — ; — h -$ 

which  shews  that  via  viva  is  lost  by  the  collision. 

(18)  Two  balls,  of  elasticity  6,  are  projected  along  a  smooth 
fixed  tube  in  the  form  of  any  closed  curve,  lying  in  a  horizontal 
plane,  from  any  two  points  in  the  tube :  supposing  i«,  v,  to  be 
the  relocities  of  projection,  estimated  in  the  same  direction,  and 
c  to  be  the  length  of  the  tube,  to  find  the  whole  interval  of 
time  between  the  Ist  and  (n  +  1)^  collisions. 

The  required  interval  is  equal  to 

0      e"*—  1 
u-^v'  1  — e 

(19)  Three  equal  balls  A^  B,  C7,  of  elasticity  e,  are  placed  in 
order  on  a  smooth  horizontal  plane  in  a  straight  line :  velocities 
are  impressed  upon  them  in  the  direction  ABC,  those  of  A  and 
C  being  each  greater  than  that  of  B:  two  collisions  having  taken 
place,  the  velocities  of  A  and  B  are  observed  to  be  equal  to  each 
other :  to  determine  the  ratio  of  the  initial  relative  velocity  of 
(7,  J5,  to  that  of  ^,  J5. 

The  required  ratio  is  equal  to 

2    1  +  e   * 

(20)  Between  two  spheres  of  given  masses  is  placed  a  row 
of  spheres ;  a  velocity  is  commtmicated  to  one  of  the  original 
spheres  so  as  to  bring  it  into  direct  collision  with  the  nearest  of 
the  intermediate  ones ;  to  find  the  requisite  magnitudes  of  the 
intermediate  spheres  in  order  that  the  velocity  acquired  by  the 

13—2 
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last  sphere  may  be  the  greatest  possible,  and  to  determine  this 
velocity  when  their  number  becomes  indefinitely  great. 

The  intermediate  spheres  must  be  geometrical  means  between 
the  two  original  ones ;  and  if  m,  m\  denote  the  masses  of  the 
original  spheres,  a  the  velocity  communicated  to  m,  and  a"  that 
acquired  by  m'  when  the  number  of  the  intermediate  spheres 

becomes  infinite, 

\ 


^'=0^- 


*  (21)    An  imperfectly  elastic  sphere  impinges  upon  a  plane; 
to  find  the  angles  of  incidence  and  of  reflection,  that  the  velocity 

before  may  be  to  the  velocity  after  impact  as  2^ :  1,  the  elas- 
ticity being  equal  to  -r . 

The  angle  of  incidence  =  ^tt,  the  angle  of  reflection  ^\ir. 

(22)  The  edge  of  a  smooth  table  is  environed  by  a  vertical 
border :  supposing  a  perfectly  elastic  ball  to  be  projected  along 
the  table  firom  one  of  its  foci^  in  a  direction  inclined  at  a  given 
angle  to  the  major  axis,  to  find  the  inclination  of  its  path  to  the 
same  axis  between  the  n*^  and  (n  + 1)^  impacts. 

11  6^6^^  represent  the  given  and  required  angles  respectively, 
and  t  the  eccentricity  of  the  ellipse, 


tan4-  =  r.^V.tan|. 


2~vrM;' 


(23)  An  inelastic  sphere  A^  moving  with  a  given  velocity, 
impinges  upon  an  inelastic  sphere  B  at  rest,  the  line  joining  the 
centres  of  the  two  spheres  at  the  instant  of  collision  making 
a  given  angle  with  the  direction  of  A%  motion ;  to  determine 
the  velocity  of  A  after  collision. 

If  a  be  the  given  angle;  m,  m\  the  masses  of  the  spheres 
A^  B\  and  a,  v,  the  velocities  of  A  before  and  after  collision, 
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(24)  A  sphere  A  in  motion  is  stmck  by  an  equal  one  B  moving 
with  the  same  velocity^  and  in  a  direction  making  an  angle  a 
with  that  in  which  A  is  moving,  in  such  a  manner  that  the  line 
joining  their  centres  at  the  time  of  impact  is  in  the  direction  of 
B'b  motion ;  to  find  the  velocities  of  the  spheres  after  impact, 
and  to  determine  for  what  value  of  a  that  of  A  will  be  a  maxi- 
mum, the  common  elasticity  of  the  spheres  being  supposed  to  be 
known. 

If  a  denote  the  velocity  of  each  of  the  spheres  Aj  By  before, 
and  Uy  Vy  their  respective  velocities  after  impact,  then,  e  being 
their  common  elasticity, 

tt"  =  Ja'  {1  +  e  +  (1  -  e)  cos  a}*+  a'sin'a, 

r*  =  Ja*  {1  -  e  +  (1  +  6)  cos  a}'. 

1—6 

When  u  is  a  maximum,        cos  a  = . 

'  3  —  6 

(25)  Three  perfectly  elastic  spheres  Ay  By  C,  are  placed  at 
the  three  angles  of  a  plane  triangle  of  which  the  angles  are 
known;  to  compare  the  magnitudes  of  the  spheres,  when  A 
impinging  obliquely  upon  B  is  reflected  so  as  to  strike  (7,  and 
thence  reflected  to  its  first  position ;  the  lines  joining  the  centres 
of  the  spheres  Ay  By  and  Ay  (7,  during  collision,  being  respec- 
tively perpendicular  to  the  opposite  sides  of  the  triangle,  and 
their  diameters  being  inconsiderable  in  comparison  with  the 
sides  of  the  triangle. 

If  m,  m'y  m''y  denote  the  masses  of  the  spheres  Ay  By  C;  and 
a,  fiy  7,  the  angles  of  the  triangle  at  which  Ay  By  C,  are  placed, 

***'  —      sin/3         m^'  _      sin  7 
w  ""  sin  (a  —  7) '    w  ""  sin  (/8  —  a) ' 

(26)  A  sphere  A  (fig.  116),  moving  in  the  direction  ^^-P  with 
an  assigned  velocity  impinges  upon  a  sphere  B  at  rest,  the  two 
spheres  having  the  same  elasticity;  supposing  AF^  to  be  the 
direction  of  ^'s  motion   after  impact,   and   KAlBL  to  be  a 
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straight  line  passing  through  the  centres  of  the  two  spheres  at 
the  time  of  collision^  to  find  the  value  of  the  angles  JEAK  and 
FAF'  when  the  latter  angle  has  its  greatest  value. 

If  n  be  the  ratio  of  the  mass  of  ^  to  that  of  JB,  6  be  the  com- 
mon elastidtj  of  the  spheres,  ^  EAK^  6^  l  FAF'  =  ^ ;  then 

Vn  +  iy  ^     {(n  +  i)(„_e)}* 


(    199    ) 


CHAPTER  II. 

KECTILINEAR  MOTION  OP  A  PABTICLE. 

The  determination  of  the  circumstances  of  the  motion  of  a 
material  particle,  which  moves  in  a  straight  line  mider  the  action 
of  a  finite  accelerating  or  retarding  force,  depends  upon  the  two 
following  differential  equations,  called  the  equations  of  motion 
of  the  particle 

dx  _        ^_^ 

where  t  denotes  the  time  of  the  motion  reckoned  from  an  assigned 
epoch,  X  the  distance  of  the  particle  at  the  end  of  this  time  from 
an  assigned  point  in  the  line  of  its  motion,  v  the  velocity ,  cmd/ 
the  accelerating  or  retarding  force. 

From  these  two  equations  we  readily  deduce  the  two  following, 

d^x     J,         dv     J, 

■^=-^'    *^'-^' 

These  equations,  which  constitute  the  complete  expression  of 
the  circumstances  of  rectilineax  motion  in  the  language  of  the 
differential  calculus  for  every  condition  of  acceleration  or  re- 
tardation, are  due  to  Varignon,  and  were  published  in  the  MSm.  de 
VAcad,  des  Sciences  de  PartSj  1700,  p.  22,  It  may  be  observed 
however  that,  long  before  this,  geometrical  investigations  of  rec- 
tilinear motion  for  variable  forces  had  been  given  by  Newton*. 

From  the  formula  vdv  ^fdx  we  see  that  d'^  varies  as  fdx :  an 
opinion  however  was  expressed  by  Daniel  Bernoulli",  that  there 
is  no  reason  to  consider  this  the  only  possible  law  of  variation  ; 
for  instance,  that  we  might  as  well  have  dv^'ccfix^  n  being  any 

*  Prineipia,  Lib.i.  sect.  7;  Lib.  ii.  sect.  1. 
3  CommaU,  Peirop,  1727,  p.  136. 
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quantily  whateyer.  In  opposition  to  Bernoulli's  suggestion^ 
Eider^  endeavoured  to  proye  that  the  law  6f  the  square  of  the 
velocity  is  necessarily  true ;  and  D' Alembert^  shewed  the  truth 
of  this  law  to  depend  simply  upon  the  definition  of  the  meaning 
of  the  symbol  yi 

The  complete  solution  of  a  problem  in  rectilinear  motion  con- 
sists in  the  determination  of  relations  between  every  two  of  the 
quantities  x^  v,  f,  ti  now  the  general  equations  of  rectilinear 
motion  furnish  us  with  only  two  independent  relations  between 
these  four  quantities ;  it  is  evident  then  that  the  data  in  every 
problem  must  consist  in  the  expression  of  some  particular  equa- 
tion, ^  (a:,  r,  yj  <)  =  0  between  x,  v,  f,  <,  so  that  we  may  have, 
in  all,  three  equatiouB  connecting  the  four  variables. 

The  function  ^  (a?,  t?,/,  t)  may  involve  two,  three,  or  all  of  the 
quantities  Xj  Vy/jt;  and  by  the  theory  of  combinations  it  is 
evident  that  there  will  be  six  varieties  of  the  first,  and  four  of 
the  second  class ;  hence  the  general  problem  of  rectilinear  motion 
resolves  itself  into  eleven  distinct  classes  of  problems.  We  shall 
however  confine  ourselves  to  the  consideration  of  those  two 
classes  in  which  the  given  function  involves  either  x,fj  alone; 
or  Xj  f,  t?,  alone :  under  the  former  head  we  shall  exemplify  the 
motion  of  a  particle  in  vacuum ;  under  the  latter,  in  a  resisting 
medium.    The  other  classes  are  devoid  of  any  physical  interest. 

Sect.  1.     Motion  in  Vacuum. 

(1)  A  particle  is  placed  at  a  centre  of  repulsive  force  which 
varies  as  any  power  of  the  distance ;  to  determine  its  velocity 
after  receding  to  any  distance  from  the  centre,  and  the  time  of 
the  motion. 

Let  fi  represent  the  absolute  force,  x  the  distance  of  the  par- 
ticle from  the  centre  of  force  after  a  time  <,  and  v  the  velocity. 
Then,  for  the  motion,  we  have 

dv  - 

*  Mechaniea,  Tom.  i.  p.  6t  et  seq. 
'  TraUe  d€  Vynamique,     % 
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Integrating  with  respect  to  x,  and  bearing  in  mind  that  t;»0 
when  0?  =  0,  we  haVA 


k^-4^^-:i^i^'' 


and  therefore  t^  =  — 7-;  «**"*,  ^*     4 

n+  1 


which  gives  the  velocity  for  any  value  of  a?, 
hence,  t  being  equal  to  zero  when  a;=  0,  there  is 

1-n  V  2u  y 


^,:^^ 


Ar 


*  "^ 


1 


•^^ 


lJfn^J 

Euler ;  Medumica^  Tom.  I.  p.  123. 


(2)  A  particle  being  attracted  by  a  force  varying  inversely  as 
the  n^  power  of  the  distance,  to  find  the  value  of  n  when  the 
velocity  acquired  from  an  infinite  distance  to  a  distance  a  from 
the  centre  is  equal  to  the  velocity  which  would  be  acquired  from 
a  to  \a. 

Let  /A  denote  the  absolute  force^  x  the  distance  of  the  particle 
from  the  centre  of  force  after  a  time  t,  and  t;^,  v^y  the  two  veloci- 
ties.   Then,  for  the  motion  of  the  particle, 

rft?  _     fji> 

Hence,  for  the  former  motion,  v  being  equal  to  zero  when 

aj  =  ao , 


(n-1) 

and,  for  the  latter  motion,  since  v  — 0  when  x^a, 

,        „    /■*'  1  ,        2/t    /4"-»       1  \ 


^i-:z—.  -^^{^'^''lh 
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But  by  hypothesis  v^  is  equal  to  v* ;  hence 

2/A       1   _   2/it     J. 
»  —  1  a*"* ""  n  —  1  a' 

and  therefore  1  =  4"^-1,   4*~*  =  2; 

hence  n  =  f . 

(3)  Four  equal  attractive  forces  are  placed  in  the  comers  of  a 
square,  their  intensity  yaiying  as  any  function  of  the  distance ;  a 
particle  is  placed  in  one  of  the  diagonab  of  the  square  very  near 
to  its  centre ;  to  find  the  time  of  an  oscillation* 

Let  0  be  the  centre  of  the  square  (fig.  117),  -ff  the  position  of 
the  particle  after  any  time  t  firom  the  commencement  of  the  mo- 
tion ;  let  OB  =  a,  OE^x,  AE=^  GE-  r.  Then,  for  the  motion 
of  the  particle,  taking  the  sum  of  the  forces  acting  upon  it  in  the 
line  O-D,  we  have 


de 


=  -2^(r)-  +  ^(a-a?)-^(a  +  a?), 


and  therefore,  neglecting  powers  of  the  small  quantity  x  higher 
than  the  first,  we  get,  by  Taylor^s  theorem, 

or,  putting  the  coefficient  of  x  equal  to  —  A, 

d^X  _  y^ 

The  integral  of  this  equation  is  evidently 

»=  C  coa{kh+€), 

C  and  €  being  constants :  let  fi  be  the  initial  value  of  x : 

then  j8  =  0  cos  € : 

dx 
but  -^  =  0  initially,  and  therefore  0=  (7 sine; 

hence  a?=)3  cos(A;*«). 

Now  as  soon  as  kh  becomes  equal  to  tt,  aj  becomes  equal  to 
—  fi,  its  greatest  negative  value.  Hence,  the  time  of  a  complete 
oscillation  being  T,  we  have 
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and  therefore,  sabstitatiiig  for  k  its  Talue, 

(4)  A  particle  A  attracts  a  particle  B  with  a  force  always  to 
that  with  which  B  attracts  A  in  the  ratio  of  fi  to  fi;  the  parti- 
cles being  originally  at  rest,  to  find  their  position  as  well  as  that 
of  their  centre  of  gravity  after  any  time ;  the  intensity  of  each 
force  being  directly  as  the  distance  between  the  particles. 

Let  0  be  a  fixed  point  in  the  line  of  the  motion  of  the  particles, 
(fig.  118),  and  let  OA  —  Xy  OB^x'j  at  any  time  U 

Then^  for  the  motion,  we  have 

^  =  /A(a;'-a!) (1), 

^  =  -M'(a^'-^) (2). 

Multiplying  (1)  and  (2)  by  fi!  and  ia  respectively,  and  adding 
the  results,  we  get 

dx    dx 
Integrating,  and  bearing  in  mind  that  -^,  --^,  are  both  equal 

to  zero  initially, 

•  dx        dx 

integrating  again, 

fAX  +  fLx'  =:fAa-k-fia' (3), 

a,  a\  being  the  initial  values  of  x,  x. 

Again,  subtracting  (1)  from  (2), 

^  (a'  -  a?)  +  (/i  +/*')  (a?'  -  a?)  =  0; 

the  integral  of  this  equation  is 

a?'  —  a?  =  (7  cos  {(/A  +  fjuy  i  +  e}, 
C  and  €  being  constants. 

Now,  initially,  x^^a^  a;'  =  a',  -^  =  0,  "^  =  ^  J 
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hence  a  —a^  C  cos  e,        0  =  C7  sin  € : 

the  integral  therefore  becomes 

x-x  =  {a''-'a)  cos  {(/I  +  fi)h} (4). 

From  (3)  and  (4)  we  readily  obtain 


t         I 


{m  +  m')  X  =  mx  +  mx* 

where  m^  fn\  denote  the  masses  of  A^  B,  and  x  the  distance  of 
their  centre  of  gravity  from  0  at  any  time  «. 

J£  fi\  ft,  be  proportional  to  m,  m',  respectively,  then  clearly 
from  our  general  result 

{m  +  m)x^y—{^a  +  fia) 

-      a  a  +  iia 

or  a;  =  ^-,~- , 

which  shews  that  the  centre  of  gravity  remains  stationary  during 
the  whole  motion, 

(5)  A  body  not  affected  by  gravity  fedls  down  the  axis  of  a 
thin  cylindrical  tube  infinite  in  length,  the  particles  of  which 
attract  with  a  force  which  varies  inversely  as  the  sqnare  of  the 
distance ;  to  find  the  velocity  acquired  in  Mling  through  a  given 
space. 

Let  k  be  the  thickness  of  the  tube,  r  the  radius  of  its  interior 
surface,  x  the  distance  of  the  particle  P  firom  the  extremity  of  the 
tube  after  a  time  t ;  then  the  volume  of  a  portion  of  the  tube  con- 
tained between  slices  at  distances  a  and  s-^-ds  firom  P  will  be 
2irr1cd8y  and  therefore  the  attraction  of  this  elemental  portion  on 
the  particle  along  the  axis  of  the  tube  will  be,  the  unit  of  attrac- 
tion being  chosen  to  be  the  attraction  of  a  unit  of  mass  at  a  unit 
of  distance, 
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where  p  denotes  the  density ;  and  therefore  for  the  motion  of  the 
particle  we  have 


multiplying  hy  2  ^  and  integrating, 

t?"  =  -^  ^^irprlc  log  {aj+  (ai"  +  0*}  +  0. 

But  t?  =  0  when  a?  =  0;  hence 

0  =  47rpri  log  r  +  0, 

and  therefore         ^  =  47rpr)fc  log  ^—-^ —      ^   • 

(6)  Two  balls  are  moving  in  a  straight  line,  one  of  them  only 
being  acted  on  by  a  force ;  if  the  force  be  constant  and  tend 
always  towards  the  other  ball,  to  compare  the  times  which  elapse 
between  consecutive  impacts. 

Let  V  =  the  relative  velocity  of  the  balls  just  before  the  first 
impact :  then  eo  ^  their  relative  velocity  just  after :  hence,  in  a 

time  equal  to  -jt  ,  the  balls  are  again  in  contact,  /denoting  the 

2^v  2^1? 

force.    Similarly,  the  next  interval  is  — -?-  ,  the  next  —^r ,  and 

80  on.     Thus  e  is  the  ratio  of  the  times  between  consecutive 
impacts. 

(7)  From  a  point  ^  in  a  vertical  line  AB  fiJls  a  particle  from 
rest ;  at  the  same  instant  another  particle  is  projected  upwards 
from  B  with  a  given  velocity :  to  find  when  and  where  the  two 
particles  will  meet ;  the  motion  being  supposed  to  take  place  in 
a  vacuum,  and  gravity  being  the  only  force  to  which  the  particles 
are  subject. 
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Let  a  be  the  length  of  the  line  ABy  fi  the  velocity  of  projec- 
tion of  the  aacending  paxticle^  x  the  distance  firom  A  at  which 
collision  takes  place,  and  t  the  time  of  this  event  firom  the  com- 
mencement of  the  motion.    Then 

Kurdwanowski ;  MSm.  de  TAcad.  des  Sciences  de 

Berlin,  1755,  p.  394. 

(8)  A  body  is  projected  vertically  npwards  with  a  velocity 
4g :  after  two  seconds,  gravity  ceases  to  act  for  one  second,  and 
is  then  doubled :  to  find  the  greatest  height  to  which  the  body 
ascends,  and  to  detennine  the  velocity  when  it  returns  to  the  point 
of  projection. 

The  greatest  height  and  the  required  velocity  are  respectively 
9^  and  6^. 

(9)  A  body  of  known  elasticity  falls  firom  a  given  altitude 
above  a  hard  horizontal  plane,  and  rebounds  continually  till  its 
whole  velocity  is  destroyed ;  to  find  the  whole  space  described. 

If  a  denote  the  first  altitude,  e  the  elasticity,  and  s  the  re- 
quired space, 

1  +  6^ 

(10)  Two  perfectly  elastic  balls  beginning  to  descend  fipom 
different  points  in  the  same  vertical  line  impinge  upon  a  per- 
fectly hard  plane  inclined  at  an  angle  of  45®,  and  move  along 
a  horizontal  plane  with  the  velocities  acquired ;  to  find  what  dis- 
tance they  will  move  along  the  horizontal  plane  before  collision 
takes  place. 

If  a,  0^,  denote  the  altitudes  through  which  they  fall,  and  e  the 
distance  required, 

5  =  2  {oaTjK 

(11)  A  particle  falling  in  a  straight  line  towards  a  centre  of 
force,  the  intensity  of  which  varies  as  the  n^  power  of  the  dis- 
tance, acquires  a  velocity  /3  on  arriving  at  a  distance  a  from  the 
centre ;  to  find  at  what  distance  z  from  the  centre  of  force  it 
must  have  commenced  its  motion. 
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Let  fi  denote  the  absolute  force ;  then  0  will  be  ^ven  by  the 
equation 

Euler ;  Mechan,  Tom.  i.  p.  109. 

.  (12)  A  particle  falls  towards  a  centre  of  force,  of  which  the 
intensity  varies  inversely  as  the  cube  of  the  distance ;  to  find 
the  whole  time  of  descent. 

Let  fi  denote  the  absolute  force  and  a  the  initial  distance ;  then 

the  time  of  descent  =  -j . 

/** 

^  (13)  A  particle  descends  from  an  infinite  distance  towards  a 
centre  of  force  which  varies  inversely  as  the  square  of  the  dis- 
tance ^  to  find  the  velocity  at  a  given  distance  from  the  centre  of 
force. 

Let  /i  be  the  absolute  force  and  a  the  given  distance ;  then 


the  velocity  =  (— )  • 


^'  (14)    A  body  is  projected  vertically  from  the  surface  of  the 
Earth ;  to  find  the  height  to  which  it  will  ascend. 

If  ^  s  the  force  of  gravity  at  the  Earth^s  surface,  r  =  the 
Earth's  radius,  and  F=  the  velocity  of  the  body's  projection, 
then  the  height  of  ascent  is  equal  to 

If  V>  {^gr^y  the  body  will  never  descend. 

(15)  A  body  falls  from  a  giv^n  point  towards  a  centre  of 
force,  the  attraction  at  any  distance  r  being  -^ :  to  find  the  whole 

time  of  descent. 

» 

The  required  time  =  — j- . 


I    < 

/ 
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(16)  A  body  moves  from  rest  at  a  distance  a  towards  a  centre 
of  force,  the  force  yarying  inyerselj  as  the  distance :  to  determine 
the  value  of  /3  in  order  that  the  time  of  describing  the  space  be- 
tween fia  and  p^a  may  be  a  maximnm. 


The  required  value  of  ^8  is  equal  to  n  "<*"*>. 

(17)  A  particle  is  placed  at  an  assigned  point  between  two 
I   centres  of  force  of  equal  intensity  attracting  directly  as  the  dis- 
tance ;  to  determine  the  position  of  the  particle  at  any  tune,  and 
the  period  of  its  oscillations. 

Let  a  denote  the  initial  distance  of  the  particle  from  the 
middle  point  of  the  line  joining  the  two  centres  of  force,  x  the 
distance  after  the  expiration  of  a  time  t^  and  /i  the  absolute  force 
of  each  centre.    Then 

x^a  cos  {(2/4)V},  and  the  period  of  an  oscillation  = r  • 

(18)  A  particle  acted  upon  by  two  central  forces,  each  attracting 
-    with  an  intensity  varying  inversely  as  the  square  of  the  distance, 

is  projected  from  an  assigned  point  between  them  towards  one 
of  the  centres ;  to  find  the  velocity  of  projection  that  the  par- 
ticle may  just  arrive  at  the  neutral  point  of  attraction  and  remain 
at  rest  there. 

Let  /i',  /i'*,  denote  the  absolute  forces  of  the  two  centres ;  2a, 
2a^,  the  initial  distances  of  the  particle  from  the  two  centres; 
and  Fthe  velocity  of  projection.    Then 


/ 


XT'—     ^        ^' 


(: 


a     of) 


^  (19)  A  centre  of  force  C  l[fig.  119)  moves  along  the  stndght 
line  OA  with  a  uniform  velocity,  attracting,  with  a  force  varying 
directly  as  the  first  power  of  the  distance,  a  particle  P  which  is 
moving  in  the  same  straight  line ;  having  given  the  initial  posi- 
tion of  (7,  and  both  the  initial  position  and  the  initial  velocity  of 
P,  to  find  the  position  of  P  at  any  time. 
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Let  ay  €^y  be  the  initial  distances  of  C,  Py  fix>m  0 ;  /3  the  nni- 
fonn  velocity  of  Cy  and  fi"  the  initial  velocity  of  P;  x  the  distance 
of  P£rom  0  after  a  time  <;  /« the  absolute  force  of  attraction. 

Then    a;  =  a  +  /9<  +  ^~^  sin  (jih)  +  («'-.«)  cos  (/**<)• 

Biccati ;  Bonon.  Instil.  Tom.  vi.  p.  138 ;  1783. 

,  (20)  The  circmnstances  remaining  the  same  as  in  the  pre- 
ceding problem^  except  that  the  force  is  repidsive ;  to  find  the 
position  of  P  at  any  time. 

2fi*  2/*' 

Biccati;  3.  p.  151. 

(21)  Supposing  the  centre  C  to  move  along  OA  with  a  uni- 
form acceleration,  attracting  directly  as  the  distance ;  to  determine 
the  place  of  P  at  any  time. 

Let /represent  the  increment  of  CTb  velocity  in  each  imit  of 
time,  and  fi  its  velocity  at  the  commencement  of  the  motion; 
then,  the  notation  remaining  the  same  as  in  the  two  preceding 
problems, 

Biccati ;  lb.  p.  168. 


(22)  The  circumstances  and  notation  remaining  the  same  as 
in  the  preceding  example,  except  that  the  force  is  repulsive ;  to 
find  the  place  of  P  at  any  time. 

Biccati ;   lb.  p.  182. 
w.  8.  14 
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(23)  A  pttrtide  is  placed  at  a  given  distance  itom  a  uniform 
thin  plate  of  indefinite  extent;  every  particle  of  which  attxacts 
with  a  farce  varying  inversely  as  the  square  of  the  distance ;  to 
find  the  time  in  which  the  particle  will  arrive  at  the  surface 
of  the  plate. 

Let  )k  denote  the  thickness  of  the  plate,  p  its  density,  and  a  the 
initial  distance  of  the  particle  from  it :  then  ^ 


the  time 


yirpkj 


(24)  A  particle  being  placed  at  a  given  distance  fiom  a  thin 
circular  lamina  of  uniform  density,  in  a  line  passing  through  its 
centre  and  perpendicular  to  its  plane,  to  find  the  velocity  which 
it  will  acquire  by  moving  to  the  lamina,  the  attractive  force  of 
each  molecule  of  the  lamina  varying  inversely  as  the  square  of 
the  distance. 

Let  a  be  the  radius  of  the  circular  lamina,  k  its  thickness,  p  its 
density,  b  the  given  distance ;  then,  the  unit  of  attraction  being 
the  attraction  of  a  unit  of  mass  at  a  unit  of  distance,  and  V 
being  the  velocity  required, 

P=4wpJfc{a  +  J-(a"  +  6')*}. 

(25)  A  particle  is  placed  at  a  small  distance  from  the  centre  of 
a  thin  ring  of  uniform  density  and  thickness,  every  molecule  of 
which  repels  with  a  force  varying  inversely  as  the  square  of  the 
distance ;  to  determine  the  ppsition  of  the  particle  at  any  time, 
and  the  period  of  its  oscillations. 

Let  I  be  the  initial  distance  of  the  particle  from  the  centre  of 
the  ring,  a  the  radius  of  the  ring,  k  the  area  of  a  section,  p  the 
density,  and  x  the  distance  of  the  particle  from  the  centre  at  the 
end  of  a  tim&  t  Then,  the  repulsion  of  a  unit  of  the  ring's  mass 
at  a  unit  of  distance  being  taken  as  the  unit  of  repulsion, 

x^lcos  Y  ^      ^1  and  the  period  of  an  oscillation  =  l-j]  a. 
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Sectt.  2.     Motion  in  Besiating  Media. 

The  retardation  experienced  by  a  material  particle  in  travers- 
ing a  resisting  medium  of  variable  density,  depends  at  any 
point  of  its  path  upon  the  density  of  the  medixmi  and  the 
velocity  of  the  particle,  and  will  therefore  be  some  function 
of  these  quantities.  The  nature  of  this  fdnction  can  be  ascer- 
tained only  by  experiment.  In  mathematical  investigations,  for 
the  sake  of  simplicity  and  as  a  probable  approximation  to  the 
truth,  the  fonction  is  assumed  to  be  of  the  form  &pQ,  where  p 
denotes  the  density  of  the  medium  and  Q  some  function  of  the 
velocity  of  the  particle ;  and  where  A  is  an  invariable  coefficient 
depending  upon  the  nature  of  the  particular  medium  in  respect 
to  the  tenacity  and  the  friction  of  its  constituent  molecules. 

For  the  earliest  mathematical  development  of  the  theory  of 
the  resistance  of  media. to  the  motion  of  bodies,  we  are  indebted 
to  the  labours  of  Newton  and  Wallis.  The  profound  researches 
of  Newton  on  this  theory  were  published  in  the  year  1687  in  the 
second  book  of  the  Prindpia.  In  the  same  year,  after  the 
publication  of  Newton's  investigations,  Wallis,  who  had  indepen- 
dently arrived  at  valuable  conclusions  on  the  subject,  commimi- 
cated  his  reflections  to  the  Boyal  Society,  which  were  inserted 
in  the  Philosophical  Transactions  for  the  year  1687.  There  is  a 
paper  by  Leibnitz  on  the  question  of  resisting  media  in  the  Acta 
ErudU.  lAps.  ann.  1689,  in  which  he  developes  opinions  which  he 
declares  to  have  been  communicated  by  him  twelve  years  before 
to  the  Royal  Acfulemy  of  Sciences.  Huyghens  also  has  dis- 
cussed certain  points  of  the  theory  at  the  end  of  his  Discours  de 
la  Cause  de  la  Pesanteur,  published  in  the  year  1690.  Finally, 
all  which  these  philosophers  had  communicated  to  the  scientific 
world  either  with  or  without  demonstration,  was  investigated 
analytically  by  Varignon  in  a  series  of  papers  in  the  Memoires 
de  VAcad.  des  Sciences  de  Paris^  for  the  years  1707,  1708,  1709, 
and  1710.  There  is  an  elaborate  paper  by  Bouguer  in  the  M^. 
de  VAcad.  des  Sciences  de  Parts ^  1731,  p.  390,  in  which  he  inves- 
tigates the  motion  of  a  particle  in  resisting  media  which  are 
themselves  in  motion. 

14—2 
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(!)  A  particle  acted  upon  hj  no  force9  is  projected  with  a 
given  yelocitj  in  a  resisting  medinm  of  uniform  density,  where 
the  resistance  varies  directly  as  the  velocity ;  to  determine  the 
velocity  and  the  space  described  at  the  end  of  any  time. 

For  the  motion  of  the  particle  we  have 

dv 

where  fi  is  some  constant  quantity ;  hence 

dv 

Let  fi  denote  the  initial  velocity  when  x  is  supposed  to  be  zero ; 
then  fi^  Cy  and  therefore 

whence,  v  being  equal  ^  -j;^  '^^  ^*ve 


^-,m' 


But  ^  =  0  when  x^O;  and  therefore 

0=C-ilog/8; 

h^ioe  < «  -  log 


«^  = 


a,  =  ^  (1  -  «r^0. 

and  therefore  v  =  ^€^. 

Newton ;  iVtwogwa,  Lib.  Ii.  Prop.  1  and  2.  Leibnitz ; 
AdUi  Erudit.  Lips,  ann.  1689.  Yarignon;  JAm.  de 
VAcad.  des  Sciences  de  Parisy  ann.  1707,  p.  391. 
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(2)  A  body  fidlB  towards  a  centre  of  force  wliich  Taries  as  the 
inyerse  cube  of  the  distance,  in  a  medinm  of  which  the  density 
varies  also  as  the  inverse  cube,  and  of  which  the  resistance  varies 
as  the  square  of  the  velocity ;  to  find  the  velocity  at  any  dis- 
tance from  the  centre. 

.  Let  X  represent  the  distance  of  the  particle  from  the  centre 
after  a  time  t^  and  let  a  be  the  initial  distance.  Let  h  denote  the 
force  of  resistance  at  a  unit  of  distance  for  a  unit  of  velocity^ 
and  fi,  the  absolute  force  of  attraction. 

TheU;  for  the  motion  of  the  particle, 

Q^^ ?^  ^      2A^ 

^  dt  df     lfTt^a?~3f' 

d^daf_      d^l      ,^^J[^ 
dtW'^^dta?'^'^  de  dia?' 

Assume  7^  ^  ^  ^nd  -9  =^ « ;  tben 

dw        dz     J    dz 

dw  +  Jcwdz  =  fidz^ 

d{(fw)^IAi^dsiy 

h 
Hence,  putting  for  w  and  z  their  values, 

Butxasa  when  t;sO;  hence 


k  »  Jt 


* 
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'    When  X  becomes  eqaal  to  infinity,  sappoee  F  to  be  die  value 
of  V ;  theft 

V  is  called  the  terminal  velocity  of  the  particle,  a  technicality 
invented  by  Huyghens*,  to  signify  the  ultimate  velocity  of  a  par- 
tide  descending  in  a  resisting  medium  to  an  indefinitely  great 
depth. 

(3)  To  determine  the  motion  of  a  particle,  not  acted  upon 
by  any  force,  when  the  resistance  varies  as  any  power  of  the 
velocity. 

For  the  determination  of  the  relation  between  the  velocity 
and  the  space, 

ax 
kx=  C+ 


{n  -  2)  v' 

Let  07  =  0  and  v  =  fi  initially;  then 

1 


,«-« 


0=(7  + 


(n-2)/3^' 


Again,  for  the  relation  between  the  velocity  and  time, 


(n-l)t>' 

But  v  =  fi  when  <  =  0;   hence 

1 


.♦►-I 


0=^(7+ 


(n-l)/3* 


-1  > 


(n-l)^  =  -i..-^. (2). 

^  DUcours  sur  la  Cause  de  la  Pesanteur,  p.  170. 


BECTILINEAR  MOTION  OF  A  PABTICLEL  215 

K  between  (I)  and  (2)  we  eliminate  v^  we  shall  obtain  a  rela- 
tion  between  s  and  t. 

Varignon ;  Mfm.  de  VAcad.  des  Sciences  de  PariSf  1707,  p.  404- 

(4)  A  particle  acted  on  by  gravity  falls  from  a  given  altitude 
in  a  medium  of  uniform  density,  where  the  resistance  varies  as 
the  square  of  the  velocity ;  on  arriving  at  the  lowest  point  of  its 
descent  it  is  reflected  upwards  with  the  velocity  which  it  has 
acquired  in  its  fall ;  after  reaching  its  greatest  altitude  it  again 
descends  and  is  again  reflected ;  and  so  on  perpetually :  to  de- 
termine the  altitude  of  ascent  after  any  number  of  reflections. 

Let  the  maximum  altitudes  of  the  particle  be  represented  by 

a^j  a^y  a^j ,  a^  being  the  altitude  from  which  it  originally  falls. 

Let  c  denote  the  volume  of  the  particle,  and  p,  //,  the  density  of 
the  particle  and  of  the  fluid. 

For  the  descent  down  any  of  the  altitudes  there  is 

ax  cp 

«^  =  5^-*t^,    where  fl^  =  (l-^)5'» 

vdv 


or 


ST-W 


=  dx, 


but,  the  origin  of  x  being  the  highest  point, 

hence  ^  ^''^J^  =  *' 

and  therefore,  if  t?«  denote  the  velocity  acquired  down  the  v!^ 
altitude, 

log         jj,       =  2ia«, 

|t;.*  =  l-€-^ (I). 

if 
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For  the  ascent  up  tiie  (n  + 1)^  altitade,  the  origin  of  x  being 
the  lowest  point, 

dv         ^     »  •  vdv  y 

ax        ^  '       g'  +  k^ 

■^logig'-^h^^O-x, 
^\og  iif^  +  kvj)  =  C, 
—  log  5^=^7-0^^, 

^log(l+^0=a^„ 

|^^«  =  ^.-1 (2). 

Henoe,  from  (1)  and  (2), 

assume  €**^=u»,  and  we  have 

«-.i  +  i=2, 

Patting  u,  =  v,+  l,  we  get 

A-  =  l,      ^^n-^-C, 
^  ^n  1  1  n+14-C 


t*.-l     '•  '  -'       -•     *     n+0'       •••       n+a    • 
But 7-=  1  +  0;  hence 


1 

n4- 


«*•  = 


u^— 1 >w^  —  n  4- 1 

-  ,      1     ""(n-l)tt,-n  +  2* 
w-14- r  '  ■• 
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Or,  putting  for  u^;u^j  their  yalnes^ 

ng****  — n  +  1 

1  ,  n«**»  —  n-H  1 


2A  ^  (»-!)€*"» -n-h  2' 
If  a,  be  equal  to  infinity^ 

1  I        n 

Elder ;  Mechan.  Tom.  i.  p.  192. 

(5)  To  determine  the  centripetal  force  that  a  particle  may 
always  descend  to  a  giren  centre  in  the  same  time  jGrom  whatever 
distance  it  commences  its  motion ;  the  density  of  the  medinm  in 
which  the  particle  moves  being  known  at  every  point  in  its  path, 
and  the  resistance  varying  as  the  sqnare  of  the  velocity. 

The  equation  of  motion  is 

where  ^  denotes  the  centripetal  force,  and  k  the  density  at  any 
point.    Multiplying  by 

26-V««dir, 

the  equation  becomes 

d  {e^f^  1?^)  =  -  2  e^J^pdx. 

Integrating,  c"*/**^  t?"  =  0  -  2  J  e"'/**'jp&?. 

Let  a  denote  the  initial  distance  of  the  particle  from  the  centre 
of  force ;  then,  the  velocity  being  initially  equal  to  zero, 

where      A  ^2  1   e^I^'pdxmd  X=^2l  e^I^pdx. 

Therefore  t>  =  (^  -  X)*  «/"**, 

dt^-- =^. 
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Now  since  X^  kj  are  both  fiinctioiiB  of  Xy  it  is  dear  that  we 
may  assume 

where  P  is  a  function  of  X  alone ;  hence 

and  the  whole  time  of  descent,  since  X=0  when  x  —  O,  will  he 
equal  to 

_  r  e-/**'<fe  ^  _  r     dX      , 

and  sinoe  the  valoe  oi  tiiis  integral  is  to  be  the  same  for  all 
valaes.  ttf  a  and  dienefine  of  ^,  the  differential 

dX 

P(A^X)^ 

mnst  be  of  no  dimensions  in  X,  <2X,  and  A.    Hienoe  we  moat 

X* 
have  Py  which  dearly  cannot  involve  a,  equal  to  — =-,  where  /3 

is  some  constant  quanti^ ;  and  therefore 

X* 
hence,  X  and  x  being  simultaneously  equal  to  zero, 

2/3X*  ^f'e-f*^dx,    4^X=  I  fe'/w'&rr, 
8/8*  ne-*/**^  <&)  =  I  J*  e-/**  dtcl' , 
4/3* e*i*^pdx  =  e-/** &!  r €-/**<&, 

If  A;  be  equal  to  zero,  which  corresponds  to  a  perfect  vacuum, 

P  =  ^ldx^l^, 
or  the  centripetal  force  varies  as  the  distance. 
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If  the  medium  be  miiform,  or  A;  a  constant  quantity, 

1       r* 

Eoler ;  Mechan.  Tom.  i.  p.  220. 

(6)  A  centre  of  force  Cj  (fig.  120),  moves  along  the  straight 
line  OA  with  a  uniform  velocity,  repelling  with  a  force  vaiying 
directly  as  the  first  power  of  the  distance ;  a  particle  Pis  movine 
along  the  same  stTght  line  OA  in  a  mediL  lesiBting  as  ih! 
velocity;  having  given  the  initial  position  of  (7,  and  both  the 
initial  position  and  the  initial  velocity  of  P,  to  find  the  position 
of  P  at  any  time. 

Let  13  be  the  uniform  velocity  of  Cy  a  its  initial  distance  fix)m 
0 ;  X  the  distance  of  P  firom  0  at  the  end  of  the  time  t ;  /i  the 
absolute  force  of  repulsion ;  Jc  the  resistance  of  the  medium  for  a 
unit  of  velocity.  Then,  the  distance  between  0  and  P  at  the 
time  t  being  a  +  fit  —  XyW^  have  for  the  motion  of  P,  so  long  as 
it  continues  to  proceed  in  the  direction  OAj 

V  being  the  velocity  of  P  at  the  time  t,  estimated  in  the  direction 
OA.  Supposing  the  particle  to  be  moving  in  the  direction  A  0^ 
then,  V  being  also  estimated  in  this  direction,  we  should  have 

•^  ^  fi  {a  +  fit  -  x)  -^kvy 

an  equation  deducible  firom  the  former  one  by  the  substitution 

dT  —  i;  in  place  of  v :  hence  the  former  equation  applies  to  the 

motion  of  the  particle  under  all  circumstances,  the  quantity  v 

being  supposed  to   involve  the  diiection*sign  of  the  velocity 

implicitly. 

ffy* 
But  f?  =  -r=- ,  and  therefore 


dt 


d  X  r  rk  \  1  dx 
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and  tnerefoie,  putting  x  —  a  —  '^^—pt^z^ 

/* 

d^z  .  ,  dz 

Assume  z  =  A^^  A  and  p  being  constants ;  then,  substitating 
for  z  in  the  differential  equation,  we  have 

hence  the  complete  integral  is 

where  7,  </,  are  the  two  yalues  of  p  obtained  by  the  solution  of 
the  quadratic.    Hence  for  the  position  of  P  at  any  time  we  hare 

/* 

doc 
Suppose  0^,  /S",  to  be  the  initial  values  of  x^  -^ ;  then  clearly 

fix>m  which  two  equations  the  values  of  the  constants  C  and  O" 
are  immediately  determined. 

For  further  information  on  the  subject  of  the  rectilinear 
motion  of  a  particle  in  a  resisting  medium  under  the  action 
of  a  centre  of  force  moving  according  to  any  assigned  law, 
the  reader  is  referred  to  Siccati ;  De  motu  rectCUneo  corporis 
attracH  out  rqnsUi  a  centre  mobUi;  Disqumbio  quarto.  CommenJL 
Bonon.  Tom.  vi.  p.  212 ;  1783. 

"^  (7)  A  particle  is  projected  with  a  given  velocity,  towards  a 
centre  of  force  attracting  inversely  as  the  cube  of  the  distance, 
in  a  medium  of  which  the  density  varies  inversely  as  the 
square  of  the  distance  fix>m  the  centre  of  force;  to  determine 
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the  velocity  of  the  particle  at  any  distance  j&om  the  centre,  the 
resistance  for  a  given  density  varying  as  the  sqnare  of  the 
velocity. 

If  P  denote  the  velocity  of  projection,  fi  the  absolute  attract- 
ing force ;  k  the  retarding  force  of  the  medium,  at  a  unit  of 
distance  from  the  centre  of  force,  for  a  unit  of  velocity ;  a  the 
initial  distance  of  the  particle,  and  x  its  distance  corresponding  to 
a  velocity  t?, 

(8)  A  particle  is  projected  with  a  given  velocity  in  a  uniform 
medium,  in  which  the  resistance  varies  as  the  square  root  of  the 
velocity;  to  find  what  time  will  elapse  before  the  particle  is 
reduced  to  rest. 

If  )9  be  the  velocity  of  projection,  and  k  the  resistance  for 
a  unit  of  velocity, 

the  required  time  =  -~-  . 

(9)  If  t  denote  the  time  in  which  a  particle  £Etlling  from  rest 
will  acquire  a  certain  velocity,  and  r  the  time  in  which,  when 
projected  vertically  upwards,  it  will  lose  the  same  velocity ;  the 
motion  in  both  *cases  taking  place  in  a  medium  of  uniform 
density,  where  the  resistance  varies  as  the  square  of  the  velocity ; 
to  investigate  the  relation  between  t  and  r. 

If  k  denote  the  resistance  for  a  unit  of  velocity, 

log  tan  {\ir  +  T^g^-r)  =  2^*i*f. 

(10)  A  particle  projected  with  a  velocity  of  1000  feet  a  second, 
loses  half  its  velocity  by  passing  through  3  inches  of  a  resisting 
medium,  in  which  the  resistance  is  uniform ;  to  find  the  time  of 
passing  through  this  space. 

The  required  time  s=  3000*  part  of  a  second. 

(11)  A  particle,  attracted  to  a  centre  of  constant  attractive 
force,  moves  directly  towards  it  from  rest,  through  a  medium  of 
which  the  resistance  varies  as  the  square  of  the  velocity  directly, 
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and  as  the  distance  from  the  centre  inyersely ;  to  find  the  velo- 
city' for  any  position  of  the  particle  during  its  approach  towards 
the  centre,  and  to  ascertain  its  distance  from  the  centre  when  its 
velocity  is  a  maximum. 

Ji  f  denote  the  constant  central  force^  v  the  velocity  for  any 
distance  x  from  the  centre^  a  the  initial  value  of  Xy  k  the  resist- 
ance when  X  and  v  are  each  equal  to  unity,  and  ai  the  central 
distance  when  t?  is  a  maximum ; 

(12)  One  particle  begins  to  fall  from  the  higher  extremity  of 
a  vertical  line,  at  the  same  instant  in  which  another  is  projected 
upwards  with  a  given  velocity ;  the  particles  move  in  a  uniform 
medium  in  which  the  resistance  varies  as  the  velocity ;  to  find 
the  time  in  which  they  will  meet. 

Let  a  denote  the  length  of  the  vertical  line,  fi  the  velocity 
with  which  the  lower  particle  is  projected  upwards,  k  the  resist- 
ance for  a  unit  of  velocity,  and  t  the  required  time ;  then 

^(13)  A  particle  is  projected  vertically  upwards  in  a  medium  in 
which  the  resistance  is  equal  to  h^]  if  Fbe  the  velocity  of  pro- 
jection, to  find  the  particle's  velocity  V^^  when  it  again  arrives 
at  the  point  of  projection. 

'  ^ff  +  kV*' 

(14)  A  particle,  of  which  the  elasticity  is  e,  falls  from  rest 
from  an  altitude  a  in  a  uniform  medium,  the  resistance  of  which 
is  kf^'y  and  impinging  upon  a  perfectly  hard  horizontal  plane, 
rises  and  falls  alternately ;  to  determine  tihe  whole  space  described 
before  the  motion  ceases. 

The  required  space  =a-i-r  log  — ; — -^ 


k  ^     1  -  e' 
Bordoni;  Memorte  della  Socteta  Italiana,  1816,  p.  162. 
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CHAPTER  III. 

FREE  CUBVILINEAR  MOTION  OF  A  PARTICLE. 

Sect.  1.    Forces  acting  in  any  directions  in  one  Plane, 

Let  a  particle  moving  in  a  plane  curve  under  the  action  of  any 
accelerating  forces  be  referred  to  two  fixed  co-ordinate  axes  in 
the  plane  of  its  motion.  Let  a;,  y,  be  its  co-ordinates  at  the  end 
of  a  time  t  from  an  assigned  epoch ;  and  X,  F,  the  sum  of  the 
resolved  parts  of  the  accelerating  forces  parallel  to  the  axes  of 
a?,  y.  Then  the  circumstanoes  of  the  motion  will  be  completely 
represented  bj  the  equations 

^=^.  §=^- w 

The  method  of  resolving  parallel  to  fixed  axes  the  accelerating 
forces  whicb  act  upon  a  particle,  and  thus  reducing  the  deter- 
mination of  the  circumstances  of  its  motion  to  the  formulas  for 
rectilinear  acceleration,  was  first  given  by  Maclaurin,  Treaiise  of 
FtuoDums,  Vol.  I.  Art.  465,  et  sq.,  published  in  the  year  1742. 
Before  this  time  all  problems  in  curvilinear  motion  were  solved 
by  the  method  of  the  tangential  and  normal  resolutions,  which, 
although  more  immediately  suggested  by  the  physical  conception 
of  the  motion,  is  not  generally  so  convenient  in  analysis  as  that 
of  Maclaurin,  The  great  work  of  Euler  on  Mechanics,  which 
appeared  in  1736,  proceeds  altogether  by  the  ancient  method  of 
resolution.  We  shall  devote  the  third  section  of  this  chapter  to 
the  illustration  of  the  ancient  equations  of  motion. 

(1)  A  particle  acted  on  by  gravity  is  describing  a  path 
KABLy  (fig.  121) ;  having  given  the  resolved  part  of  the  velo- 
city at  ^  at  right  angles  to  the  chord  AB^i/o  find  the  resolved 
part  at  B  taken  in  the  same  direction. 

Let  u  be  the  given  resolved  part  of  the  velocity  9X  A]  v  the 
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velocity  at  right  angles  to  AB  at  any  point  of  the  path  cone- 

sponding  to  a  time  t  firom  leaving  Aj  and  x  the  perpendicular 

distance  of  the  particle  from  AB  at  this  time ;  also  let  a  be  the 

inclination  of  AB  to  the  horizon.    Then,  for  the  motion  of  the 

particle, 

a;  =  u^  —  ^^  cos  a  •  ^, 

and  t;»i«— ^cosa  •  ^ 

Now  at  the  point  B^  a? »  0,  and  therefore 

hence  for  the  value  of  t;  at  £  we  have 

Thns  we  see  that  the  velocity  of  the  particle  at  B^  resolved  at 
right  angles  to  AB,  is  equal  to  the  similarly  resolved  part  at  Af 
but  of  an  opposite  direction. 

(2)  A  particle  revolves  in  a  parabola  about  a  centre  of  force 
situated  in  the  point  of  intersection  of  the  directrix  with  the  axis ; 
to  find  the  force  at  any  point  of  the  path  of  the  particle. 

Take  the  centre  of  force  as  the  origin  of  co-ordinates,  the  axis 
of  the  parabola  as  the  axis  of  Xy  and  the  directrix  as  the  axis 
of  ^ ;  let  4fii  be  the  principal  parameter,  r  the  distance  of  the 
particle  at  any  time  firom  the  origin,  and  F  the  force  estimated 
repulsively. 

The  equations  of  motion  will  be 

£x_Ib^         d^_Fy  . 

de"  r  '      de'^T ^^^' 

The  equation  to  the  parabola  will  be 

^  =  4«i(aj  — m) (2); 

•»«"<»  y^=^^ (»)' 

and  therefore,  from  (1),. 

F{2mx-jn=r^ (4). 

Again,  eliminating  JF'between  the  equations  (1),  we  have 

d*y       d*x     ^ 

'"W-^dF^"'' 


N 
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integrating,  and  adding  a  constant  c  which  will  represent  twice 

the  area  described  in  a  unit  of  time  about  the  centre  of  force,  we 

obtain 

du         dx 

dt      '^  dt 
and  therefore,  by  (3), 


hence,  from  (4), 


(2wic  —  y*)  -^  =  2wc ; 


~  (27wa?  -  ff     2m  (2m  -  xY  '   ^  ^^' 

(3)  A  particle  urged  towards  a  plane  by  a  force  varying  as 
the  perpendicular  distance  from  it,  is  projected  at  right  angles 
to  the  plane  from  a  given  point  in  it  with  a  given  velocity ;  to 
determine  the  force  which  must  act  at  the  same  time  on  the  par- 
ticle parallel  to  the  plane,  that  it  may  move  in  a  given  parabola 
having  its  axis  in  the  plane,  and  to  find  the  co-ordinates  of  the 
particle  at  any  epoch  of  the  motion  in  terms  of  the  time. 

Let  the  initial  place  of  the  particle  be  taken  as  the  origin  of 
co-ordinates,  the  axis  of  the  parabola  as  the  axis  of  x,  and  a 
straight  line  at  right  angles  to  the  plane  through  the  origin  as 
the  axis  of  y.  Then,  since  the  required  force  must  evidently 
act  parallel  to  the  axis  of  x^  we  have,  by  Maclaurin's  Equations 
(A), 

$  =  ^ (1)' 

§'=-A*y (2). 

where  X  is  the  required  force  and  fi  a  constant  quantity.     Also 
the  equation  to  the  parabola  will  be 

y^-^mx (3). 

Differentiating  this  equation, 

dv  dx 

^  dt  dt^ 

dy^  .      d^y     ^    d*x     ^    ^  ^      ,^. 
w.  s.  15 
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The  integral  of  (2)  is 

y  =  (7sin  (ft'^  +  c). 

Let  Vhe  the  velocity  of  projection ;  then 

F=  CfT  cos  €. 
Also  y  =  0,  initially,  and  therefore 

9 

0=  Csinc. 

Hence  y  = -^  sin  (/a^«) (5). 

/** 

From  (5)  we  easily  see  that 

w-'"-'*^ («)• 

From  (2),  (4),  (6), 

2»»X=r*-2/*y», 

which  det^mines  the  required  force. 

Also,  from  (1)  and  (7), 

tPx      V*     , 

the  integral  of  this  equation  is 


V 

x  — 


=  G  cos  (2/**«  +  e) : 

•  doR 

smce  a;  =  0  and  -^  ==  0,  initially,  this  integral  is  easily  reduced 

to  the  form 

"'  =  8^^^(2'**') (®)- 

From  the  expressions  (5)  and  (8)  for  y  and  x  it  appears  that 
the  particle  oscillates  continually  in  a  portion  of  the  parabola  cut 
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off  by  a  double  ordinate  at  a  distaace  ■; —  from  the  vertex ;  and 

4/tm 

that  the  period  of  a  complete  oscillation  is  -j. 

(4)  A  particle,  attracting  with  a  force  varying  directly  as  the 
distance,  moves  uniformly  in  a  straight  line ;  to  determine  the 
motion  of  another  particle  situated  in  the  same  plane  and  subject 
to  its  influence,  the  initial  cirumstances  of  the  latter  particle 
being  given. 

Let  the  initial  position  of  the  attracting  particle  be  taken  as 
the  origin  of  co-ordinates :  and  let  a?',  y',  be  the  co-ordinates  of 
the  attracting,  and  x,  y,  of  the  attracted  particle  at  any  time  t : 
then  the  equations  of  motion  will  be 

/i'  denoting  the  absolute  force  of  attraction. 

But,  if  a,  fi,  denote  the  resolved  parts  of  the  velocity  of  the 
attracting  particle  parallel  to  the  axes  of  a?,  y,  which  are  by 
hypothesis  invariable, 

and  therefore 

J  =  ,*'(««-a:) (I), 

^=M^(fit-y) (2). 

From  the  equation  (1), 

■^{x  —  at)  ■^fi*{x  —  cU)=  0. 

The  integral  of  this  equation  is 

x-AcoH(jit)  -f  J?sin(/AO  +aa (3); 

where  A,  J5,  are  arbitrary  constants.    Differentiating  we  have 

dx 

-j7  =  —  A/i.  ain(jit)  +Bftcoa{jU)  +  a (4). 

15-^2 
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dor 

Let  a,  «i,  be  the  initial  values  of  a?,  -j-\  then,  from  (3)  and  (4), 

a  =  A^  m  =  Byi,  +  a, 
and  therefore,  from  (3), 

x  ~  a  COS  \jji£)  H sm  \jU)  +  orf. 

In  precisely  the  same  way,  h  and  n  being  the  initial  values  of 

y  =  6  cos  {jj£)  H ^  sin  (/Lt<)  +  ^^. 

A* 

(5)  A  particle  is  moving  in  a  plane  under  the  action  of  a 
force  always  perpendicular  to  a  line  drawn  from  the  particle  to  a 
fixed  point  in  the  plane :  to  find  the  law  of  the  force  that  the 
angular  velocity  of  the  particle  about  the  point  may  be  constant, 
and  to  determine  the  path  described. 

Let  0  be  the  fixed  point  in  the  plane,  P  the  position  of  the 
particle  at  any  time  ^,  6  the  inclination  of  OP  to  a  fixed  line  Ox 
in  the  plane  of  the  motion,  OP=r^  (?  =  the  force.  Then,  by 
formulsB  proved  in  systematic  treatises  on  the  motion  of  particles, 

H-'Tf-" <"• 


jK-'S)'" «• 


SB 
Let  -IT-  s  (o,  o  being  a  constant :  then 


dt 


d\       , 


a  and  ^  being  constants. 

Hence  (?  =  26)  J  =  26)*  (o^*  -  ^^% 

and  therefore 

G^  =  2a>'(r*-4a/8)*, 
which  gives  the  law  of  the  force. 
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Since  mt^Oy  we  have 
for  the  equation  to  the  path. 


• 


(6)  An  imperfectly  elastic  particle,  subject  to  the  action  of 
gravity,  is  projected  from  an  assigned  point  in  a  horizontal 
plane  with  a  given  velocity  and  in  a  given  direction ;  to  find  the 
velocity  of  incidence  and  of  reflection,  and  also  the  total  range 
with  the  corresponding  time  of  flight,  after  the  particle  has 
described  by  rebounding  any  number  of  parabolic  arcs. 

Let  e  be  the  elasticity  of  the  particle ;  u^  the  velocity  at  each 
end  of  the  x^  patabolic  arc,  and  a,  the  inclination  of  the  curve 
at  these  points  .to  the  l^orizon ;  t^  the  time  which  elapses  before 
the  a*  impact ;  s^  the  distance  of  the  point  of  a*  impact  from 
the  initial  position  of  the  particle. 

By  the  theory  of  impact  we  have 

w^j  cos  a^j  =  «3,  cos  a, (1), 

tt^j  sin  o^^j  =  eu^  sin  a, (2) ; 

and,  by  the  properties  of  the  motion  of  projectiles, 

A^x  =  -  w^i  sin  a^j (3), 

*/ 

A*;,  =  W;r+,  cos  a*^!  A<^ (4). 

From  (1)  it  is  evident  that 

u^  cosa^=  Wj  cosOj (5), 

where  w^  is  the  given  velocity  and  a,  the  given  angle  o£  pro- 
jection. 

Again,  from  (2),  putting  u^  sin  a^  =  v„  we  have 
and  therefore,  integrating, 

where  (7  is  an  arbitrary  constant.     But  aj=  1,  Vg  =  v„  simulta- 
neously ;  hence  Ce  =  v^,  and  therefore 

t?,  =  Vje^S         Ug  sin  a,  =  w,  sina,6*"* (6), 


230  FKEE  CURVILINEAB  MOTION  OF  A  PABTICLE. 

From  (5)  and  (6)  we  get 

tana,  =  tanaj.e*"*,       u^^u^  cos  <x^.{l  +tsLn? 0^.^^''^^]^^ 

by  which  the  ciicumstances  of  the  projection  are  determined  for 
each  of  the  parabolic  paths. 

Again,  from  (3)  and  (6), 

2 
A^«  =  -«i8uia,^ W5 

integrating  and  adding  a  constant, 

<f        e-l 
but  t,  =  0,  hence 

g        e-l     •"' 

and  therefore  L  =  — — r  . 

g         c-1 

Again,  from  (4)  and  (7), 

^ar  =  -  «*i  Sin  ttj.r .  tt^i  cos  O^^, 

if 

and  therefore,  by  (5), 

uTsin^ 

whence,  integrating  and  observing  that  «^  =  0,  we  shall  have 

_  u*  sin 2aj  1  — e* 
^  1-e 

Bordoni ;   Memorie  deUa  Societa  Italiana,  Tom.  XVII.  P.  I. 

p.  191 ;    1816. 

(7)  A  particle  is  projected  obliquely  from  a  point  J[  at  an 
angle  a  with  the  horizon,  so  as  to  hit  a  point  JS,  AB  being 
inclined  at  an  angle  /3  to  the  horizon ;  and  the  velocity  of  pro- 
jection is  such  that  with  it  the  particle  would  describe  the 
straight  line  AB  uniformly  in  n  seconds;  to  find  the  time  of 
flight. 

The  required  time  =  n —  . 

^  cos  a 
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(8)  To  find  the  angle  at  which  a  body  mtiBt  be  projected  firom 
a  point  in  a  given  inclined  plane,  in  order  to  impinge  upon  the 
plane  at  right  angles;  the  plane  of  projection  being  at  right 
angles  to  the  inclined  plane. 

K  a  =  the  inclination  of  the  given  plane  to  the  horizon,  the 

angle  which  the  direction  of  projection  must  make  with  this 

plane  is  equal  to 

/cota\ 

1 2  ;• 


^    -i/cota" 
tan  * ' 


(9)  A  spherical  particle,  of  which  e  is  the  elasticity,  is  pro- 
jected with  a  velocity  t;  at  an  angle  of  elevation  a,  and,  at  the 
instant  of  attaining  its  greatest  altitude,  strikes  horizontally  a 
similar  and  equal  particle  falling  downwards  with  a  velocity  \  v 
at  the  point  of  collision ;  to  find  the  distance  of  the  particles  from 
each  other  at  the  end  of  t  seconds  after  the  impact. 

The  distance  required  =  ^vt  (1  +  4€^  cos"  a)*. 

(10)  If  two  particles  be  projected  from  the  same  point,  at  the 
same  instant,  with  velocities  v,  v,  and  at  angles  of  elevation 
a,  o^;  to  find  the  time  which  elapses  between  their  transits 
through  the  other  point  which  is  common  to  both  their  paths. 

The  required  time  =g     tn/Bin(«~cO 
^  ^vcosa  +  t/coso^ 

(11)  If  a  be  the  angle  between  the  two  tangents  at  the  ex- 
tremities of  any  arc  of  the  parabolic  path  of  a  particle  acted  on 
by  gravity ;  t?,  v',  the  velocities  at  these  two  points,  and  v^  the 
velocity  at  the  vertex ;  to  find  the  time  through  the  arc. 

The  required  time  =^^1^. 

• 

(12)  A  cannon  being  pointed  towards  the  top  of  a  tower,  the 
ball  is  seen  to  strike,  after  t  seconds,  a  point  of  the  tower  on  the 
same  horizontal  line  with  the  cannon:  being  reloaded  with  a 
different  charge,  and  raised  to  twice  its  former  angle  of  elevation, 
the  ball  is  observed  to  strike  the  top  of  the  tower  after  r  seconds: 
to  find  the  distance  of  the  tower  from  the  cannon. 
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The  required  distance  is  equal  to 

(13)  If  a  projectile  passes  through  three  points  (a,  J),  (a',  J'), 
(a",  h") ;  to  find  the  equation  connecting  these  co-ordinates,  the 
point  of  projection  being  the  origin,  and  the  axis  of  x  being 
horizontal. 

The  required  equation  is 

b  i;  ^ 

a of a"  _ 


(a_aO(a-a'0      (a'-a'O  (a'-a)  ^  (a''-a)  (o'^-o') 

(14)  Three  observers  are  placed  in  the  line  in  which  the  plane 
of  a  projectile's  motion  intersects  a  horizontal  plane,  their  dis- 
tances firom  a  given  point  of  this  line  being  o,  a^,  a„,  respec- 
tively ;  the  greatest  angular  elevation  of  the  projectile  is,  for 
each  observer,  respectively,  tan"*  a,  tan"*a^,  tan'^a^^;  to  find  the 
greatest  height  it  attains  above  the  plane. 

The  greatest  height  is  equal  to 

^aa     ^  (°^/-0  +0^/  (g//~  «)  +  «//  («-gj 
'  ''*a^(a,-aj+a/(a,,-a)-ha,/(a-a,)  * 

(15)  A  particle  describes  an  ellipse  under  the  action  of  a  force 
at  right  angles  to  the  axis  major ;  to  find  the  force  at  any  point 
of  the  path. 

Let  a,  i,  be  the  semiaxes  major  and  minor,  y  the  distance  of 
the  particle  at  any  point  of  its  path  firom  the  axis  major,  /8  the 
velocity  of  the  particle  parallel  to  the  axis  major  which  will 
remain  invariable  during  the  whole  motion.     Then 

the  force  required  =  -^ . 

If  i  =  a,  or  the  ellipse  become  a  circle, 

the  force  =  — v  • 

Biccati;   Comment.  Bonon,  Tom.  I  v.  p.  149;  1757. 
Newton ;  Prindpia,  Lib.  I.  sect.  2,  prop.  8. 
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(16)  If  a  particle  be  acted  on  by  a  vertical  force  so  as  to 
describe  the  common  catenaiy,  to  determine  the  force  and  the 
velocity  at  any  point. 

If  /8  =  the  horizontal  velocity  of  the  particle,  then,  the  equation 
to  the  catenary  being 

the  required  force  and  velocity  are  respectively  equal  to  ^-.y 
and  — .  y. 

(17)  A  particle  describes  the  arc  of  a  cycloid  imder  the  action 
of  a  force  parallel  to  its  base ;  to  find  the  law  of  the  force. 

If  the  equations  to  the  cycloid  be 

x=^a  vers  0,        y  =  a  (5  +  sin  5), 

and  F,  )8,  denote  the  force  required  and  the  velocity  parallel  to 
the  axis  of  the  cycloid,  * 

1       2a    ...  .^ 

-T=»=  -75-  Sin  ^  sm*  - . 
F     ^  2 

(18)  A  particle  is  projected  with  a  given  velocity  parallel  to 
a  given  straight  line  towards  which  it  is  always  attracted  with 
a  force  proportional  to  its  perpendicular  distance  from  it;  to 
determine  the  position  of  the  particle  at  any  time  and  the  equa- 
tion to  its  path. 

Let  A  (fig.  122)  be  the  initial  position  of  the  particle ;   Ox  the  . 
given  straight  line;  draw  yAO  at  right  angles  to  Ox;  let  Oa?, 
Oy,  be  the  axes  of  a?,  y ;   P  the  position  of  the  particle  after 
a  time  t]  let    OM=x,  PM=y;  AO  =  b,  /8  =  the  velocity   of 
projection ;  and  let  fi*  be  the  absolute  force  of  attraction.     Then 

x  =  fit,     J  cos  ^  =  y  =  J  cos  (jjU). 
Eiccati ;    Comment,  Bonon.  Tom.  iv.  p.  155 ;  1757. 

(19)  A  particle  is  projected  from  a  point  x=0,  y  =  J,  with  a 
velocity  /8  parallel  to  the  axis  of  Xy  and  is  subject  to  the  action 
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of  a  force  tending  towards  the  axis  of  x  parallel  to  the  axis  of  y, 
and  varying  inversely  as  the  sqnare  of  the  distance ;  to  find  the 
equation  to  the  path  of  the  particle. 

Let  fi  denote  the  attracting  force  at  a  unit  of  distance ;  then 
the  equation  to  the  path  will  be 

Kiccati ;  CammenL  Banon*  Tom.  rv.  p.  159 ;  1757. 

(20)  A  particle  is  projected  from  0  (fig.  123)  with  a  given 
velocity  in  the  direction  Oy,  and  is  acted  on  by  a  centre  of  force, 
which  attracts  directly  as  the  distance  and  moves  uniformly  with 
a  given  velocity  along  Ox  at  right  angles  to  Oy ;  to  determine 
the  position  of  the  particle  when  its  motion  first  becomes  parallel 
to  Ox, 

Let  /Lfr'  denote  the  absolute  force ;  a  the  initial  distance  of  the 
centre  of  force  from  0 ;  fi  the  velocity  with  which  the  particle 
is  projected,  ^  the  uniform  velocity  of  the  centre  of  force  along 
Ox,  and  x,  y',  the  co-ordinates  of  the  required  position  of  the 
particle;  then 

3-^  (21)  A  particle,  which  is  placed  at  rest  initially  in  a  given 
position,  is  acted  on  by  two  forces,  one  repulsive  and  varying  as 
the  distance  from  a  given  point,  and  the  other  constant  and 
acting  in  parallel  lines ;  to  determine  the  position"of  the  particle 
at  any  time  and  the  equation  to  its  path. 

Let  the  centre  of  the  central  force  be  taken  as  the  origin  of 
co-ordinates,  and  let  the  directions  of  the  axes  be  so  chosen  that 
the  direction  of  the  constant  force  makes  an  angle  of  45*  with 
each  of  them.  Then,  if  a,  i,  be  the  co-ordinates  of  the  initial 
position  of  the  particle,  /*'  the  absolute  foKC  of  repulsion,  and 

/the  constant  force,  we  shall  have,  putting /=  2^fi*m, 


f^=*("--)-fT 


m 
m 
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% 


(22)  Four  equal  particles,  attracting  directly  as  the  distance, 
are  fixed  in  the  comers  of  a  square ;  to  find  the  path  of  a  par- 
ticle projected  from  the  centre  of  the  square  in  any  direction  in 
the  plane  of  the  square. 

Let  the  centre  of  the  square  be  taken  as  the  origin  of  co-ordi- 
nates, and  let  the  axes  be  at  right  angles  to  the  two  pairs  of 
opposite  sides  of  the  square.  Then,  if  2  m,  2n,  be  the  resolved 
parts  of  its  velocity  of  projection  parallel  to  the  axes  of  x^  y, 
respectively,  and  yf  the  absolute  force  of  attraction  of  each  of  the 
fixed  particles,  the  equation  to  the  path  of  the  free  particle  will  be 

Q?       f_   1 

2X  (23)  A  particle  describes  a  cycloid  under  the  action  of  a  force, 
which  in  every  position  of  the  body  is  directed  towards  the 
centre  of  the  corresponding  generating  circle :  to  find  the  law  of 
the  force  and  of  the  motion  of  the  centre  of  force. 

The  centre  of  the  generating  circle  moves  uniformly  and  the 
force  is  constant. 

Mackenzie  and  Walton ;  Solutions  of  the  Camhridge  Probl&ms 
for  1854. 

(24)  The  locus  of  the  direction  of  projection  being  a  plane, 
and  the  velocity  of  projection  constant,  to  find  the  locus  of  the 
trajectories  described  by  bodies  acted  upon  only  by  gravity. 

The  required  locus  is  the  surface  of  an  elliptic  paraboloid,  the 
axis  of  which  is  vertical,  and  the  point  of  projection  is  the 
umbilicus  of  the  surface. 

(25)  A  heavy  partible,  having  been  projected  at  a  given  angle 
to  the  inclined  plane  AB,  (fig.  124),  proceeds  to  ascend  this 
plane  by  bounding  in  a  series  of  parabolic  arcs ;  to  determine 
the  angles  of  incidence  and  reflection  after  any  number  of 
impacts. 

Let  L  be  the  inclination  of  the  plane  AB  to  the  horizon ;  a^ 
the  angle  of  reflection  in  the  x^  arc,  )8^j  the  angle  of  incidence 
in  the  {x—\y^\   and  e  the  elasticity  of  the  particle.     Then 
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(1  —  e)  ^^  tan  ol 
1  — 6  --  2  (1  —  e^^)  tan  i,  tan  o^  * 

Bordoni ;  Memorie  della  Societa  Italtana,  Tom.  xvil. 

P.  I.  p.  191 ;  1816. 

(26)  A  ball,  of  which  the  elasticity  is  e,  is  projected  with 
a  velocity  F  in  a  direction  making  an  angle  a  +  c  with  the 
horizon,  and  rebounds  from  a  plane  inclined  to  the  horizon 
at  an  angle  c  and  passing  through  the  point  of  projection. 
To  determine  the  relation  between  J2^,  B^^,  ^x^^  three  con- 
secutive ranges  upon  the  inclined  plane  after  a;,  a?  +  l,  a? +  2, 
rebounds  respectively,  and  to  find  the  sum  of  all  the  ranges  on 
the  inclined  plane  before  the  ball  begins  to  slide  down  the  plane. 

If  cot  /8  =  (1  —  6)  cot  t,  and  8  denote  the  sum  of  the  ranges ; 

-B^- («  +  «') -B,^i  +  «'JZx  =  0, 

^_  2  7* sin )8  sing  cos  (aH-/8) 
^  sm  t .  cos  p 

Sect.  2.  Central  Forces. 

Let  the  force  which  acts  on  a  particle  tend  always  towards  a 
fixed  centre,  which  we  will  take  as  the  origin  of  co-ordinates. 
Let  F  denote  the  force  at  any  distance  firom  the  centre ;  a:,  y,  the 
co-ordinates  of  the  particle  at  the  end  of  a  time  t  reckoned  firom 
an  assigned  epoch,  r  its  distance  fix)m  the  centre  of  force,  and  6 
the  inclination  of  this  distance  to  any  fixed  line  in  the  plane  of 
a;,  y.  Then,  by  Maclaurin's  Equations,  the  plane  of  co-ordinates 
being  identical  with  the  plane  of  the  motion, 


d^x  __     Fx  d^y  _ 

From  these  equations  may  be  obtained  the  following  formulsB: 

r'de^hdt (I),- 

v=^ * (II), 

P 


«'=*'{a3"-^} en). 
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»»  =  „•»_  2  fiF^r (IV), 

-''p{uyi} (V). 

^-'w-v-- ^^- 

In  these  formulaB  h  represents  twice  the  area  swept  out  by  the 
radins  vector  about  the  centre  of  force  in  a  unit  of  time,  p  the 
perpendicular  from  the  centre  upon  the  tangent  at  any  point  of 
the  orbit,  v  the  velocity  of  the  particle,  and  v,  r\  any  simulta- 
neous values  of  v,  r.  If  the  central  force,  instead  of  being 
attractive  as  we  have  been  supposing,  be  repulsive,  we  must 
replace  -Fin  these  formulae  by  —  F. 

The  equation  (I)  shews  that  the  area  swept  out  by  the  radius 
vector  varies  as  the  time,  and  either  of  the  equations  (II)  and 
(III)  that  the  velocity  at  any  point  of  the  orbit  varies  inversely 
as  the  perpendicular  from  the  centre  of  force  upon  the  tangent 
to  the  orbit  at  that  point:  these  two  propositions  were  first 
established  by  Newton*.  The  equation  (TV)  shews  that  the 
velocity  of  the  particle  at  any  point  of  its  path  depends  only 
upon  the  distance  of  the  point  from  the  centre,  the  velocity  of 
projection  and  the  prime  radius  vector,  whatever  be  the  course 
which  it  may  have  pursued ;  the  discovery  of  this  proposition  is 
likewise  due  to  Newton*.  The  formula  (V),  by  which  the  path 
of  the  particle  may  be  determined  when  we  know  the  law  of  the 
central  force  and  conversely,  Ampfere'  ascribes  to  Binet.  The 
formula  (VI)  was  communicated  without  demonstration  to  John 
Bq^oulli  by  De  Moivre  in  the  year  1705 ;  a  proof  of  the 
formula  was  returned  to  him  by  Bernoulli  in  a  letter  dated 
Basle,  Feb.  1706.     The  formula  (VII)  was  given  much  about 

*  Principia,  Lib.  i.  Prop.  1. 

»  lb.  Lib.  I.  Prop.  40. 

'  Annaleg  de  Gergonntf  Tom.  xx.  p.  (^. 
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the  same  time  by  Clairaut*  and  by  Euler«,  and  signifies  that  the 
acceleration  of  the  radius  vector  is  equal  to  thQ  excess  of  the 
centrifugal  above  the  attractive  force. 

(1)  To  find  the  law  of  the  force  by  which  a  particle  may  be 
made  to  describe  the  Lemniscata  of  James  Bernoulli,  the  centre 
of  force  coinciding  with  the  node,  and  to  investigate  the  time  of 
describing  one  of  the  ovals. 

The  polar  equation  to  the  Lemniscata  is 

r'  =  a»  cos  25 (1); 

^  ^  ^/IV    _8in2e 


hence 


^  '  a  (cos  2^)*  '        ^  V*-/      a  (cos  2^)* ' 

rf'  /I\  ^         2  3  (sin  20Y  ^         3 1 

^\r)     a  {cob  20)^     a  (cos  2^)^     a  (cos  2^)*     a(cos2e)*' 


and  therefore 

3  3a* 


(cos  2^)*       ^  ' 
Hence,  by  the  formula  (V), 

r 
Again,  by  the  formula  (I)  and  the  equation  (1),  we  have 

hdt^r'de^^a^  cos  29  d0, 
and  therefore,  if  P  denote  the  required  periodic  time, 


=1'/: 


2   /•+Jir  ^2 

COB  20  d0  =  -r> 


Let  /A  denote  the  value  of  F  when  r  =  1 ;  then  we  have 
^^Sa*h\      A  =  4-.      P=^. 

(2)  A  particle  moves  in  an  equiangular  spiral  under  the 
action  of  a  force  tending  towards  the  pole ;  to  find  the  law  of 
force  and  the  velocity  at  any  point  of  the  orbit. 

*  Thiarie  de  la  Lune,  p.  2 ;  the  first  edition  of  which  appeared  io  1762,  from  a  MS. 
sent  to  St  Petersbnrg  in  1750. 

*  Nov,  Comment,  Petrop.  1752, 1753,  p.  164. 
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If  /8  be  the  mvariahle  angle,  r  the  radius  vector,  and  p  the 
perpendicular  from  the  pole  upon  the  tangent, 

2?  =  r8in/8 (1). 

Differentiating  with  respect  to  r,  we  have  ■^  =  8in/8,  and 
therefore,  from  (VI), 

Let  c  be  the  velocity  corresponding  to  a  given  radius  vector 
r;  then,  by  (II)  and  (1), 

A  =  cr'  sin  /8. 

Hence,  from  (2),  ^="jr  i 

and,  from  (II)  and  (1), 

or  Binp     cr 

t?  = r--5-  =  — . 

rsmp       r 

(3)  A  particle  describes  an  equilateral  hyperbola  round  a 
centre  of  force  situated  in  the  centre ;  to  find  the  law  of  the 
force  and  the  angle  which  the  particle  will  describe  about  the 
centre  from  the  apse  in  a  given  time. 

The  equation  to  the  hyperbola  being 

IV    cos  2^ 


a« 


(1), 


1  d  n\         sin  2^ 


^^^^^^  ;i>0=""^^- (')' 


rd^W"*"l55WJ~ 


2cos2& 


and  therefore,  from  (2), 

1  rf*  n\      r*   .  -   ^         2cos2^ 

and[  thence,  hj  (1), 


dff' 


Vr/      r  a 
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Hence,  by  the  formula  (V), 

a 

The  negative  sign  shews  that  the  force  must  be  repulsive; 
let  —  /A  be  the  absolute  force,  that  is,  the  value  of  -F  at  a  imit  of 
distance.     Then 

2 

Putting  for  h  its  value  aV     in  the   formula   (I),   and  r^ 

for  r*,  we  get 

<^  hj.        00620 d0         1  d&m20        ^   a,^ 

integrating,  and  supposing  the  time  to  be  reckoned  from  apsidal 

passage,  we  have 

,  ,      1  +  sin  25      ^1 

*     ^  I  -  sm  25        ^  ' 
whence,  writing  fi  in  place  of  4/Lt',  we  obtain 

(4)  A  particle  is  revolving  in  a  parabola  about  a  centre  of 
force  in  the  focuB,  and,  when  it  arrives  at  a  given  distance  from 
the  focus,  the  absolute  force  is  suddenly  doubled ;  to  determine 
the  nature  of  the  subsequent  path  of  the  particle. 

Let  4m  be  the  latus  rectum  of  the  parabola,  r  the  radius 
vector  at  any  point,  and  p  the  perpendicular  from  the  focus 
upon  the  tangent.     Then,  by  the  nature  of  the  parabola, 

i  =  J-      2  dp_   1 
]f     mr  '  p^  dr^  mr^ ' 

and  therefore,  by  (VI), 


F=   *' 


,« • 


2mr 

But,  after  the  absolute  force  has  been  doubled,  we  shall  have  for 
the  motion 
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and  therefore,  by  (VI), 

mr*    p^  dr  '   mi^     ^  dr  ' 
Integrating,  we  have 


Let  c  be  the  value  of  r  at  the  instant  when  the  absolute  force 
is  doubled ;  then,  p  being  then  common  both  to  the  parabola  and 
to  the  new  path,  we  have 


mc  2mc '  2mc ' 

and  therefore,  for  the  equation  to  the  new  path,  there  is 

1         1  1        mc     2o     ^ 

which  is  the  equation  to  an  ellipse,  2  c  being  the  major  and 

2  {mcy  the  minor  axis. 

Since  the  ellipse  touches  the  parabola  when  r^^Cy  the  semi- 
axis  major,  it  follows  from  the  nature  of  the  ellipse  that  the  point 
of  contact  is  an  extremity  of  the  semi-axis  minor,  and  therefore 
that  the  axis  major  of  the  ellipse  is  parallel  to  the  tangent  at  the 
point  r  =  c  of  the  parabola.  But  the  sine  of  the  angle  of  inclina- 
tion of  the  tangent  of  the  parabola  at  this  point  to  its  axis  is 

i  i 

-t-  —  __     when  r=^c.  that  is,  =  t  ,  and  therefore  the  inclination 

of  the  major  axis  of  the  ellipse  to  the  axis  of  the  parabola  is 


•in-j^l . 


(5)  A  particle  is  describing  «  curve  about  a  certain  centre  of 
force,  the  velocity  of  the  particle  varying  inversely  as  the  n^ 
power  of  its  distance  from  the  centre  of  force ;  to  find  the  law  of 
the  force  and  the  equation  to  the  path. 

We  shall  have,  /i  denoting  some  constant  quantity, 


T 

w.  s.  16 
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Hence,  from  (IV),  there  is 

and  therefore,  differentiating, 

which  determines  the  law  of  the  force. 
Again,  from  (III)  there  is 

//*»-A»r*'-*\i     .  d  1 
[ r« J^'^Wr' 

(n-l)^=C  +  cos-*^=— • 

Suppose  0=Oy  when  r=a ;  then,  2;  denotmg  a  constant  quaatily, 
(«  - 1)  d  =  cos"*  {h^'')  -  cos"'  (Jfea*-*). 

Biccati ;  Camfnent.  Bonon.  Tom.  iy«  p.  184. 

(6)  1£  the  force  vary  as  the  n*  power  of  the  distance,  and  a 
particle  be  projected  from  an  apsidal  distance,  with  a  velocity  of 
which  the  square  is  equal  to  1  —  €  times  the  square  of  the  velocity 
in  a  circle  about  the  same  centre  of  force  with  a  radius  equal  to 
the  apsidal  distance ;  to  find  the  equation  to  the  orbit,  e  being  a 
very  small  quantity. 

Let  a  be  the  apsidal  distance;  then  r=^a  —  Xy  where  2;  is  a 
small  quantity,  because  the  path  of  the  particle,  as  is  evident 
from  the  initial  circumstances,  %  will  be  nearly  circular.  Then, 
approximately, 

r     a  —  X     a\       a/  '   d6^  \rj     a*  cW  ' 
Also,  fjb  denoting  the  absolute  force  of  attraction, 

iV     wr*^     a  ,  V  .^     fui*"^  f ,      (n  +  2)  x) 
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Hence,  by  the  formula  (V), 


cfdff^cf'^a       K 


X 


{-^l-o. 


g+{n.(,+2)«j^}«+.-«j::-o (.), 

Let  V  be  the  velocity  of  projection,  and  v  the  velocity  in  a 
circle  about  the  same  centre  of  force  with  a  radius  a ;  then 

F»=(l-€)«»=(l-€)/*a*« (2). 

But,  by  the  formula  (11), 

because  the  motion  is  initially  at  right  angles  to  the  radius  vector, 
and  Qy  Vy  are  the  initial  values  of  the  radius  vector  and  of  the 
velocity.    Hence,  from  (2), 


and  therefore,  from  (1),  the  product  of  e  and  x  being  neglected, 

d*x 

^+(»  +  3)a;-€a  =  0. 

dx 
Multiplying  by  2  ^  and  integrating, 

da? 

^  +  (n  +  3)  a?- 2€aa:  =  0, 

die 
no  constant  being  added  because  ^  ^  ^7  hypothesis  equal  to 

zero  when  a;  s=0;  hence 


Integrating  and  considering  zero  to  be  the  initial  value  of  0, 

(n  +  3)»  ^  =  vers^-^^ '—. 

whence  for  the  polar  equation  to  the  curve  we  have 

r  =  a-^ver8{(n  +  3)*d} (8). 

16—2 


244  FREE  CURVILINEAR  MOTION  OF  Jl  PARTICLE. 

The  general  condition  for  an  apsidal  distance  is  evidently  that 
-^  shall  be  eqnal  to  zero:  differentiating  the  equation  (3)^  we 
get  for  the  determination  of  apses, 

% ^sin{(n  +  3)^=0. 

Hence '  (n  +  3)*  ^  =  X'w, 

where  X  is  any  integer:  let  ^,  0"^  be  the  values  of  0  for  two  con- 
secutive apsidal  distances ;  then 

(n  +  3)*^'  =  X'n-,    (n  +  3)*r=(X  +  l)^, 

and  therefore,  ^  denoting  the  angle  between  any  two  consecutive 
apses, 


(n  +  3)*' 

(7)  A  particle,  attached  to  one  end  of  a  slightly  extensible 
string  which  is  extended  to  its  natural  length  and  has  its  other 
end  fixed,  is  projected  at  right  angles  to  it ;  to  determine  the 
extension  of  the  string  at  any  time  and  the  path  of  the  particle, 
the  string  resting  on  a  smooth  horizontal  plane  and  being  indefi- 
nitely fine. 

Let  a,  c,  denote  the  initial  length*  of  the  string  and  the  initial 
velocity  of  the  particle.  Let  r^a  +  x  represent  the  length  of 
the  string  at  the  end  of  any  time  t,  the  corresponding  angular 
co-ordinate  being  d,  and  the  initial  position  of  the  string  the  prime 
radius  vector.  Let  m  denote  the  mass  of  the  particle,  and  p  the 
tension  necessary  to  stretch  the  string  to  a  length  a  +  /3.  Then, 
the  extension  being,  by  Hooke's  law,  proportional  to  the  tension, 

we  have  for  the  tension  at  the  time  t  the  expression  ^ .    Hence, 
by  the  formula  (VII),  we  have  , 

d'r  ^    dff^     px 

and  therefore,  by  (I), 

rf  V  __}?     px 

But  from  the  circumstances  of  the  projection  of  the  particle  it  is 
clear  by  the  formula  (II)  that  Ji  =  ac\  hence 
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<Px  ^     a V        px 

Multiplying  bj  2  -j^  and  integrating, 

^— /Y^     aV        pa?  ^ 

^""      ""(a  +  aj)""^' 

but,  initially,  a?  =  0,  -^  =  0 ;  hence  (7 = c^,  and  therefore 

da?  ^  «        ^^        P^ 


--■-^'-f)-^ 


_2c'a;     pa? 
a       Trip 


(1), 


where  small  quantities  of  the  first  order  only  are  retained,  3- .  a? 

being  of  the  first  order  because  x  and  /9  are  of  the  same  order. 
Extracting  the  root,  we  have 

l=(f)'(»^-»')"V 

whence,  integrating  and  bearing  in  mind  that  a; «  0  when  ^  ==  0, 


fe)' '}  ■ 


or  a;  =  — i-  vers 

pa 

which  gives  the  extension  of  the  string  at  any  time  during  the 
motion. 

We  proceed  now  to  the  determination  of  the  equation  to  the 
path  of  the  particle.     From  (I)  and  (1)  there  is 

^  -  r*  /2^  _  £^\ 
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_  {a  -f  x)*  /2clc     jwA 
""     aV     V  a       mfi) 

^2ax—^^j^y  approximatelj, 

dx      \pcf  )  \     pa       '      ) 
Integrating,  and  remembering  that  ^  =  0,  x^Oy  simnltaneonslj. 


T^a  +  x=ia'\ ^  vers 

pa 


{&^ «• 


which  is  the  polar  equation  to  the  orbit. 
From  this  equation  we  have,  for  the  determination  of  apses, 

henoe  the-  angle  between  consecutiYe  apses  is 


a  \p)  • 


In  the  solution  of  this  problem  James  Bernoulli  takes  as  the 
approximate  equation  of  motion 

d*r  _  c^     px 
dt      p     mfi^ 

where  p  denotes  the  radius  of  curvature  at  anj  point  of  the 

orbit.      The  difference,  however,  between  —  and  t  is  of  the 

first  order  of  small  quantities,  and  therefore  his  approximate- 
equation  is  erroneous.    Instead  of  the  equation  (2)  he  gets 


^m^l3  (f  pa^  \i 

r  =  a'\ -^  vers  J '  -^ —  •  ^ 

pa 


{&'\- 


which  makes  the  angle  between  the  apses  greater  than  it  should 

be  in  the  ratio  of  2*  to  1. 

James  Bernoulli ;  Nov.  Ad.  Acad.  Bstrcp.  1783,  p.  818. 
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(8)  A  particle  moves  in  a  spiral,  of  which  the  equation  is 

r  =  a  f  sec  -  j  ,  about  a  centre  of  force  in  tiie  pole ;   to  find  the 

law  of  the  force. 
If  ft  denote  the  absolute  force,  then  "^     . 

r  * 

(9)  To  find  the  law  of  force  by  which  the  Cissoid  of  ,Dipcles 
may  be  described  about  a  centre  of  force  in  the  cusp. 

If  ^  be  the  angle  which  the  radius  vector  r  makes  with  the 

axis,  then 

^     cosec*^ 
-Foe  — 5 — . 

■ 

(10)  A  particle  revolves  in  a  circle  about  a  centre  of  force 
situated  at  a  point  in  its  circumference ;  to  determine  the  force 
and  the  velocity  at  any  point  of  the  path. 

If /4  denote  the  absolute  force, 

Newton ;  PHndp.  Lib.  i.  Prop.  7.    Biccati ;  Comment 

Bonon.  Tom.  iv.  p.  175. 

(11)  A  particle  is  moving  about  a  centre  of  force,  its  velocity 
at  each  point  of  its  path  varying  inversely  as  its  distance  firom 
the  centre  of  force ;  to  determine  the  path  of  the  particle. 

The  path  will  be  a  logarithmic  spiral. 

Eiccati ;  lb.  p.  184. 


/  '■* 


(12)  A  body,  attracted  towards  a  centre  of  force  which  varies 
inversely  as  the  square  of  the  distance,  is  projected  with  a  velo- 
city equal  to  the  velocity  in  a  circle  at  an  equal  distance,  and  in 
a  direction  making  an  angle  of  45^  with  the  radius  vector :  to  find 
the  magnitude  and  position  of  the  orbit  described. 

The  orbit  will  be  an  ellipse,  the  point  of  projection  being  an 
extremity  of  the  minor  axis  and  the  centre  of  force  a  focus.    The 
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prime  radius  yector  being  a,  the  axis  major  =  2a,  the  axis  minor 
=  a  ^2,  the  excentricity  =  -j-  . 

'  ^  (13)  If  the  force  vary  as  the  seventh  power  of  the  distance, 
and  a  particle  be  projected  from  an  apse  with  a  velocity  which  is 
to  the  velocity  in  a  circle  at  the  same  distance  as  1  to  V^  ?  ^  ^^^ 
the  equation  to  the  curve  described. 

If  the  apsidal  distance  a  be  taken  as  the  prime  radius  vector, 
the  equation  to  the  curve  described  is 

f^  =  a*  cos  20. 

'  (14)  A  particle,  projected  in  a  given  direction  with  a.  given 
velocity  and  attracted  towards  a  given  centre  of  force,  has  its 
velocity  at  every  point  to  the  velocity  in  a  circle  at  the  same  dis- 
tance as  1  to  V2 :  to  find  the  orbit  described  and  the  law  of 
force. 

Let  8  (fig.  125)  be  the  centre  of  force,  P  the  point  of  projec- 
tion; let  SP=a,  ^  =  the  angle  between  P8  and  the  direction 
PT  of  projection. 

Draw  PA  at  right  angles  to  8P  and  equal  to  a  cot  /3 :  join  8A. 
The  orbit  described  is  a  circle  of  which  8 A  =  a  cosec  /3  is  the 
diameter ;  the  law  of  force  being  that  of  the  inverse  fifth  power. 

'/  (15)  A  particle  moves  in  an  equilateral  hyperbola  about  a 
centre  of  force  in  the  centre ;  to  find  the  locus  of  the  points  to 
which  the  particle  must  move  from  the  curve  under  the  action 
of  the  force  to  acquire  the  velocity  in  the  curve. 

If  a  be  the  semi-axis  of  the  equilateral  hyperbola  in  which  the 
particle  is  moving,  the  required  locus  will  also  be  an  equilateral 

hyperbola  having  a  semi-axis  equal  to  2^ .  a,  the  centres  of  the 
two  hyperbolas  being  coincident  and  their  axes  in  the  same 
straight  lines. 

■ 

(16)  An  indefinitely  fine  elastic  string,  extended  to  its  natural 
length,  is  fastened  at  one  end  and  has  a  particle  of  matter 
attached  to  the  other;  the  particle  is  projected  at  right  angles 
to  the   string  with  an  angular  velocity  such  that,  if  it  were 
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reTolving  in  a  circle  with  this  angular  velocity,  the  length  of 
the  string  must  have  been  stretched  to  twice  its  natural  length; 
to  find  the  path  which  the  particle  will  ultimately  describe  aflter 
an  indefinite  number  of  revolutions. 

If  a  be  the  natural  length  of  the  string,  the  particle  will  ulti- 
mately move  in  a  circle  the  value  of  the  radius  r  of  which  is  a 
root  of  the  equation 

' '  (17)  In  a  curve  described  by  a  body  by  the  action  of  a  central 
force,  the  angle  between  the  radius  vector  and  the  tangent  varies 
as  the  time :  to  find  the  curve  and  the  law  of  force. 

I£  F=  the  force,  and  /3,  h,  cd,  be  certain  constants,  then 


«r« 


F^^.h.e    *  . 


oyj^  +  h 


r'      ' 


and  the  differential  equatioa  to  the  path  is 

0:= 


(  dr 

j  r  (/S».  e"^  -  1)* 


(18)  A  particle  describes  a  circular  orbit  about  a  centre  of 
force  at  the  centre  of  the  circle ;  to  find  the  condition  that  the 
form  of  the  orbit  may  be  stable  or  unstable. 

If  P=  the  central  force,  u  =  the  reciprocal  of  the  radius  vector, 

and  -  =  the  radius  of  the  circle,  the  form  of  the  orbit  will  be 
a 

stable  or  unstable  accordingly  as 

,  I    — ,      when  u  =  a, 
a  log  w 

is  less  or  not  less  than  3. 

2.  ^  (19)  A  particle,  attracted  towards  a  point  by  a  force  equal  to 
— ,  +  -J ,  is  projected  from  an  apse  at  the  distance  «i*  A*,  h  being 
twice  the  area  described  in  a  unit  of  time ;    to  find  the  polar 
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equation  to  the  orbit,  and  the  time  of  describing  anj  angle  about 
the  centre  of  force. 

K  ^  be  the  angle  described  about  the  centre  of  force  in  any 
time  t  after  the  projection, 

r^ »  t"X^ '       ^=^^  tan""^  0, 

(20)    At  a  distance  a  from  a  centre  of  force,  a  particle  is  pro- 
jected at  an  angle  of  45^  to  the  distance,  and  with  a  Telocity 

which  is  to  that  in  a  circle  at  the  same  distance  as  2^  to  3^ ;  the 

central  force  at  any  distance  r  is  equal  to  —-j-  +  t  ;   to  find  the 

equation  to  the  orbit. 

K  the  angular  co-ordinate  be  estimated  from  the  initial  radius 
vector,  the  equation  to  the  orbit  will  be 

r  =  a(l-^). 
> 
'  (21)  A  particle,  acted  on  by  a  central  force  varying  as  any 
fimction  of  the  distance,  is  projected  at  an  apse  with  a  velocity 
nearly  equal  to  that  requisite  for  a  circular  orbit;  to  find  the 
distance,  from  the  centre  of  force,  of  the  apse  at  which  the  par- 
ticle next  arrives. 

Let  the  force  at  any  distance  r  be  equal. to  -^  ^  [- j ,  where 

<!>  (-]  is  any  function  of  -;  let  a  be  the  initial  distance  of  the 

particle  from  the  centre  of  force,  a  the  distance  of  the  apse  at 
which  it  next  arrives,  and  let  the  velocity  of  projection  be  to  the 
velocity  in  a  circle  about  the  same  centre  as  1  to  1  +  m ;  then 


(/^a-^ 


1  + 


*Q-l*'0\ 


>. 
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Sect.  3.     Tangential  and  Normal  BesoltUums. 

The  method  of  the  solution  of  the  general  problem  of  the 
curvilinear  motion  of  a  particle  in  one  plane,  by  the  principle  of 
the  tangential  and  normal  resolutions,  is  expressed  bj  the 
equations 

'i-'-- w. 

where  v  denotes  the  velocity  at  any  point  of  the  path,  da  an 
element  of  the  curve,  p  the  radius  of  curvature,  T  the  sum  of 
the  resolved  parts  of  the  forces  which  act  on  the  particle  esti- 
mated in  the  direction  of  its  motion,  and  N  the  sum  of  the  re- 
solved parts  along  the  normal  on  the  concave  side  of  the  curve 
in  the  neighbourhood  of  the  particle. 

(1)  A  particle  is  projected  with  a  given  velocity  and  in  a 
given  direction,  and  is  acted  upon  by  a  constant  force  in  parallel 
lines ;  to  determine  the  path  of  the  particle. 

Let  the  axis  of  a;  be  taken  so  as  to  pass  through  the  initial 
place  of  the  particle,  and  let  the  axis  of  y  be  taken  parallel  to 
the  constant  force  which  acts  towards  the  axis  of  x.  Let  f 
denote  the  constant  force.    Then,  the  tangential  resolved  part 

being  — /;^>  and  the  normal  one  being/ ^ ,  we  have  for  the 

motion  of  the  particle, 

•S-/S m. 

r  ^ «• 

Litegrating  (1),  ^  =  Cl  —  2fy. 

Let  V  be  the  initial  velocity ;  then,  y  being  zero  initially, 
F*=  C,  and  therefore 

Hence,  siibBtituting  this  expression  for  t;*  in  (2), 


252  FKEE  CURVILINEAB  MOTION  OF  A  PAKTIOLE. 


but 


da? 
d^ 


Integrating,  we  have         0(1  +  ^  j  =  F*  -  2/^, 

where  (7  is  an  arbitrary  constant.    Let  ff  be  the  angle  which  the 
direction  of  projection  makes  with  the  axis  of  x ;  then 

(7(l  +  tan"i8)=F': 
hence  F"  (l  +  ^  =sec»/3  (P- 2/^), 

F»^=F«tan»/3-2/8ec*/3y, 

Frfy  =  (F*  tan*i8  -2/8ec"/8y)*  e& ; 

whence,  by  integration, 

0- F(F' tan' )8-2/ sec' /3y)*=/8ec»i8 a:. 

But  2;  =  0,  y  =  0,  simultaneously ;  hence 

C- F'taniSrrO,. 
and  therefore 

F'tan/S- F(F»  tan' iS  -  2/ sec* iSy)*  =/ sec' /8  a^. 
Clearing  the  equation  of  radicals,  and  simplifying, 

y  =  tan^.aj-^-yp-a^. 

Euler ;  Mechan.  Tom.  i.  p.  232. 

(2)  A  particle,  always  acted  on  by  a  force  in  parallel  lines, 
describes  a  given  curve ;  to  determine  the  nature  of  the  force, 
the  velocity  and  direction  of  projection  being  given. 

Let  the  force  be  represented  by  F,  which  we  will  suppose  to 
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act  towards  the  axis  of  x  parallel  to  the  axis  of  y.    The  equa- 
tions of  motion  will  be 

"S=-^S «. 


V 


2 


.dx 


7=   ^^ ^'^- 


Eliminating  F,  we  have 

1  dv  __     1  %  _  efo;  da? 
V  da         p  dx        d^ 

dy  d^y     dy  d*y 
\  dv      dx  doi?     dx  da? 


V  dx         da*  jjht* 

Integrating,  we  get 

log.=  a  +  ilog(l  +  g)=C7+logg. 

Let  V  denote  the  initial  velocity,  and  fi  the  angle  which  the 
direction  of  projection  makes  with  the  axis  of  x ;  then 

log  F=  (7  +  log  sec /8, 

d^ 

and  therefore  log  -p-  =  log        a  , 

i;r=  Fcos  /8  -J-  . 

Substituting  this  value  of  v  in  (2),  we  have 

y^  F"co8')8  da^ 
p         ds?' 
Euler ;  Meckan.  Tom.  i.  p.  240. 

(3)  A  particle  describes  a  given  curve  about  a  centre  of 
force;  to  determine  the  motion  of  the  particle  and  the  law  of 
the  force. 

Let  APB  (fig.  126)  be  the  path  of  the  particle,  8  the  centre 
of  force ;  P  the  position  of  the  particle  at  any  time ;  PT  a 
tangent  at  the  point  P,  and  8Y  perpendicular  to  PT.    Let  F 
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denote  the  force  along  PS,  and  ^  the  angle  SPT]  then,  the 
direction  of  the  motion  at  P  being  towards  B, 

v^^^FcoB<l> (1), 

-=     J^'sinA (2). 

P 

Now,  since  '  da  cos  <f}  =  dr, 

,  .     .      rdr  .     .         dr 

and  ^^^*=  rf^»"^^=-P^» 

where  p  denotes  8Yy  we  have,  bj  (1)  and  (2), 

vdv  =  -Fdr (3), 

^=  ^i*! (*)• 

Eliminating  jP  between  (3)  and  (4), 

^  =  -^,  logt?=a-log^. 

Let  F,  P,  be  the  initial  values  of  v,  ^ ;  then 

logF=(7-logP, 

and  therefore        log  7?^=  log—  ,    v  =  — - — (5). 

Again,  if  t  denote  the  time  of  the  motion, 

^=t,  =  _-,by  (5), 

pds^  VPdt; 

but  pds  is  equal  to  dh'y  where  A'  represents  twice  the  area  swept 
out  by  the  radius  vector  in  its  motion  from  some  assigned  posi- 
tion; hence  dh'^VPdt,    K^VPt (6), 

the  area  being  supposed  to  commence  with  the  time. 
Again,  bj  (2),  we  have 

^-^■ji'^i.-^c) (')• 
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Suppose  now  that  h  represents  twice  the  area  swept  out  in  a 
unit  of  time ;  then,  since,  bj  (6),  h  is  equal  to  FP,  we  have,  by  (6), 

(5).  (7), 

h'^ht (8), 

«=| W' 

The  foimTtls  (8)  and  (9)  were  given  by  Newton*.  The  fonnola 
(10)  was  discovered  by  De  Moivre  in  the  year  1705,  by  whom  it 
was  commiinicated  without  demonstration  to  John  Bernoulli.  A 
proof  of  the  formula  was  obtained  by  Bernoulli  and  forwarded 
to  De  Moivre  in  a  letter  dated  Basle,  Feb.  16, 1706.  Demon- 
strations  were  afterwards  given  by  Keill",  and  by  Hermami'. 
See  De  Moivre's  MisceU,  Analyt  Lib.  Ylli.,  and  John  Bernoulli^ 
Operay  Tom.  I.  p.  477. 

Integrating  the  equation  (3)  we  get  another  expression  for  the 
velocity, 

i^^V^^2  f  Fdrj 

where  B  denotes  the  prime  radius  vector.  This  result  shews 
that  the  velocity  of  the  particle  depends  only  upon  its  distance 
from  the  centre  of  force,  and  not  upon  the  path  described;  a 
theorem  proved  by  Newton*. 

Euler ;  Mechan.  Tom.  i.  p.  240. 

(4)  Bodies  are  projected  with  the  same  velocity  and  from  the 
same  point  but  in  different  directions,  and  describe  curves  about 
a  centre  of  force :  to  find  the  locus  of  the  centres  of  the  circles  of 
curvature  to  the  different  orbits,  at  the  point  of  projection. 

The  locus  is  a  straight  line  cutting  at  right  angles  the  distance 
between  the  point  of  projection  and  the  centre  of  force. 

1  PrineipUt,  Lib.  i.  Prop.  1. 
«  PhU.  Trans,  Num,  317 ;  1708. 
'  Phoronamia,  p.  70. 
*  Prineip.  Lib.  x.  Prop.  40. 
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Sect.  4.    Motion  in  JResisting  Media, 

(1)  A  particle  acted  on  bj  gravity  is  projected  in  a  uniform 
medium,  of  which  the  resistance  varies  as  the  velocity,  with  a 
given  velocity  and  at  a  given  angle  of  inclination  to  the  horizon; 
to  find  after  what  interval  of  time  the  particle  will  arrive  at  its 
greatest  altitude. 

Let  k  be  the  resistance  for  a  unit  of  velocity,  u  the  volocity 
and  a  the  angle  of  projection,  and  let  y  be  the  height  through 
which  the  particle  has  ascended  at  the  end  of  the  time  t.    Then 


log(^  +  A:^)=a-A:«; 


hut  -^  =  tt  sin  a  when  ^  =  0 ;  hence 
dt 

log  (gf  +  fe*  sin  a)  =  C, 

and  therefore 

•     When  y  is  a  maximum,  -^  =  0,  and  therefore  the  required 
value  of  t  will  be  equal  to 

Tlog(H--ttsina). 
K  g 

(2)  A  particle  moving  in  a  resisting  medium  is  acted  on  by  a 
given  force  in  parallel  lines ;  to  find  the  resistance  that  any  pro- 
posed curve  may  be  described,  and  conversely. 

Let  the  positions  of  the  particle  be  referred  to  two  rectangular 
axes  Ox,  Oy,  (fig.  127) ;  let  OM^x,  PM^y,  AP^a;  P  being 
the  position  of  the  particle  at  any  time,  and  APB  the  curve  of 
its  motion ;  also  let  Y  denote  the  accelerating  force  at  P  parallel 
to  Oy,  t;  the  velocity  of  the  particle,  and  ^-the  resistance  of  the 
medium. 
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Then,  by  the  equations  of  tangential  and  normal  resolution 
given  in  the  preceding  section,  we  have 

'i-«*^i ('). 

-r^i-: «^ 

where  p  denotes  the  radius  of  curvature  at  P.    But 

da? 


hence,  from  (2), 


d^ 


differentiating,  we  have,  since  ^  =1  +  -^ , 

dx"      dx     2  ds?  dx  <3^>  , 

da  ds"^ 'i  dx  dxH^y, 

hence,  from  (1),  ^  =  -^£^ji 

\dA 

which  ^ves  the  resistance  if  the  curve  be  given,  and  conversely. 

The  solution  of  this  problem,  which  Newton  had  ^ven  in  the 
first  edition  of  the  iVtnctjptia,  involved  certain  eirors,  which  at 
the  suggestion  of  John  Bernoulli  were  afterwards  corrected. 

CoR.  If  the  resistance  vary  as  the  square  of  the  velocity 
for  a  uniform  density ;  then,  Q  denoting  the  density  generally, 
we  have 

w.  s.  17 
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/^ 
and  therefore         Q  =  ^  -jr 

ldxda?d_t  Y] 

which  giyes  the  density  at  any  point  within  the  medium ;  or,  if 
the  density  be  given,  determines  the  curve. 

Cob.     It  is  evident  that  p  ;t-  is  equal  to  half  the  chord  of 

curvature  at  P  parallel  to  Oy,  or  in  the  direction  of  the  force  Y\ 
let  q  denote  this  chord  of  curvature.    Then 

and  therefore  the  space  due  to  the  velocity,  supposing  the  force 
*  to  continue  constant,  is  equal  to  one-fourth  of  the  chord  of 
curvature. 

Newton ;  Ptincip.  Lib.  II.  Prop.  10.    John  Bernoulli ; 
Act.  Ervdit.  Lips.  1713 ;   Opera^  Tom.  I.  p.  514. 

(3)  A  particle  moves  in  a  resisting  medium  under  the  action 
of  a  given  force  always  tending  towards  a  fixed  centre;  to 
determine  the  law  of  resistance  when  the  path  of  the  particle  is 
given,  and  conversely. 

Let  APB  (fig.  128)  be  the  path  of  the  particle,  8  the  centre 
of  force ;  let  -4P=  «,  /SP=  r,  ^  =  the  perpendicular  fix)m  8  upon 
the  tangent  at  P,  t?  =  the  velocity  at  P;  let  p  be  the  radius  of  cur- 
vature,  P  the  central  force,  and  R  the  resistance  of  the  medium. 

Then,  by  the  equations  of  tangential  and  normal  resolution, 
we  have 
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^■s'-^-p^ W' 

^=^P. (2). 

or  ^  ' 

■  • 

Smce  p  is  equal  to  r  ^ ,  we  have,  from  (2), 


""-PTpP- (3)' 

and  therefore,  differentiating  with  respect  to  », 
Hence,  by  substituting  this  value  of  t?  -?-  in  (1),  we  have 

^-^Ki'l^) («> 

which  determines  the  law  of  resistance  when  the    curve  is 
known,  and  conversely. 

Cor.  Supposing  the  resistance  to  vary  as  the  density  of  the 
medium  multiplied  by  the  square  of  the  velocity  of  the  particle, 
we  have,  Q  denoting  the  density, 

and  therefore,  by  (4), 


^5^ 


17—2 
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■ 

which  determines  the  law  of  the  density  when  the  curve  is 
given,  and  converBely. 

Cor.    From  the  equation  (2)  we  have 

T 

where  q  denotes  the  chord  of  curvature  through  8.  This  result 
shews  that  the  velocity  at  any  point  of  the  curve  is  that  due  to 
falling  in  vacuum  towards  the  centre  of  force,  continued  constant, 
through  a  quarter  of  the  chord  of  curvature. 

Cob.    From  (4)  we  have 

^  dp  P 

where  h  is  some  constant  quantity.  This  formula  gives  the 
central  force  when  the  law  of  the  density  and  the  orbit  are 
given.     It  is  easily  shewn  that,  if  z  A8P=  0, 


^  dr     7^  \r     d^  \rj 


and  therefore  ^=  ^  {^  +  5  O}  *"-^'*- 

which  is  Binet's  formula  for  the  central  force  in  vacuum. 

Newton ;  Pnncipia,  Lib.  Ii.  Prop.  17,  18 ;  John  Ber- 
noulli; Opera,  Tom.  IV.  p.  347.  Euler;  Mechan. 
Tom.  I.  p.  428  et  sq.,  p.  451  et  sq. 

(4)  A  particle  is  projected  with  a  given  velocity  in  a  uniform 
medium,  in  which  the  resistance  varies  as  the  square  of  the 
velocity ;  the  particle  is  acted  on  by  gravity,  and  the  direction 
of  its  projection  makes  a  very  small  angle  with  the  horizon ; 
to  determine  approximately  the  equation  to  the  portion  of  the 
path  which  lies  above  the  horizontal  plane  passing  through  the 
point  of  projection. 

Let  Ox  and  Oy  (fig.  129)  be  the  horizontal  and  vertical  axes 
of  X  and  y,  0  being  the  point  of  projection  ;  P  the  position  of 
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the  particle  at  any  time ;  let  OJf  =  x,  PM^y,  v  =  the  velocity  at 
P,  »  =  the  arc  OP,  k  =  the  resistance  for  a  unit  of  velocity ;  then, 
by  the  tangential  and  normal  resolutions, 

,*._J^-y| (1), 

^-^g"-^^ w. 

where  J>  =  -r'  ®^^  ^^7&'  Hence,  eliminating  v  between  these 
two  equations,  we  have 

as       q  q  08        ^ 

ax     q  q      ax       ^ 

Integrating,  we  get 

log ^-tP  +  2fa  +  log  a-log(l  +JP*)  =0, 

C  being  some  constant  quantity ; 

log  ^+24»  =  0,      j=r  Cfe* (3). 

Let  u  be  the  velocity,  and  a  the  angle  of  projection ;  then, 
initially,  by  (3)  and  (2), 

^     ^       ,  l+tan'a 

and  therefore  (7=  — | 


w  cos*  a ' 


hence,  by  (3),  Q-- -%-^-t-  ^ ^ 

'  ^         m'cos  a 

but,  the  angle  of  projection  being  small,  we  may  neglect  all 
powers  of  ^  beyond  the  first,  and  therefore 


8 


=  I   (l+p')*eii:=  j  dx^^x  nearly; 


\ 
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hence  g=^ *      9     ^  nearly. 

^  u  cos*  a  ^ 

Multiplying  by  db,  and  integrating, 

*j«.  Q 9  ^. 

^  2hjf  cos"  a       ' 

but  p  =  tan  a  when  a?  =  0 ;  hence 

tana=  (7--,  /-,-  . 
2Ara  cos  a 

and  therefore        p  =  tan  a  +  ^-  ,^ — =—  (1  —  c^). 

^  2Arw  cos'  a  ^  ' 

Integrating  again, 

«=  g+xtana  +  ^y  /    ,    f^-zw  «*^  ); 
^  2A:w*cos"aV        2^        )' 

but  a;  =  0,  y  =  0,  simultaneously ;    hence 


0=0- 


4Ai*tt'  cos"  a ' 

and  therefore      y  =a;  tan  a  +  773-1  — «-  (1  +  2fcc  —  c**). 

4Aru  COS  cc 

Moreau ;  Journal  de  VEcole  Polytech,  Cahier  XL  p.  215. 

The  general  problem  of  the  path  of  a  projectile  in  a  uniform 
resisting  medium  where  the  resistance  varies  as  the  square  of  the 
velocity,  was  proposed  by  Keill  as  a  trial  of  skill  to  John  Ber- 
noulli, by  whom  the  challenge  was  received  in  February  1718. 
Keill,  trusting  to  the  complexity  of  the  analysis,  which  had 
probably  deterred  Newton  from  attempting  any  regular  solution 
of  the  problem  in  the  second  book  of  the  Principtaj  was  in 
hopes  that  the  exertions  of  Bernoulli  would  prove  unsuccessful. 
Bernoulli,  however,  having  expeditiously  effected  a  solution,  not 
only  of  Keill's  problem,  but  likewise  of  the  more  general  one 
where  the  resistance  varies  as  the  ffi^  power  of  the  velocity,  ex- 
pressed a  determination  not  to  publish  his  investigation  until  he 
had  received  intimation  that  his  antagonist  had  himself  been 
able  to  solve  his  own  problem.  He  gave  Keill  till  the  following 
September  to  exercise  his  talents,  declaring  that  if  he  received 
by  that  time  no  satisfactory  communication,  he  should  feel  him- 
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self  entitled  to  question  the  ability  of  his  adversaiy.  At  the 
leqnest  of  a  mutual  friend,  Bernoulli  consented  to  extend  the 
interval  to  the  first  of  November.  It  turned  out,  however,  that 
Keill  was  unable  to  obtain  a  solution.  At  length  Nicholas 
Bernoulli,  Professor  of  Mathematics  at  Padua,  communicated  to 
John  Bernoulli  a  solution  of  Keill's  problem,  which  ihe  author 
afterwards  extended  to  the  more  general  one.  Finally,  on  the 
17th  of  November,  information  was  received  by  John  Bernoulli, 
from  Brook  Taylor,  to  the  effect  that  he  had  obtained  a  solution. 
John  Bernoulli  published  his  own  analysis,  together  with  that  of 
his  nephew  Nicholas,  in  the  Acta  Enulit  Lipa.  1719  mai.  p.  216; 
see  also  his  Opera,  Tom.  ii.  p.  393.  For  further  information 
on  this  celebrated  problem,  the  reader  may  avail  himself  of  the 
labours  of  Euler^,  Borda*,  Legendre",  Templehoff*,  and  Moreau*. 

(5)  A  particle  moves  in  a  semicircle  acted  on  by  gravity,  in 
a  medium  where  the  resistance  varies  as  the  density,  and  the 
square  of  the  velocity;  to  find  the  law  of  the  resistance  and 
density. 

Let  OA,  OB,  (fig.  130),  be  horizontal  and  vertical  radii  of  the 
semicircle,  OAx  and  OBy  being  the  axes  of  x  and  y\  let  a 
=  the  radius  of  the  circle,  OAf  =  x,  and  gravity  =^.     Then 

Newton;  Princip.  Lib.  ii.  Prop.  10.  Ex.  1.  John  Ber- 
noulli; Act.  ErvdiU  Lips.  1713.  Euler;  Mechan. 
Tom.  II.  p.  392. 

(6)  A  particle  acted  on  by  gravity  moves  in  a  parabola  of  any 
order ;  to  find  the  law  of  resistance. 

Let  the  equation  to  the  parabola  ABC  (fig.  130)  be  y  =  J  —  esc*, 
Oy  being  vertical;  then 

^""        2n(n-l)car' 

1  M(m.  de  VAead.  de  Beriin,  1753.  '  76. 1769. 

"  lb,  1782.  *  lb,  1788—89. 

*  Journal  de  VEooie  PolffUch,    Cahier  xi.  p.  304. 
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(7)  A  particle  moves  in  an  hyperbola  of  any  order,  having 
one  of  its  asymptotes  vertical;  to  find  the  law  of  the  density, 
the  resistance  varying  as  the  density  into  the  square  of  the 
velocity. 

Let  APB  (fig.  131)  denote  the  path  of  the  particle,  Oy  the 
vertical  asymptote  being  taken  as  the  axis  of  y,  and  Oxy  which  is 
horizontal,  as  the  axis  of  x\  then,  if  the  equation  to  the  hyper- 
bola be 

we  shall  have  Q  = — r- 

Euler ;  Mechan.  Tom.  ii.  p.  400. 

(8)  A  particle  moves  in  a  circle  about  a  centre  of  force  in 
the  circumference,  the  force  being  attractive  and  varying  as 
any  power  of  the  distance ;  to  determine  the  resistance  of  the 
medium  and  the  law  of  the  density,  supposing  the  resistance  to 
be  equal  to  the  product  of  the  density  and  the  square  of  the 
velocity. 

Let  P  (fig.  132)  be  the  position  of  the  particle  at  any  time,  its 
motion  taking  place  towards  8  the  centre  of  force ;  let  (7  be  the 
centre  of  the  circle;  letiSP=r,  ^  P/Siil=s  5,  the  central  force  =  /*r*; 
then 

(9)  A  particle  moves  in  an  eqxdangular  spiral  about  a  centre 
of  force  in  the  pole  which  varies  as  any  power  of  the  distance 
from  the  pole ;  to  find  the  law  of  the  resistance  and  of  the  den- 
sity of  the  medium,  the  resistance  being  considered  equal  to  the 
product  of  the  density  and  the  square  of  the  velocity. 

If  a  be  the  constant  angle,  r  the  radius  vector  at  any  point, 
/lir^  the  attractive  central  force,  and  the  particle  be  so  moving  as 
to  approach  the  centre  of  force  ; 

J2=^A*(n  +  3)r*cosa,       (?  =  l(n  +  3)^. 

Newton;  Princip.  Lib.  il.  Prop.  15,  16.     John  Bernoulli; 

Opera,  Tom.  iv.  p.  360. 
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(10)  A  particle  moTes  in  the  cireimifereiice  of  a  circle  about 
a  centre  of  force  in  the  centre ;  the  resistance  of  the  medium  in 
which  the  motion  takes  place  is  constant ;  to  determine  the  law 
of  the  force,  the  velocity  at  any  time  of  the  motion,  and  the  time 
which  elapses,  as  well  as  the  space  which  is  described,  before  the 
particle  is  reduced  to  rest. 

Let  fi  be  the  initial  velocity  of  the  particle,  a  the  radios  of  the 
circle,  c  the  constant  value  of  the  resistance,  s  the  arc  described 
from  the  beginning  of  the  motion,  P  the  central  force;  then 

t7"  =  )8'-2(»,       P=ioy-2<»); 

when  the  particle  is  reduced  to  rest, 

"^      2c'       ^      c- 

(11)  A  particle  is  moving  along  the  curve  of  an  equiangular 
spiral  so  as  to  be  approaching  the  pole ;  the  motion  takes  place 
in  a  medium  where  the  resistance  varies  as  any  power  of  the 
distance  from  the  pole ;  to  find  the  law  of  the  central  attractive 
force  in  the  pole. 

Let  a  be  the  constant  angle,  fi  the  initial  velocity,  a  the  initial 

distance,  Ja^  the  resistance  at  a  distance  r,  P  the  required  force ; 

then 

p_  (w  +  3)  g'^y  cos  g -f  2A;  (r^ -  g*^ 

""  (w  +  3)  r'  cos  g 

Euler ;  Median,  Tom.  I.  p.  442. 

(12)  A  particle  is  projected  with  a  velocity  w,  and  at  an 
inclination  g  to  the  horizon,  in  a  uniform  medium  where  the 
resistance  varies  as  the  velocity;  to  determine  the  time  which 
elapses  before  the  direction  of  the  motion  is  inclined  to  the 
horizon  at  an  angle  /9. 

If  k  represent  the  resistance  for  a  unit  of  velocity,  t  will  be 
found  from  the  equation 

flf  cos )9  (€**—  1)  =  fe*  sin  (g  —  )8). 

(13)  Two  particles,  subject  to  the  action  of  gravity,  are  simul- 
taneously projected  at  equal  angles  of  inclination  to  the  horizon, 
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and  with  equal  velocities,  the  one  in  yacunm  and  the  other  in 
a  medium  where  the  resistance  varies  as  the  velocity ;  to  deter- 
mine a  relation  between  the  times  in  which  the  particles  desc^be 
two  arcs  so  related  to  each  other  that  the  tangents  at  their  ex- 
tremities shall  make  equal  angles  with  the  horizon. 

If  k  denote  the  resistance  of  the  medium  for  a  unit  of 
velocity,  and  t^j  t^j  denote  corresponding  times  in  vacuum  and  in 
the  medium ;  then 

(14)  Having  given  the  co-ordinates  of  the  highest  point  of 
the  path  described  by  a  particle  acted  on  by  gravity  and  pro- 
jected in  vacuum  at  a  known  angle  of  inclination  to  the  horizon ; 
to  find  the  decrements  of  these  co-ordinates  when  the  particle  is 
projected  in  a  rare  medium  in  which  the  resistance  varies  aa  the 
velocity. 

Let  a,  5,  be  the  given  co-ordinates,  h  the  resistance  for  a  unit 
of  velocity,  and  /8  the  angle  of  projection;  then 


Sect.  5.    Impossible  Mechanics. 

The  determination  of  the  motion  of  a  material  particle  in  a 
plane  XOY,  (fig.  133),  under  the  action  of  assigned  forces  in 
that  plane,  depends  upon  the  integration  of  two  simultaneous 
differential  equations 


df 


d*v 

=  *(«»y)»    -df^x{^^y) (i)» 


where  a:,  y,  are  the  co-ordinates  of  the  position  of  the  particle, 
at  the  end  of  any  time  t,  referred,  we  will  suppose,  to  rectangular 
axes  OJT,  OF,  and  ^(a?,  y),  x(^j  y)>  ^^  certain  functions  of 
a?,  y,  depending  upon  the  nature  of  the  forces.  Suppose  that, 
for  certain  particular  forms  of  the  functions,  having  effected  the 
integrations   and  determined  the  arbitrary  constants  from  the 
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initial  circumstances  of  the  motion,  we  are  enabled  to  obtain  the 
relations 

»=^i(0,      y  =  Xi(0 (2), 

where  ^i(0>  Xi(0>  represent  certain  functions  of  t  In  the 
determination  of  these  relations  is  generally  supposed  to  consist 
the  complete  solution  of  the  problem  of  the  motion  of  the  par- 
ticle. There  are  particular  cases,  however,  in  which  they  cease, 
after  the  lapse  of  a  certain  time,  to  correspond  to  the  physical 
motion  of  the  particle.  It  occasionally  happens  that,  as  t  increases 
indefinitely  from  zero  by  continuous  gradation,  one,  or  sometimes 
both  of  the  functions  ^^{t),  Xi(0?  ^^^  remaining  possible  up  to 
a  certain  magnitude  of  t,  at  length  assumes  impossible  values. 

Before  proceeding  to  the  consideration  of  the  mechanical 
circumstances  connected  with  this  anomaly,  it  will  be  necessary 
to  make  a  few  observations  on  the  geometrical  signification  of 
impossible  values  of  x  and  y. 

By  the  theory  of  impossible  quantities  we  know  that  for  all 
values  of  x  and  y,  possible  or  impossible,  we  may  aasume 

X  =  (cos  0  +  —  sin  0)  a, 

y  =  (cos  ^  +  — *  sin  ^))9, 

where  a,  /8,  ^,  ^,  are  all  possible  and  positive  quantities.  Sup- 
pose now  that  5  =  2X'7r,  where  X  is  an  integer;  then  we  have 
x  =  a;  also,  if  5=(2X+t)7r,  where  X  is  still  supposed  to  be 
integral,  then  a?  =  —  a.  It  is  evident  then  that  whatever  geo- 
metrical interpretation  may  be  given  to  the  general  form  of  the 
value  of  X,  it  must  be  such  that,  when  0  is  any  even  multiple  of 
TT,  X  may  denote  a  distance  a  estimated  along  the  axis  OX  in  the 
positive  direction ;  and  that,  when  0  is  any  odd  multiple  of  ^, 
X  may  denote  a  distance  a  estimated  negatively  from  0,  that  is,  in 
the  direction  XO.  Similar  remarks,  mtUatia  mutandis^  are  evi- 
dently applicable  to  the  interpretation  of  the  values  of  y.  These 
are  the  only  conditions  to  which  we  are  subject  in  our  selection 
of  a  geometrical  interpretation  of  impossible  values  of  the 
variables.  From  what  has  been  said  then,  it  appears  that  the 
conventional  significations  of  the  signs  +  and  — ,  leave  that  of  the 

more  general  sign  cos  0+—^  sin  £^  in  a  great  measure  arbitrary. 
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In  fact 

X  =  (cos  d+ — *  sin  ^  a 

may  be  taken  to  represent  any  line  OA  of  a  length  a  drawn 
from  0  at  an  inclination  0  to  the  direction  OX;  thns  the  locos  of 
the  extremity  A  will  be  a  circle  described  with  a  radios  asinO 
aboot  a  centre  in  OXy  at  a  distance  a  cos  d  from  Oy  the  plane  of 
the  circle  being  at  right  angles  to  OX.    In  like  manner 

y  =  (cos  ^  +  —^  sin  ^)/8 

may  be  taken  to  represent  a  straight  line  0B=  /9,  inclined  at  an 
angle  ^  to  OY*.  Complete  the  parallelogram  OAPB;  thenP 
will  be  the  geometrical  point  corresponding  to  the  valoes  of  x 
and  y.  From  this  constroction  it  is  dear  that  P  is  not  limited 
to  a  particolar  point,  bot  that  it  may  assome  an  infinite  nomber 
of  different  positions. 

In  order  that,  for  every  pair  of  valoes  of  x  and  y,  the  point 
P  may  receive  a  definite  position,  it  will  be  necessary  to  adopt, 
for  the  constroction  of  the  conjogate  axes  OA,  OB,  some  general 
law  which  shall  be  consistent  with  the  circular  loci  of  the  points 
A,  B.  For  instance,  we  might  assome  A  and  B  always  to  coin- 
cide with  the  intersections  of  their  circolar  loci  with  the  plane 
XOY;  or,  drawing  OZ  at  right  angles  to  the  plane  XOY,  with 
the  intersections  of  these  loci  with  the  planes  XOZ,  YOZ,  or, 
in  fact,  with  any  assigned  planes  whatever  passing  throogh  OX, 
OY.  It  is  evident  that  the  locos  described  by  the  point  P  in 
accordance  with  the  eqoations  (2),  will  vary,  as  far  as  impossible 
valoes  of  the  variables  are  concerned,  with  variations  in  the  law 
of  constrocting  the  conjogate  axes. 

Now,  reverting  to  the  consideration  of  the  mechanical  valoe  of 
the  eqoations  (2),  it  is  evident  that,  so  long  as  they  perfectly 
represent  the  physical  motion  of  the  particle,  there  can  be  no 
indeterminateness  in  their  geometrical  interpretation,  it  being 
impossible  for  a  particle  to  describe  any  bot  one  path  in 
accordance  with  given  forces  and  a  given  projection.  We  will 
proceed  to  ascertain  whether  it  be  possible  to  adopt  soch  a 
system  of  constroction  for  the  conjogate  axes,  as  to  render 
the  geometrical  locos  of  the  eqoations  (2)  coincident  with  the 
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physical  path  of  the  particle  under  the  circumstances  of  the 
problem.  Let  /li,  v^  denote  the  inclinations  of  the  planes  AOXy 
BOY  J  to  the  plane  XOY.  Then,  since  the  particle  can  never 
deviate  from  the  plane  XOY  under  the  circumstances  of  the 
problem^  we  shall  have,  bj  restricting  the  construction  of  the 
axes  OA^  OBy  to  the  fulfilment  x>f  this  condition,  a  relation 

F{a,  /8,  0,  <f>,  II,  I/)  =  0 (3). 

Also,  the  effective  accelerating  forces  on  the  point  P  parallel  to 
OXy  OYy  must  (when  x  and  y  become  impossible)  continue  to 
coincide  with  the  physical  law  of  the  forces.  Hence  we  shall 
have  two  more  requisite  relations, 

a  (a,  A  0,  ^,  A*,  I')  =0,       Hia,  /8,  0,  ^,  fi,  i/)  =0 (4). 

Now  a,  /9,  0j  if>  axe  each  known  functions  of  t;  hence, 
between  the  relation  (3)  and  the  two  relations  (4),  we  may 
eliminate  fiy  v,  and  thus  we  shall  get  an  equation  involving  t 
and  known  quantities.  Since,  then,  t  is  restricted  to  particular 
values,  it  is  evident  that  the  equations  (2)  cannot,  for  any  law 
of  constructing  the  axes,  be  enabled  to  represent  the  physical 
motion  of  the  particle  for  impossible  values  of  the  variables. 

Whenever,  then,  x  or  y  assumes  an  impossible  value  for  any 
value  of  ty  we  must  conclude  that  the  physical  motion  of  the 
particle  cannot  be  represented  by  any  single  pair  of  equations 
(2).  It  will  be  necessary,  on  arriving  at  such  a  critical  value  of 
ty  again  to  revert  to  the  equations  (1),  to  integrate  them  anew,, 
and  to  determine  the  values  of  the  arbitrary  constants  in  ac- 
cordance with  the  values  which  ^>  y?  7^  >  "^  >  J^ave  acquired 

at  the  conclusion  of  the  preceding  stage  of  the  motion.  It  will 
be  necessary  to  repeat  this  process  whenever  t  makes  x  or  y  im- 
possible. Corresponding  to  each  integration  there  will  be  a 
new  equation  in  x  and  y,  resulting  from  the  elimination  of  t 
between  the  corresponding  pair  of  equations  (2).  A  portion 
only  of  each  of  the  curves  belonging  to  the  equations  in  x  and  y 
will  be  described  by  the  particle,  which  will  therefore  pursue  a 
path  consisting  of  fragments  of  a  series  of  distinct  curves. 
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(1)  A  particle,  placed  in  the  plane  XOY,  is  attracted  towards 
the  axes  OX  and  OF  by  forces  varying  inyersely  as  the  cubes 
of  the  distances ;  to  determine  the  motion  of  the  particle. 

This  problem  gives  rise  to  the  differential  equations 

W    If'    iif'"'7 ^  ^* 

Integrating  these  equations,  we  have 

A^  B,  being  arbitrary  constants.    Now,  initially,  -j-  and  -^  are 

both'  equal  to  zero,  and  therefore,  if  a,  &,  denote  the  initial 
values  of  Xy  y,  we  have 

0  =  ^+^.     0  =  5  +  ^. 
Hence        g  =  ^«(^-^),     f=«*(^-p) (2). 

Now,  since  the  particle  will  move  towards  OF,  -^  will  be 
negative,  and  thus 

-^:s  — 97%  ;        r  =  — mar; 

and  therefore  -4'  —  a  (a'  —  a?)*  =  —  fn% 

where  ^'  is  an  arbitrary  constant ;    but  a;  =  a  when  t  =  0,  and 
therefore  -4'  =  0 :  hence 

•       ^     tnf 
cr 

similarly  y*  =  ^'  ~  "ir  • 

As  soon  as  t  becomes  greater  than  —^ ,  it  is  evident,  from  the 
former  of  the  equations  (3),  that  x  becomes  impossible;  and, 
when  t  becomes  greater  than  -5 ,  it  appears  in  like  manner  from 


(3). 
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the  latter  that  y  becomes  impossible.  We  will  commence  with 
the  consideration  of  the  motion  parallel  to  the  axis  of  x.  When 
X  becomes  impossible,  the  former  of  the  equations  (3)  can  no 
longer  represent  the  phjsical  motion  of  the  particle  parallel  to 
OXy  and  we  most  revert  to  the  equation    . 

d  X        m 

where  x  is  now  to  be  estimated  in  the  negative  direction. 
Integrating,  and  adding  an  arbitrary  constant  A'y  we  have 

§-^■^7 w- 

But,  in  the  beginning  of  the  second  stage  of  the  motion,  and 
at  the  end  of  the  first,  the  velocity  is  the  same.  Hence,  by  (2) 
and  (4), 


ttC 


A'--  — 


and  therefore,  from  (4), 

Extracting  the  square  root,  we  obtain 

axdx 


7ffdt^-\- 


or  fifi^dt  =  — 


axdx 


Integrating  these  two  equations. 

The  former  of  these  equations  corresponds  to  the  motion  from 
the  axis  of  y,  and  the  latter  to  the  motion  which  afterwards 
takes  place  towards  it.     To  determine  0^,  we  have  a;  =  0  when 

<  =  — 5 ,  which  gives  C^  =s  —  2a' ;  and  thus,  for  the  first  part  of 
the  motion,  w"<  —  2a'  =  —  a  (a'  —  a?)  % 
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2a' 

When  t  =  — J ,  then  x=^a,  and  the  motion  of  return  begins 
m 

which  is  defined  by  the  second  of  the  equations ;  and  (7,=  —  2a". 

Thus  both  integrals  are  comprehended  bj  the  equation 

Ba*   .     .         . 
After  a  time  — ?  it  is  evident  firom   this  equation  that  x 

m  ^ 

becomes  impossible,  and  then  the  third  period  of  the  motion  of 
the  particle  takes  place.  It  is  evident  that  the  particle  will 
again  cross  the  axis  of  y,  and  perform  on  the  other  side  of  it, 
parallel  to  the  axis  of  Xj  a  motion  exactly  similar  to  that  of  the 
second  stage  of  the  motion.  Similarly  for  the  fourth,  fifth,  &c. 
stages  of  the  motion  parallel  to  the  axis  of  x. 

From  the  preceding  conclusions  it  is  manifest  that,  dividing  the 
time  from  its  zero  value  into  a  series  of  intervals  of  which  the 

first  is  equal  to  — s  and  all  the  following  ones  to  — ^ ,  the  motion 

m  m 

of  the  particle  at  right  angles  to  OF  will  be  represented  for 

each  interval  respectively  by  the  following  equations, 

a»  {a*  -  (+  a?)"}  =  mV, 
a«{a«-(-a;)*}  =  (mV-2a7, 


the  general  formula  for  thej/^  interval  being 

«•{«*- (-""'ajn^lmV- 2  Cp-l)aT (5). 

In  like  manner,  for  the  motion  of  the  particle  parallel  to  the 
axis  of  y,  if  we  divide  the  time  into  intervals  of  which  the  first 

is  equal  to  -j  and  the  rest  to  — s- ,  we  shall  have  for  the  motion 

in  the  q^  interval, 

*"{*•- (-"^yr}  =  K<-2(j-i)y}« (6). 

Eliminating  t  between  (5)   and  (6),  we  obtain  as  a  general 
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formula  for  the  equations  to  the  aeries  of  curves  of  which  por- 
tions are  successively  traversed  by  the  particle, 

As  t  keeps  continuously  increasing  from  zero,  we  must  keep 
putting  for^  and  q  integral  values  next  greater  respectively  than 

a' 

m      mt-f  a 
2a"  2a*      ' 

V 
and 


2^  2i' 


n 


Thus  the  formula  will  give  us  the  series  of  equations  represent- 
ing the  successive  curves.  The  intersections  of  the  successive 
curves,  if  we  pay  attention  to  the  signs  — *"*  and  — *"',  will  consti- 
tute the  limits  of  the  portions  of  each  which  the  particle  actually 
describes. 

(2)  To  investigate  the  path  of  a  particle  the  law  of  the  motion 
of  which  is  expressed  by  the  integrals  of  the  equations 

df  "    x^'  de  "    ^ ^^^' 

corrected  in  accordance  with  the  conditions  that  initially  £C  =  a, 

doc  dit 

y  =  hj  -^  =  0,  -^  =  0;  the  conjugate  axes  OA,  OB,  being  sup- 
posed to  be  always  at  right  angles  to  0  F,  OX,  respectively. 

This  problem  will,  as  we  know,  correspond  to  a  path  veiy 
different,  after  the  lapse  of  a  certain  time,  from  the  course  pur- 
sued by  the  particle  in  the  preceding  problem.  Integrating  the 
equations  (I),  as  in  the  first  stage  of  the  motion  in  the  preceding 
problem,  we  have 

a^  =  «»-^,  y  =  5'-^ (2) 

W.  8.  18 
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Assume,  as  the  most  general  forms  of  x  and  y, 

X  =  (cos  5  H —  ^  sin  5)  a,        y  =  (cos  ^  +  —    sin  ^)  /9 ; 
then,  from  the  former  of  the  equations  (2), 

(cos2d  +  -isin2e)a'  =  a*-^; 

equating  the  coefficients  of  like  affections,  we  get 

a»cos2«=a*-^ (3), 

a 

sin  2^  =  0 (4). 

From  (4)  we  see  that 

20  =  Xtt, 

where  \  is  some  integer,  and  therefore,  by  (3), 

a  cos  Xtt  =a s-. 

a 

If  f  be  less  than  — j,   a* — -5-  is  positive,    and  therefore 

COS  Xtt  ma8ti)e  positive;  and,  if  ^  be  greater  than— «,  a' j- 

m  a 

is   negative,   and  therefore   cos  Xtt  must  be  negative.     Hence, 
if  ^  be  less  than  —5 , 

aC=^cr 5-  ,     0  =  wft; 

a 

and,  if  ^  be  greater  than  —^ , 

/I  being  an  integral  number. 
Similaxly,if.beleasthan|, 

^  =  5'  —  ^r  ,  ■     ^  =  /*V, 


y  ' 


11 
and,  if  <  be  gieater  than  -j , 


*f 


^=^_i«,        ^  =  i  (2/*' + 1)  ,r. 
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Suppose  now  that  — =  is  less  than  -si   then,   so   long  as  t 
^^  m  n 


a 


is  less  than  — » , 
m 


a 


0=^fpn; 


4>  =  A^v, 


nY 


i«  > 


J 


(5); 


while  t  is  greater'than  —5 ,  but  less  than  -5 , 
m  n 


a»  = 


m 


'f 


a 


a 


ff^V 


nV 


It  > 


d  =  J(2/i  +  l)7r,      0  =  /iV, 


(6); 


5« 
and,  when  <  is  greater  than  -^ , 


a»  = 


wV 


a 


a 


^-^-b\ 


,(7). 


Suppose  now  that  a?',  y',  «',  denote  rectangular  co-ordinates  of 
the  particle ;  x',  y\  being  estimated  along  OX,  QY^  and  «'  along 
0-^at  right  angles  to  the  plane  XOY.  Then  it  will  easily  be 
seen  that 

a;'  =  a  cos  tf,    y  =  i8  cos  0,     a'  =  a  sin  5  +  /8  sin  ^. 

In  the  case  of  the  equations  (5), 

a?'  =  a  cos  /(tTT,    y'  =  /9  cos  /a'tt,     «'  =  0, 
and  therefore 


X 


^_*^-_/'*:_«:^  ,'-0 


(8). 


In  the  case  of  the  equations  (6), 

05'  =  0,    y'  =  /8  cos  /aV,     «'  =  a  cos  /(tTr, 
and  therefore 

«'•   =  /T*  — 


a 


%  y 


4        '  i"   —  ~4  ~"        4  >  •''    —   ^> 


(9). 


18—2 
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In  the  case  of  the  equations  (7), 

a>'  =  0,      y'  =  0,      ^=(^_a-y+(^-i-)* (10). 

The   equations   (8)   shew  that  the  particle  moTcs  from  its 
initial  position  to  the  axis  of  y  in  the  arc  of  an  hyperbola,  the 

time  of  the  motion  being  — | .     The  equations  (9)  shew  that,  on 

arriving  at  the  axis  of  y\  the  particle  subsequently  moves  in  the 

arc  of  an  ellipse  to  the  axis  of  z,  in  a  time  equal  to  -; 5 . 

n      m 

And  the  equations  (10)  shew  that,  after  arriving  at  the  axis  of 

z',  it  perpetually  ascends  this  axis,  with  which  its  path  for  the 

future  entirely  coincides.     The  position  of  the  particle  at  any 

assigned  time  in  each  of  the  three  discontinuous  portions  of  its 

path,  is  given  by  the  corresponding  pair  of  relations  between 

the  variables  and  the  time. 


(     277     ) 


CHAPTER  IV. 

C0N8TBAINED  MOTION  OF  A  PARTICLE. 

Sect.  1.     Motion  of  a  particle  within  smooth  immoveable  Tubes. 

Let  a  particle,  under  the  action  of  any  forces  in  one  plane, 
move  within  an  indefinitely  thin  curvilinear  tube  APBy  (fig.  134). 
Let  X,  y,  be  the  co-ordinates  of  the  place  P  of  the  particle, 
after  a  time  t  from  the  commencement  of  the  motion ;  and  let 
AP=:s,  where  A  is  some  assigned  point  in  the  tube.  Let  JT,  Y, 
represent  the  resolved  parts  of  the  accelerating  force  acting  on 
the  particle  parallel  to  the  axes  Ox,  Oy,  and  B  the  resolved  part 
along  the  tangent  to  the  curve  APB  at  P.  Then  the  equation 
for  the  motion  of  the  particle  will  be 

^.X%^Y%.B (A), 

or,  by  integration,  t?  denoting  the  velocity  of  the  particle  at  the 
point  P, 

tr»  or  ^  =  2j(Jr(&+  Ydy)  +  G^^^jsds+C (B), 

where  C7  is  an  arbitrary  constant,  introduced  by  the  integration, 
which  may  be  determined  if  we  know  the  initial  velocity  and 
the  initial  position  of  the  particle. 

If  the  force  acting  on  the  particle  be  a  central  force ;  then,  P 
representing  its  intensity  at  a  distance  r,  we  have,  taking  the 
centre  of  force  as  the  origin  of  x,  y, 

Xdx^Ydy^Pdr, 
and  the  fonnidse  (A),  (B),  become 

w-^d^ (^)' 

u'  or  ^  =  2JPdr+  C. (D). 
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(1)  A  particle,  acted  on  hj  gravity,  descends  from  rest  down 
a  given  circular  arc,  the  tangent  to  which  at  the  lowest  point  is 
horizontal;  to  compare  the  initial  accelerating  force  estimated 
along  the  curve  with  that  which  would  correspond  to  motion 
down  the  chord,  when  the  arc  is  indefinitely  diminished. 

Let  A  (fig.  135)  be  the  lowest  point  of  the  arc,  G  the  centre 
of  the  circle,  P  the  position  of  the  particle  at  any  tune,  T 
the  intersection  of  the  tangent  PT  with  the  vertical  line  CA 
produced.  Draw  PM  horizontally,  and  join  AP,  CP.  Let 
F=  the  accelerating  force  at  P  down  the  arc  PA,  f=  that  down 
the  chord  PA,  ^  CTP=  a,  ^  GAP^  a',  GA  =  a,  AM^  a?,  PM=y] 
g  =  the  force  of  gravity. 

Then  F=  ^  cos  a,    /  ==  ^  cos  a', 

and  therefore  -%  = , . 

/     cos  a 

But,  by  the  nature  of  the  circle, 

cos  a  =  cos  z  GPM^^. 

a 

Also,  observing  that  y*  =  2aa;  —  a?,  we  get 

,     AM          X  fx\^ 

cos  a  =  — :rT5  = 1  =  I  ;r" )  • 

and  therefore,  when  a?  =  0,  we  have,  for  the  required  ratio, 

Saurin;  Mhnoires  de  FAcadimie  dea  Sciences  de  Paris j 
1724,  p.  70.  Louville;  lb.  p.  128.  Courtivron,  lb. 
1744,  p.  384. 

(2)  The  highest  point  of  the  circumference  of  a  circle  in 
a  vertical  plane  is  connected  by  means  of  a  chord  with  some 
other  point  in  the  curve;  to  determine  the  time  in  which  a 
particle,  under  the  action  of  gravity,  will  fall  down  this  chord. 

Let  AB  (fig.  136)  be  the  vertical  diameter  through  the 
highest  point  A  of  the  circle;  AG  the  chord  down  which  the 
particle  descends.     Join  BC,  and  let  P  be  the  position  of  the 
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particle  after  a  time  t  from  the  commencement  of  its  motion. 
Let  AP=8y  AB  =  2a,  £BAC=^a,  AG^ I.  Then,  the  resolyed 
part  of  ffy  the  force  of  gravity,  along  -4(7,  being  g  cos  a,  we 
hare,  for  the  motion  of  the  particle. 

Integrating,  we  get 

^  =  gtcosa-^  G\ 

da 
bnt  ^  =  0,  <  =  0,  simultaneously;,  hence  (7  =  0;  and  therefore 

Integrating  again,  and  observing  that  8  =  0  when  ^  =  0,  we  have 

8  =  i^gf  cos  a. 

Let  37 denote  the  whole  time  of  descent  down  AG\  then 

l=i\gTcoBa\ 
but,  from  the  geometry,     Z  =  2a  cos  a ; 
hence  2acosa  =  J^T*cosa, 


and  therefore 


-©'  ■ 


This  result,  being  independent  of  the  inclination  of  the  chord 

to  the  vertical,  shews  that  the  descents  down  all  such  chords  are 

performed  in  the  same  time ;  a  proposition  established  by  Galileo. 

Wolff;  JSlementa  Matheseos  Univeracd^  Tom.  ii.  p.  58. 

(3)  From  one  extremity  of  the  horizontal  diameter  of  a  circle 
in  a  vertical  plane,  two  chords  are  drawn  subtending  angles 
a,  2a,  at  the  centre ;  given  that  the  time  down  the  latter  chord 
is  n  times  as  great  as  that  down  the  former,  to  find  the  value 
of  a. 

Let  /3,  P,  be  the  inclinations  of  the  two  chords  to  the  hori- 
zon ;  Z,  r,  their  lengths,  and  ^,  ^,  their  times  of  description.  Then^ 
as  in  the  preceding  problem,  it  will  be  found  that 

I  =  \gf  sin  /9,         T  =  ^g^  sin  P, 

and  therefore  t  =  -3    ■  ^  =  n  —. — 5 . 

I      r  sm  p  sm  p 
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But  from  the  geometiy  it  is  evident  that 

Z  =  2a  cos  /9,       r  =  2a  cos  /S* ; 

,  COSTS'        ,sin)3'        .      o       »*      iy 

hence  — 4^  =  n -^ — ^        tanp  =  n"tana: 

cos  p  sin  p '  '^  '^  ' 

but  it  is  clear  that 

2/9  =  7r-a,       2/3'=7r-2a, 

hence  cot^a  =  n' coto, 

2  tan  Ja         ,  .      , 
- — .     /,    =  n"  tan  Ja, 
1— tan'Ja  ^ 

1  +cosa       . 

=n% 

cos  a 

and  therefore        cos  a  =  -5 — z  ,      a  =  cos"* 


n  —  1  w  —  1 

(4)  A  particle  is  placed  anywhere  within  a  thin  rectilinear 
tube,  and  is  acted  on  bj  a  force  tending  always  towards  a  fixed 
centre,  and  varying  directly  aa  the  distance ;  to  find  the  time  of 
an  oscillation. 

Let  X  be  the  distance  of  the  particle,  at  any  time  f,  from  its 
position  of  equilibrium^  r  its  corresponding  distance  from  the 
centre  of  force,  /i'  the  absolute  force  of  attraction.  Then,  y^r 
being  the  central  force  at  the  time  t^ 

the  integral  of  this  equation  is 

aj  =  -4cos  (/4<  +  €) (1), 

where  A  and  €  are  arbitrary  constants. 

Let  a  be  the  initial  value  of  x\  then,  from  (1), 

a  =  ^  cos  € : 
also,  -^  being  initially  zero,  we  have,  from  (1), 

0  =  ^  sin  6 : 
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hence,   substituting  for  ^  cos  €  and  ^  sin  e  their  values,   the 
equation  (1)  is  re4uced  to 

x  =  a  cos  fjLt, 

Now,  when  x  acquires  its  greatest  negative  value,  fjU  =  7r; 
hence,  7^  denoting  the  period  of  a  complete  oscillation,  we  have 

Euler;  Median.  Tom.  ii.  p,  91.  Cor.  4. 

(5)  A  particle  is  constrained  to  move  in  a  straight  line,  and  is 
attached  to  one  end  of  an  indefinitely  fine  elastic  string,  the 
other  end  of  which  is  fixed  at  a  distance  from  the  straight  line 
equal  to  the  unstretched  length  of  the  string ;  to  find  the  time  of 
a  small  oscillation. 

Let  a  =  the  natural  length  of  the  string,  m  =  the  mass  of  the 
particle ;  «  =  its  distance  at  any  time  t  fir^m  its  position  of  equi- 
librium, T  =  the  tension  of  the  string,  and  I  =  its  length  at  the' 
same  time.    Then,  for  the  motion  of  the  particle, 

d*8        Ts  ,,, 

^^=="T (^)- 

Again,  bj  Hooke's  law  of  extension, 

l=-a{l  +  €T) (2), 

where  €  is  a  constant  quantity  depending  upon  the  extensibility 
of  the  string. 

But,  8  being  a  small  quantity, 

l^  (a»  +  ^)i  =  a  (l  +  ^  j)  ,  nearly; 
hence,  firom  (2), 


and  therefore,  hj  (J), 


'"■^=-wr-w'  °^^y' 
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multiplying  by  2  -^ ,  and  integrating,  we  get 


m 


ds-      ^       8 


A 


=  (7- 


df  Aed 


s  > 


ds 
let  c  be  the  value  of  a  when  ;7:  =  0 ;  then 


and  therefore 

hence,  supposing  «  to  be  diminishing  as  t  increases, 

2a  (cam)" =z-^dti 

(c*-»«) 

put  a  =  c  cos  <f>y'  and  our  equation  becomes 

—  (eam)^ -? .  =  dt, 

c  (1+cos"^)*  . 

and  therefore,  0,  tt,  being  the  values  of  ^  corresponding  to  the 
values  c,  —  c,  of  « ,  the  time  of  a  complete  oscillation  will  be 
equal  to 


c  io(l-.j8in«0)^ 


c 
an  elliptic  fimction  of  which  the  modulus  is  sin  J  tt. 

(6)  A  particle  moves  firom  rest  from  a  distance  a  along  a  thin 
spiral  tube  towards  a  centre  of  force  in  the  pole  attracting  in- 
versely as  the  square  of  the  distance ;  to  find  the  whole  time 
which  will  elapse  before  the  particle  will  arrive  at  the  centre  of 
force,  the  equation  to  the  spiral  being 

,      c     6 

Let  /A  denote  the  absolute  force ;  then,  by  (D),  we  have,  for  the 
velocity  at  any  time, 


t;"-(7-2|^rfr=(7+^, 
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but  t?  =  0  when  r=^ai  hence 

But,  from  the  equation  to  the  spiral, 

r 
hence  g(i  +  «^  =  2;*(i-i) ; 

extracting  the  square  root,  and  taking  the  negative  sign  because 
r  decreases  with  the  increase  of  t^  we  get 

[r     a) 
whence  (1  +  a*)*  [t^^W^  =G-  2 V*<. 


T     a/ 


But 


rdr 


=  — a*  (ar-r*)*  +  ^*  vers"*  — . 
Hence  we  have 

a*  (1  +  «0* {ia ▼ere-*  ^-  (or- /)4  =  (7-  2V<. 
Now  <  =  0,  r  =  a,  simultaneously ;  hence 

^irJ  (1  +  flO*  =  C'; 
also,  T  denoting  the  whole  time  of  the  approach  to  the  pole, 

0=  0-2*/**^; 
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hence  we  hare  ^wo*  ( 1  +  a*)  *  =  2  V*  T, 


^,ra*(l+«0^ 


2V 

(7)  A  particle  descends  hj  the  action  of  gravity  down  a  tube 
AO  (fig.  137)  in  the  form  of  a  semi-cubical  parabola  of  which 
the  axis  Ox  is  vertical,  and  the  cusp  the  lowest  point;  to 
investigate  the  time  of  falling  from  a  given  point  A  to  the 
cusp  0. 

Let  OM^x^  PM=^y\  then,  by  (B),  since  X=-^,  F=0, 

-^  =  ^2gx^G. 

Let  h  be  the  initial  value  of  OMy  then,  -^  being  initially  zero, 
we  have                        0  =  —  ^gh  +  C, 
and  therefore  -^  ^2g{Ji  —  x) '. (1). 

Now  the  equation  to  the  curve  is  ay*  =  af^ 

and  therefore  cry  =  or,      crdy  =  ^x^dx, 

adj^  =  \xM,      ads^^\  (9a;  +  4a)  daf. 

Hence,  by  (1),  there  is 

9a;  +  4a  da?  ,,        v 

1         /9aj  +  4a\i 


(t^)'*. 


and  therefore        dt^  —  . 

2  {2agY 

the  negative  sign  being  taken  because  x  decreases  as  t  increases. 
Assmne  jb"  =  9aj  +  4a,  and  our  equation  becomes 

dt^ r  L  1 .  -  zdz 

2  f2aa)* /TT^TlV    ^ 


1  z^dz 


3(2e^)*(4a  +  9A-«*)* 

1  ^dz 

1 i ,  where  EP  =  4a  +  9A, 

3(2e«7)*(/3'-z')i 
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3  (207)*-' (/y -«»)** 


oy-z^ 


._.(^_^.,^/^^_/^ 


ifi^-^^  j{^-^^ 


=  -i«08'-z«)i  +  ii8'8m-'|; 


hence        t=  C 


-|^{i8'-z*)*  +  i/3'sin-'|}; 


3  {2aj/)* 

but,  initially,  x  =  h,  ^  =  ff,  and  therefore 

1 


0=C- 


-1  « 
cos    ^^ 


hence,  eliminating  (7,  we  have 

and,  substituting  for  z  and  fi  their  values, 

When  the  particle  arrives  at  the  cusp,  a;  =  0,  and  therefore  the 
whole  time  of  descent  is  equal  to 

— ^ ,  (  3a*A*  +  i  (9A  +  4«)  cos-' — 

3  (2a^)^  t  2  ^ 


(9A  +  4a) 


i 


(8)  Two  particles  P,  P,  (fig.  138),  of  which  the  masses  are 
w,  w',  are  connected  by  a  straight  rigid  rod  without  weight, 
and,  being  constrained  to  move  in  two  straight  grooves  Aa,  Aa\ 
which  are  inclined  to  the  horizon  at  given  angles  and  are  in  the 
same  vertical  plane,  make  small  oscillations ;  to  find  the  length 
of  the  isochronous  pendulum. 

Let  AP,  AP^  make  angles  a,  a,  with  the  vertical  line 
through  A^  and  let  ^  PAP  be  equal  to  i.    Let  T  denote  the 
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mutual  action  of  the  two  particles  communicated  along  the  rod. 
AP^x,  AF==x',  PF^c,  z  PPa==4>,  <PPa'=^il>'. 

Then,  for  the  motion  of  the  two  particles,  we  have,  resolving 
forces  along  AP  and  AP, 

m  "-j^  =  mg  cos  a—  T  cos  9, 

m  -^  =  mg  cos  a  —  i  cos  9  • 

Eliminating  T,  we  get 

,d*x       ,  rfV 

m  cos  0'  -j^  —  m  cos  ^  -,^  =  wi^  cos  a  cos  ^'  —  mg  cos  a'  cos  ^, 

But  from  the  geometry  we  evidently  have 

c  cos  <f>==x  cos  t  —  a?,       c  cos  <f>  =x  cos  i  —  x' ; 

hence         —  m  (a;'  —  aj  cos  t)  --i^-  +  w'  (a?  —  a:'  cos  t)  -^- 

^  —  mg  cos  a  (a;'  —  a?  cos  t)  -f  wi'<7  cos  a'  (a;  —  a;'  cos  i) (1). 

Let  a,  a\  be  the  values  of  x,  x',  when  there  is  equilibrium ; 

d^x         rfV 
then,  -^  and  ~p-  being  both  equal  to  zero,  we  have 

0  =  — m  cosa(a'  — a  cost)  +in  cosa'  {a  —  a  cost) (2). 

Assume  a;  =  a  +  v,  a?'  =  a  +  v',  v  and  v'  being  by  the  hypothesis 
small  quantities.  Then,  from  the  equation  (1),  as  far  as  small 
quantities  of  the  first  order,  we  have,  by  the  aid  of  (2), 

—  m{a  —  a  cos  i)  -^  +  m  [a  — a  cos  t)  -^ 

=  —  Twgr  cos  a  (v  —  t?  cos  C)  -f  mg  cos  a'  («  —  v  cos  i) (3). 

Now,  by  the  geometry, 

(?z=za?  •\-x'^  --  2qcx*  cos  i ; 
hence  0  =  a;Sa;  +  x'ix  —  (aj&c'  +  x'ix)  cos  t. 

But  ix  =  t?,  Sa?'  =  t;',  x=:a  +  v,  x  ^^a  +v  ;  hence,  neglecting 
small  quantities  higher  than  of  the  first  order, 

0  =  (a  — a  cos  i)  v+  {a'  —  a  cos  1)  v (4). 
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Let  r  Fepreaent  tlie  length  of  the  isochronous  pendulum  ;   then 

{\rJ  )  {\r/       '   j 

where  i,  k',  e,  are  constants :  substituting  these  values  of  v,  v\ 
in  the  equations  (3)  and  (4),  we  have 

k        ,  t  k' 

m{a  ^  a  cos  C) m'  {a  —  a'  cos  i)  — 

T  T 

=  k{m  cos  a  cos  i  +  m  cos  a')  —  k'  {m  cos  a  cos  i  +  m  cos  a), 
and  (a  —  a  cos  t)  i  +  (a  —  a  cos  t)  Aj'  =  0. 

Eliminating  k  and  k'  between  these  two  equations, 

fit  971 

—  (a --a  cos  lY  H [a  — a  cos  t)*=  ma  cos  a  sin*^  +  ma' cos  a'sin't ; 

and  therefore 

^m{a  —a cos *)'  +  w'  (a  —  a  cos t)'  ,  . 

~      (ma  cos  a  +  wV  cos  a')  sin*  t      ^  ^' 

From  P  draw  PO  at  right  angles  to  AP,  meeting  P'O  drawn 
from  P  at  right  angles  to  AP»  Then  the  projection  of  OP  upon 
the  line  AP  is  equal  to  OP  sin  i,  and  the  projection  of  PP  on 
the  line  -4^  is  equal  to  a  —  a  cos  c ;  but  these  two  projections 
are  evidently  coincident ;  hence 

OP*  sin*  A  =  (a  —  a  cos  t)* ; 
similarly  OP*  sin*  t  =  (a  —  a'  cos  *)*• 

Again,  let  (?  be  the  centre  of  gravity  of  m  and  m'  in  their 
position  of  equilibrium,  and  H  the  point  in  which  a  vertical  line 
through  G  will  cut  a  horizontal  line  through  A ;  then  we  have 

{m  +  m')  OH^  wia  cos  a  +  m'a!  cos  a'. 

Hence,  from  (5),  we  obtain 

w.OP*  +  W,OP'* 


r  = 


{m  +  m')GH 


(9)  A  particle  slides  down  a  plane  of  given  length,  inclined 
at  an  angle  tf  to  the  horizon,  and  is  reflected  by  the  horizontal 
plane;   to  determine   the  value   of  0  that  the  range  on  the 
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horizontal  plane  may  be  the  greatest  possible,  the  particle  being 
perfectly  elastic. 

<?  =  flin-'{{|)*}. 

(10)  An  ellipse  is  placed  with  its  major  axis  vertical ;  to  find 
the  radios  vector  by  which  a  particle  will  descend  in  the  shortest 
time  firom  the  upper  focus  to  the  curve. 

If  5  =  the  inclination  of  the  required  radius  vector  to  the  ver- 
tical line  drawn  downwards  from  the  focus ;  then  0  ==:  0,  if  e  <  ^ ; 

and  6  =  cos"*  ( —■  j ,  if  e  >  ^. 

(11)  An  ellipse  is  placed  with  its  plane  inclined  to  a  hori- 
zontal plane  and  with  its  major  axis  in  that  plane  :  to  determine 
the  position  of  the  line  drawn  from  the  focus  to  the  perimeter  of 
the  ellipse,  down  which  a  particle  acted  on  by  gravity  will  descend 
in  the  shortest  time. 

If  6  denote  the  inclination  of  the  required  line  to  the  distance 
of  the  focus  from  the  more  remote  apse, 

l-(8^+l)i 

cos  0  = ^ —  , 

4e 

(12)  Two  equal  spherical  particles  of  given  elasticity  are 
placed  at  two  points  in  the  circumference  of  a  vertical  circle, 
the  radii  of  these  two  points  making  angles  of  60°  on  each  side 
of  the  radius  which  tends  vertically  downwards ;  to  determine 
the  sum  of  the  chords  of  the  arcs  described  by  each  particle 
before  it  ceases  to  move.    - 

If  a  =  the  radius  of  the  circle,  and  e  =  the  common  elasticity 
of  the  particles,  the  required  space  will  be  equal  to 

a 


1-e 


(13)  A  particle  is  placed  within  a  thin  rectilinear  tube,  and  is 
attracted  by  a  force  always  tending  towards  a  fixed  point  with- 
out the  tube,  and  varying  as  some  fimction  of  the  distance ;  to 
find  the  time  of  a  small  oscillation  of  the  particle. 
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T^ff{r)  denote  the  intensity  of  the  force  at  a  distance  r,  and  a 
be  the  perpendicular  distance  of  the  centre  of  force  from  the 
tube,  the  time  of  a  small  oscillation  will  be  equal  to 

Tra* 


\ 

(14)    Two  equal  particles,  attracting  each  other  with  forces 

varying  inversely  as  the  square  of  the  distance,  are  constrained 
to  move  in  two  straight  lines  at  right  angles  to  each  other ;  sup- 
posing their  motions  to  commence  from  rest,  to  find  the  time  in 
which  each  of  them  will  arrive  at  the  intersection  of  the  two 
straight  lines. 

If  a  denote  the  initial  distance  between  the  particles,  and  fi 
the  absolute  attracting  force  of  each,  they  will  arrive  simulta- 
neously at  the  intersection  of  the  straight  lines  in  a  time  equal  to 

Tra* 


2  (2/.)* 

The  particles  would  arrive  simultaneously  at  the  intersection 
of  their  paths  for  any  other  law  of  mutual  attraction. 


TT 


(15)  A  particle  acted  on  by  gravity  descends  from  any  point 
in  the  arc  of  an  inverted  cycloid,  of  which  the  axis  is  vertical, 
to  the  lowest  point  of  the  curve ;  to  find  the  whole  time  of 
descent. 

If  a  be  the  radius  of  the  generating  circle,  the  required  time 
will  be  equal  to 

©'• 

This  result,  being  independent  of  the  initial  position  of  the 
particle,  shews  that  the  time  of  descent  will  be  the  same  from 
whatever  point  in  the  curve  the  motion  commences.  This 
elegant  mechanical  property  of  the  Cycloid,  from  which  it  has 
received  the  name  of  a  Tautochronous  Curve,  was  first  disco- 
vered by  Huyghens,  Horolog.  Oscill,  Pars  ii. 

w.  8.  •         19 
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(16)  A  particle  fidls  from  rest  towards  a  fixed  centre  of  force, 
which  attracts  directly  as  the  distance :  to  find  the  equation  to 
the  path  of  the  particle,  supposing  it  to  be  included  in  a  thin 
smooth  rectilinear  tube  revolving  in  one  plane  with  a  uniform 
angular  velocity  and  passing  through  the  centre  of  force. 

Let  II  =  the  absolute  force,  «»  =  the  angular  velocity  of  the 
tube ;  and  let  a,  the  initial  distance  of  the  particle  from  the  centre 
of  force,  be  taken  as  the  prime  radius  vector :  then  the  equation 
to  the  path  will  be 


or  r^a  cos 


{(.--I'a. 


accordingly  as  /a  is  less  or  greater  than  oi*. 
If  /A  ==  a>^  the  path  becomes  a  circle. 

.y^  (17)  A  particle,  attracted  by  a  force  always  tending  towards 
a  point  A,  (fig.  139),  and  varying  directly  as  the  distance,  de- 
scribes the  arc  OP  and  the  chord  OP  of  a  fixed  smooth  curve  in 
the  same  time,  whatever  point  P  be  chosen  in  the  curve :  the 
particle  has  no  motion  when  at  0.  To  find  the  nature  of  the 
curve. 

The  curve  is  the  Lemniscata,  the  centre  of  which  is  at  0  and 

IT 

of  which  the  axis  is  inclined  to  OA  at  an  angle  -j . 

Bonnet ;  LiouviUej  Journal  de  MathematiqueSj  av.,  1844. 

(18)  A  particle  under  the  action  of  gravity  falls  down  an  arc 
OB  (fig.  140)  of  one  of  the  loops  of  a  Lemniscata,  of  which 
the  axis  OA  is  inclined  at  an  angle  of  45^  to  the  horizon ; .  to 
determine  the  time  of  the  descent. 

Let  a  denote  the  semi-axis  of  the  corresponding  equilateral 
hyperbola,  6  the  angle  between  the  chord  OB  and  the  axis  OA 
of  the  loop,  and  7  the  required  time.     Then 


7'  =  (?^)*.{tan(i,r-^)*. 
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This  expxession  for  the  time  is  the  same  as  that  for  the  descent 
of  a  particle  down  the  chord  OB;  a  mechanical  properly  of  the 
Lemniscata  which  was  discovered  by  Saladini,  Memorte  delV 
IsHhUo  Nazianale  Italiano,  Tom.  I.  parte  2. 

(19)  A  spherical  particle  A  impinges  with  a  velocity  i«  in  a 
horizontal  direction  npon  a  spherical  particle  B,  which  is  resting 
at  the  lowest  point  of  an  inverted  cycloid  with  its  axis  vertical ; 
to  determine  the  velocities  of  A  and  B  after  any  number  of 
impacts,  the  volumes  of  the  particles  being  equal,  while  their 
masses  differ  in  any  proposed  degree. 

The  velocities  of  -4,  -B,  after  x  impacts,  will  be  respectively, 
e  denoting  their  common  elasticity, 

A-'A  (-6)'  A-^-Bj-ef 

A  +  B       "*'  ~A^B      "*• 


Sectt.  2.     Pressure  of  a  moving  Particle  on  immoveable  plane 

Curves, 

The  general  value  of  the  reaction  of  a  curve  against  a  par- 
ticle which  is  moving  along  the  curve,  is  given  by  the  formula 

where  N  represents  the  resolved  part  of  the  whole  accelerating 
force  on  the  particle  estimated  along  the  normal  in  an  opposite 
direction  to  that  in  which  the  reaction  B  exerts  itself,  and  p 
denotes  the  radius  of  curvature  of  the  curve.  In  this  formula 
the  positive  or  the  negative  sign  is  to  be  taken  accordingly  as 
the  particle  is  moving  on  the  concave  or  on  the  convex  side  of 
the  curve. 

This  formula  was  first  given  by  L'Hdpital^  in  the  discussion 
of  John  Bernoulli's  problem  of  the  Curve  of  Equal  Pressure. 
When  the  expression  for  B  becomes  equal  to  zero,  the  particle 


>  Mhn.  de  VAead.  du  8eimee»  dt  Paris,  1700,  p.  9. 

19^2 
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will  either  leave  the  curve  or  will  move  along  it  freely  without 
experiencing  any  reaction ;  and  the  analytical  condition 

p 

shews  that,  on  the  commencement  of  free  motion,  the  normal 
accelerating  force  and  the  centrifugal  force  of  the  particle  must 
be  equal  and  opposite* 

(1)  A  particle,  starting  with  a  given  velocity  from  the  vertex 
of  a  parabola,  of  which  the  axis  is  vertical,  descends  down  the 
convex  side  of  the  curve  by  the  action  of  gravity ;  to  find  the 
reaction  of  the  curve  at  any  point  of  the  descent. 

The  resolved  part  of  the  force  of  gravity  along  the  normal  in 
a  direction  opposite  to  the  reaction  is  g-^-y  and  therefore  by  (A), 

the  particle  moving  on  the  convex  side  of  the  curve, 

^        dy     1  d^    ' 
^  da     pdf 

Now,  the  equation  to  the  parabola  being  y*  =  Amx^ 
-f-  =  7 — ; — TV  and  p  =  -^  (w  +  fic)*. 

Also,  if  A  be  the  altitude  due  to  the  initial  velocity  of  the 

particle,  we  have 

d^ 

Hence  R 2^ ^(«  +  A) 

1        71/1  —  h 

=  ^^7 1- 

(m  +  xy 

1£  h^m^  then  the  pressure  during  the  whole  motion  will 
be  equal  to  zero;  and  the  particle  will  describe  the  parabola 
freely.  If  Ti  were  greater  than  wi,  since,  from  the  nature  of 
the  case,  R  cannot  have  any  negative  value,  the  particle  would 
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from  the  first  proceed  in  a  path  different  from  the  parabola  in 
question.  If,  instead  of  supposing  the  particle  to  move  on 
a  mere  curve,  we  were  to  conceive  it  to  be  moving  within 
an  indefinitely  thin  parabolic  tube,  B  might  be  negative ;  and 
in  fact  always  would  be  negative,  supposing  A  to  be  greater  than 
m,  when  the  motion  would  be  the  same  as  if  the  particle  were 
moving  along  the  concave  side  of  the  parabolic  curve. 

Euler ;  Mechan.  Tom.  II.  p.  64. 

(2)  A  particle,  starting  from  rest,  descends  down  the  convex 
side  of  a  circle  from  a  given  point  in  its  circumference ;  to  find 
where  it  will  leave  the  curve. 

Let  0  (fig.  141)  be  the  centre  of  the  circle,  AO  being  a  ver- 
tical radius.  Let  P  be  the  initial  position  of  the  particle,  Q  its 
point  of  departure ;  PMj  QN,  horizontal  lines.  Join  OQ,  and 
let  /iAOQ^^ip;  a  =  the  radius  of  the  circle. 

Then,  the  centrifugal  force  at  Q  being  equal  to  the  normal 
component  of  gravity,  we  have 

but,  denoting  MNhj  a?, 

hence,  putting  MO  =  c, 

2x=a  cos  <f>=iC'-x,       x  =  ^c, 
Fontana;  Memorie  delta  Socteta  Italiana^  1782,  p.  175. 

(3)  A  particle  is  moving  along  the  convex  side  of  an  equi- 
angular spiral,  towards  the  pole  of  which  it  is  attracted  by  a  force 
varying  as  any  power  of  the  distance ;  to  determine  the  reaction 
of  the  curve  at  any  time  during  the  motion. 

Let  r  be  the  distance  of  the  particle  from  the  pole  at  any  time, 
^r"  the  attractive  force,  a  the  constant  angle  between  the  curve 
and  the  radius  vector,  j9  the  initial  velocity,  and  a  the  initial 
value  of  r.  Then,  by  the  formula  (A),  -W being  equal  to  /w^sin 
a,  we  have 

iJ  =  ar"  sina (1). 
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Again,  estimating  the  velocity  v  of  the  particle  in  a  direction 
corresponding  to  an  increase  of  r,  and  denoting  hj  dsBH  element 
of  its  path,  we  have 

V  -T-  — —  A*^  cos  a (2). 

Now,  by  the  nature  of  the  curve,  co&ads^dr;  hence,  from  (2) , 

dv  « 

integrating  and  observing  that  )9,  a,  are  the  initial  values  of  t;,  r, 
we  get 

t?*-/8"  =  — H^(,^-a»«) (3). 

Again,  p  denoting  the  perpendicular  from  the  pole  upon  the  tan- 
gent to  the  curve,  we  have,  since  ^  =  r  sin  a, 

^        dp     sina 

From  (1),  (3),  (4),  we  obtain 

i?  =  Mr-sina-?^|/3'-j^(r-«-a-«)} 

•n  +  3   -    .          fl"  sin  a     2u  sin  a   «+i 
=  l^-^^r  sin. J^^^^^a    . 

Euler ;   Median.  Tom.  II.  p.  86. 

(4)  A  particle  attracted  towards  two  centres  of  force,  varying 
inversely  as  the  scjuare  of  the  distance,  moves  in  an  hyperbolic 
groove,  of  which  the  foci  are  the  centres  of  force ;  to  find  the 
pressure  on  the  groove  at  any  point,  the  particle  being  supposed 
to  move  on  the  concave  side. 

Let  P  (fig.  142)  be  the  position  of  the  particle  at  any  time  t ; 
8j  jET,  the  foci  of  the  hyperbola;  let  8P=  r,  HP^  r  ;  let  a  be  the 
transverse  semi-axis ;  P^a  tangent  at  P;  let  iSPT^^^^HPT'^ 
let  /i,  fi\  be  the  absolute  forces  towards  8^  H. 

Besolving  forces  at  right  angles  to  the  tangent  at  P,  we  have, 
by  the  equation  (A), 

i?=(^:-^)Bin0  +  l' (1); 
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•Iso,  for  the  value  of  «  at  any  time,  there  ia 

r        r 

Let^y,  be  the  initial  values  of  r,  r',  and  fi  the  initial  value 
of  V ;  then 

andtherefore        ^^^jf +  lt.?t..?^+^, 

r        r       f       f 

Hence,  from  (1),  we  have 

But  2/0  sin  ^  is  equal  to  the  chord  of  curvature  through  B^ 
which,  by  the  nature  of  the  hyperbola,  is  equal  to  — ;  hence 

_  ^^  (r  +  2a)     fi  (/  -  2a)      2/i^     2/*     ^ 
"        a/  ar  f  '^  f '^  ^ 

-        a/  a/       "^^ 

«/      of 
If  the  initial  velocity  be  zero,  and  the  particle  be  attracted  at 
the  commencement  of  its  motion  with  equal  intensity  by  the  two 

centres  offeree;  then  )9  ==  0,  ^  »  ^ ,  and  therefore  5  =  0  during 

the  whole  motion.     Hence  the  particle  would  under  these  cir- 
cumstances describe  the  hyperbola  freely. 

^    (5)  A  particle,  acted  on  by  gravity,  oscillates  in  a  circular  arc; 
to  find  the  reaction  of  the  curve  at  any  point. 
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Let  0  (fig.  143)  be  the  centre  of  the  circle ;  P  the  position  of 
the  particle  at  any  time ;  A  the  lowest  point  of  the  circle ;  let 
L  A  0P=^  6.  Then,  0  being  initially  equal  to  a  and  the  velodiy 
zero,  we  have 

5  =  5^  (3  cos  ^  —  2  cos  a). 

"/  (6)  A  series  of  circles  in  a  vertical  plane  have  a  common 
highest  point ;  a  particle,  starting  at  this  point,  slides  down  the 
convex  side  of  each  circle :  to  find  the  locus  of  the  points  where 
the  particles  leave  the  circles. 

The  required  locus  is  a  straight  line,  passing  through  the' 
highest  point  of  the  circles,  and  making  an  angle  tan"*(V5)  with 
the  vertical. 

?  (7)  A  particle  is  projected  with  a  given  velocity  at  the 
highest  point  of  a  circle  in  a  vertical  plane  along  the  concave 
side  of  the  curve;  to  determine  the  pressure  on  the  curve 
at  any  point  in  its  path. 

Let  A  OB  (fig.  144)  be  the  vertical  diameter,  0  being  the 
centre  of  the  circle ;  P  the  position  of  the  particle  at  any  time ; 
let  0P=  a^  i-A  OP^  0;  let  )S  be  the  velocity  of  projection  at 
A  ;  then,  for  the  pressure  at  P, 

5  =  ^+^(2-3  cos ^). 

Suppose  that  B  =  0  initially ;  then  ^=g,  and 

B  =  Sff  vers  d 

=  Qff,  when  d  =  ir; 

which  shews  that,  when  the  particle  arrives  at  the  lowest  point, 
the  reaction  is  six  times  the  force  of  gravity. 

Euler ;  Mechan,  Tom.  II.  p.  65,  Cor.  7. 

(8)  A  particle  descends  down  the  convex  side  of  a  logarithmic 
curve  placed  with  its  asymptote  parallel  to  the  horizon ;  to  find 
where  it  leaves  the  curve. 

Let  P  (fig.  145)  be  the  point  at  which  the  particle  is  placed, 
and  Q  the  point  of  its  departure;  let  OM^zh,  ON^x,   Then,  the 
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equation  to  the  curve  being  y  =  log^a?,  we  have,  putting  A  =  log/i, 

a:  =  -i|^A+(l+^'A')*l. 
Fontana;   Memorie  delta  Socteta  ItaUana^  1782,  p.  182. 

(9)  A  particle  descends  from  rest  down  the  convex  side  of  an 
ellipse  with  its  major  axis  vertical,  from  a  given  point  in  the 
curve  ;  to  determine  where  it  will  leave  the  ellipse. 

Let  the  highest  point  of  the  ellipse  be  taken  as  the  origin  of 
co-ordinates,  the  axis  of  x  being  vertical,  and  that  of  y  horizontal. 
Let  a,  5,  denote  the  semi-axes  major  and  minor ;  h  the  initial  dis- 
tance of  the  particle  from  the  axis  of  y,  and  x  the  distance  of  the 
point  at  which  it  leaves  the  curve.  Then  the  value  of  x  will  be 
a  root  of  the  cubic  equation 

(a"  -  V){a?  -  3aa?)  -  3aWa;  +  a'  (5*  +  2ah)  =  0. 

Fontana ;  Ih.  p.  175. 

/  ^  (10)  A  particle  descends  from  rest  down  the  convex  side  of  the 

Cissoid  of  Diodes,  which  is  so  placed  as  to  have  its  asymptote 

vertical ;  the  initial  place  of  the  particle  being  known,  to  find  the 
point  in  which  it  will  leave  the  curve. 

Let  P  (fig.  146)  be  the  initial  position  of  the  particle,  and  Q 
its  place  on  leaving  the  curve :  draw  F8,  QN,  at  right  angles  to 
Oxy  Oy\  let  P8=h,  QN=x.  Then,  a  being  the  radius  of  the 
generating  circle,  the  value  of  x  will  be  a  root  of  the  cubic  equa- 
tion 

,      16a    ,      64a*  +  36A*         Sah*     ^ 

XT  —   2/    +  —X  —  ==  0. 

9  81  9 

If  the  motion  commence  at  the  cusp  0,  A  =  0,  and  therefore 


8 
x  =  -a. 


Fontana;  lb.  p.  181. 


'^  (11)  A  particle  is  projected  with  a  given  velocity  along  the 
convex  side  of  a  parabola  from  a  given  point  in  the  curve ; 
to  determine  the  reaction   of  the   curve   at   any  time   of  the 
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motion,  the  particle  being  always  attracted  to  the  focoB  by  a 
force  varying  inversely  as  the  squaie  of  the  distance. 

Let  S  (fig.  147)  be  the  focus  of  the  parabola;  B  the  point 
from  which  the  particle  is  initially  projected  in  the  direction  of 
the  tangent  BT;  P  the  position  of  the  particle  after  any  time; 
let  /SP=  r,  8B  =a,  8A  =  w,  )9  =  the  velocity  of  projection,  /*  = 
the  absolute  force  towards  8.    Then,  at  P, 


"-m-^- 


^^  (12)  There  is  a  centre  of  force  at  one  extremity  of  the  dia>- 
meter  of  a  semi-circle,  the  force  being  repulsive  and  varying  as 
the  distance :  to  find  the  pressure  exerted  upon  the  curve  by  a 
body  which  moves  from  rest  from  the  centre  of  force  along  its 
concave  side,  and  the  time  which  elapses  before  it  reaches  the 
pther  extremity  of  the  diameter. 

If  a  =  the  radius  of  the  circle,  m  =  the  mass  of  the  body,  /a  = 
the  absolute  force,  and  R  ==  the  pressure  when  the  body  is  at  a 
distance  r  from  the  centre  of  force, 

and  the  required  time  is  infinite. 

/  b  (13)  A  particle  is  attached  to  the  end  of  a  fine  thread  which 
just  winds  round  the  circumference  of  a  circle,  in  the  centre  of 
which  there  is  a  repulsive  force  varying  as  the  distance :  to  find 
the  time  of  unwinding,  and  the  tension  of  the  string  at  any 
time. 

K^=  the  absolute  force,  and  a  =  the  radius  of  the  circle,  the 

27r 
time  of  unwinding  is  equal  to  -j-  ,  and  the  tension  at  any  time 

t  is  equal  to  2fj}  ,a.U 

(14)  An  ellipse  is  placed  with  its  major  axis  in  a  vertical 
position ;  to  find  the  velocity  with  which  a  particle  must  be  pro* 
jected  vertically  upwards  from  the  extremity  of  the  minor  axis 
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along  the  interior  of  the  elliptic  arc^  so  that  after  quitting  the 
curve  it  may  pass  through  the  centre. 

If  a,  b,  denote  the  semi-axes  major  and  minor,  the  required 
velocity  will  be  equal  to 


f(8a'  +  y)^H 
I     3a .  3*     ) 


(15)  A  particle  moves  along  the  convex  side  of  an  ellipse 
under  the  action  of  two  forces  tending  to  the  foci  and  varying 
inversely  as  the  square  of  the  distance,  and  a  third  force  tending 
to  the  centre  and  varying  as  the  distance ;  to  find  the  reaction  of 
the  curve  at  any  point. 

Let  B  denote  the  reaction  of  the  curve  on  the  particle  at  any 
point,  p  the  radius  of  cmrvature;  /,/',  the  initial  focal  distances, 
and  fi,  fly  the  corresponding  absolute  forces ;  fi"  the  absolute 
force  to  the  centre,  2a  the  axis  major  of  the  ellipse,  and  fi  the 
initial  velocity.    Then 

If  ffy  ff\  ff'\  denote  the  velocities  which  the  particle  ought  to 
have  initially  to  revolve  freely  round  the  three  centres  of  force 
taken  separately, 

/3^=^,    /3"*=^,   /3"'*=/*'igr; 

and  therefore,  when  the  forces  are  taken  conjointly,  it  will 
revolve  about  them  freely  when 


Sect.  3.    Inverse  Problems  on  the  Motion  of  a  Particle  along 

immovecMe  plane  Curves. 

(1)  To  find  a  curve  EPF  (fig.  148)  such  that,  ^  and  5 
being  two  given  points  in  the  same  horizontal  line,  the  sunk  of 
the  times  in  which  a  particle  will  descend  by  the  action  of 
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gravity  down  the  straight  lines  JLP,  BP^  may  be  the  same  what- 
ever point  in  the  curve  P  may  be. 

Bisect  AB  in  0 ;  let  Oxy  a  vertical  line,  be  the  axis  of  a?,  and 
OAy^  which  is  horizontal,  the  axis  of  y;  let  AB  =  2a.  Then, 
Xj  y,  being  the  co-ordinates  of  P,  the  times  down  AP^  BP, 
will  be  respectively  equal  to 

Hence,  k  denoting  the  sum  of  the  times, 

{^i?gx)^={af+ia-y)f+{a?+{a  +  yY]^ (1). 

Putting  ^/i?ff  =  4c,  and  squaring  both  sides  of  the  equation, 
we  have 

2cx  =  a' +  x*  +  /  +  (aj*  +  (a  -  y)f  (a?  +  («  +  y)f, 
{2cx  -  c?-of-f)*  =[^+  [a-yY]  {a?  +  [a+yf]. 

'   Developing  both  sides  of  the  equation,  and  simplifying,  we 
shall  readily  find  that 

<^a?  —  a^cx  —  CO?  —  cxt^  =  —  a'y* , 
and  therefore 

^-^5?s^ «. 

which  is  the  equation  to  the  required  curve. 

K  we  trace  this  curve,  we  shall  find  it  to  consist  of  a  branch 
VO  V  having  an  asymptote  parallel  to  the  axis  of  y,  and  of  an 
oval  EFP,  The  oval  is  the  portion  of  the  curve  which  corre- 
sponds to  the  problem  which  we  are  considering.  The  infinite 
branch  VOV  would  correspond  to  the  condition  that  the  times 
down  -4P,  PP,  shall  have  a  constant  difference :  in  which  case 
we  should  have  had,  instead  of  the  equation  (1), 

{^}<?ffx)^=  {af+  {a  +  y)f  -  {a^-  {a-y)f  ; 

whence,  by  the  involution,  we  should  have  obtained  the  same 
equation  (2).  The  curve  has  pretty  much  the  shape  of  the 
Conchoid,  although  its  equation  is  essentially  different. 

Fuss;  MSmoires  de  VAcad.  de  St,  Piterab.  1819. 
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(2)  A  paxticle,  not  acted  on  by  any  forces,  is  constrained  to 
move  within  a  thin  tube  of  such  a  form  that  the  acceleration  of 
the  particle  parallel  to  a  given  straight  line  is  invariable ;  to 
determine  the  equation  to  the  path  of  the  particle. 

Let  the  axis  of  x  be  taken  parallel  to  the  given  line;  let  c  be 
the  constant  acceleration  of  the  particle  parallel  to  the  axis  of  x^ 
and  0  its  velocity  within  the  tube,  which  will  be  invariable. 
Then 

"^  +  ^4-^ (1); 


de  '  de 


J*' 


but,  by  the  condition  of  the  problem,  -^  =  c,  and  therefore,  the 
axi3  of  y  being  so  chosen  that  ;^  =  0  when  a;  =  0, 

dx  d^x  dx  dof 

Eliminating  it  between  the  equations  (1)  and  (2),  we  get 


or,  putting  ^  =  «, 


dy  _  /2a  — a;\i 


dx 

whence,  by  integration,  the  position  of  the  axis  of  x  being  sup- 
posed such  that  a;  =  0  when  y  =  0, 

a 


y  =  (2aa;  —  a?)'  +  a  vers"*  - ; 


which  is  the  equation  to  a  cycloid  of  which  the  axis  is  parallel  to 
the  given  line. 

There  is  an  elaborate  investigation  by  Euler,  in  the  MSmmrea 
de  VAcadSmie  de  St.  Piftersb.,  Tom.  x.  p.  7,  on  the  nature  of  the 
curve  of  constraint  when  the  particle  is  subject  to  the  action  of 
gravity,  and  the  direction  of  uniform  acceleration  is  horizontal. 
A  notice  of  this  problem  may  be  seen  in  the  BvMettn  des 
Sciences  de  BnuteOeSj  Tom.  ix« 
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(3)  To  determine  the  curve  down  which  a  particle  may 
descend  by  the  action  of  gravity,  so  as  to  describe  equal  vertical 
spaces  in  equal  times,  the  tangent  to  the  curve  at  the  point 
where  the  motion  commences  being  vertical. 

Let  0  (fig.  149)  be  the  point  where  the  motion  commences, 
Ox  the  axis  of  x  touching  the  required  curve  OA  at  0,  Oy  the 
axis  of  y  at  right  angles  to  Ox\  let  OM=Xy  FM^y^  )9  =  the 
invariable  velocity  of  the  particle  parallel  to  Ox. 

Then  ;^  =  C'  +  2gXy         0  being  a  constant  quantity, 

ds'  da?     /7  .  « 
^^^0^2gx. 

But  -^  =  i8 ;  hence 


But,  when  a?  =  0,  ;^  =  0 ;  and  therefore 


dx 

dx'  ^  ""'     y-  3^  a^* 

no  constant  being  added  because  a;=:0,  y^O,  simultaneously. 
The  required  curve  OA  is  therefore  the  semi-cubical  parabola, 
0  being  the  cusp,  and  Ox  the  axis. 

This  curve  is  called  the  Isochrone.  It  was  proposed  by  Leib- 
nitz^, as  a  challenge  to  the  disciples  of  Des  Cartes,  who, -from  an 
excessive  attachment  to  the  geometry  of  their  master,  affected  to 
despise  the  methods  of  the  Differential  Calculus,  No  solution 
was  communicated  by  any  of  the  Cartesians.  Huyghens  alone 
successfully  accepted  the  challenge,  by  whom  a  geometrical 
solution  was  given  in  the  Nouvdles  de  la  Sepuhlique  des  LettreSy 
Octohre  1687.  The  solution  by  Leibnitz  appeared  for  the  first 
time  in  the  Acta  ErudU.  Lips.  1689,  p.  196  et  sq.    The  solutions 

>  NouveUet  de  la  Republiqtu  det  Lettra,  SepUmbrt  1687. 
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both  of  Hujghens  and  of  Leibnitz  were  ayntlietical.  An  ana- 
lytical solution  was  given  afterwards  for  the  first  time  by  James 
Bernoulli^. 

(4)  A  particle  is  projected  with  a  given  velocity  from  a  point  A 
(fig.  150)  along  a  horizontal  line  AO  towards  a  point  0;  to  find 
the  curve  along  which  it  must  be  constrained  to  move  that  it 
may  approach  the  point  0  uniformly ;  the  particle  being  acted 
on  by  gravity,  and  A  0  being  a  tangent  to  the  required  curve. 

Let  P  be  the  position  of  the  particle  at  any  time ;  let  ^4  0  =  a, 
0P=  r,  -^  -4  0P=  0;  fi^  the  velocity  of  the  particle  at  its  initial 
position  A.  For  {he  motion  of  the  particle  at  any  point  in  its 
descent  there  is 


/^l  +  r*~j  = /S"  +  2^  sin  tf. 


But,  by  the  condition  of  the  problem,  -yi^  (^y  ^  constant 
quantity:  hence 


(7^1 +  r^^  =;/8'+ 2^r  sin^. 


But,  initially,  ^  =  0,  r-j-  =  0;  hence  (7*  =  )3",  and  therefore 

i8"^^  =  2^sintf, 

dr       6        d0 
, .   —    »      _»_^„____  • 

integrating,  and  obserring  that  d  =  0,  r  =  a,  initially ;  we  hare 

2(2^)*^o(8ind)*'- 

which  is  an  equation  for  the  construction  of  the  path  of  the*  par- 
ticle. 

>  Aet.  Erudii.  Lipt,  1690,  p.  217. 
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The  paxticle  will  move  from  A  along  ABGO  to  the  point  O 
with  a  uniform  velocity  of  approach:  it  will  affcerwardfl  move 
from  0  along  OcBa  with  a  uniform  velocity  of  recession.  When 
it  has  arrived  at  a,  it  will  proceed  uniformly  along  Oa  produced- 

This  curve  has  been  called  the  Paracentric  Isochrone  by 
Leibnitz,  by  whom  the  problem  was  originally  proposed  as  a 
challenge  to  the  mathematicians  of  the  day,  in  the  Acta  ErudU. 
Lips.  1689,  p.  198.  Several  years  elapsed  before  the  problem 
received  a  solution.  At  length  James  Bernoulli  succeeded  in 
obtaining  one,  which  appeared  in  the  Acta  ErudiU  Lips.  1694, 
p.  277.  Solutions  were  shortly  afterwards  published  by  Leib- 
nitz and  John  Bernoulli,  in  the  Acta  Ervdit.  Lips.  1694,  p.  371, 
394.  The  problem  was  afterwards  generalized  by  Varignon  in 
the  MSmoires  de  VAcadimie  des  Sciences  de  Paris,  1699,  p.  9 
et  sq. 

(5)  To  find  the  nature  of  the  curve  OPA  (fig.  151)  such  that 
a  paxticle  acted  on  by  gravity  wiU  descend  down  any  axe  OP  in 
the  same  time  as  down  its  chord. 

Let  Ox  be  vertical,  Oy  horizontal,  PM  parallel  to  yO.  Let 
OP=r,  ^xOP=0,  arc  0P=«,  Oif  =  rcos^.  Then,  since 
the  velocity  acquired  down  the  arc  OP  is  the  same  as  that 
which  is  due  to  falling  freely  down  OM, 

^*     ^  A       J.        ^  ds 

—  =  2ffr  cos  0,      dt  = 


^       "^  '  (2(7)*  (r  cos  5)*' 

and  therefore  the  whole  time  of  descent  down  OP  is  equal  to 


1_  [•       ds 

J(7)ij^(rcos5)*' 


But  the  time  of  descent  down  the  chord  OP  is  equal  to 


V  Vcos^j  ' 
and,  therefore,  by  hypothesis, 
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\g)   [co&ej  ""(2^)iJo(rco3fl)' 


2 


r    \l     [*    ds 


H 


,co&0J     Jo{rco&0)^' 
Differentiating  both  sides  of  the  equation,  we  have 
i  cos  0dr-\-r  sin  6d0  ds 


{^ 


cos  ^  rfr  +  r  sin  ^  di?  =  cos  ^  (rfr*  +  r^d»^  * . 

Squaring  both  sides  and  simplifying, 

2  sin  ^  cos  5  rdrdO  =  r^  cos  25  rf^, 

dr     cos  20  ,>, 
r       sin  2^ 
Integrating,  • 

log  r*  =  log  a*  +  log  sin  25,    r'  =  a*sin25, 

where  a'  is  some  constant  quantity. 

From  0  draw  OEy  bisecting  the  angle  a;  Oy,  and  let  z  POE=^<f>; 
then,  since  5  =  Jtt  —  0,  we  have 

7^  =  a*  cos  2^ ; 

which  is  the  equation  to  the  Lemniscata  of  James  Bernoulli, 
O  being  the  centre  and  A  the  vertex  of  the  equilateral  hyper- 
bola.    This  very  beautiful  problem  is  due  to  Saladini. 

Saladini;  Memorte  deW  Istituto  Nazionale  ItalianOy 
Tom.  I.  parte  2.  Fuss;  Mhnoires  de  TAcad.  de 
8t  PStersb.    1819. 

(6)  To  find  the  equation  to  the  tautochrone  when  a  particle 
is  acted  on  by  any  forces  whatever  in  one  plane. 

A  tautochrone  is  a  curve  along  which  a  particle  acted  on  by 
any  assigned  forces  will  arrive  in  the  same  time  at  a  given  point 
firom  whatever  point  in  the  curve  its  motion  commences.  Let 
A  (fig.  152)  be  any  assigned  point,  and  E  any  point  whatever 
in  the  curve  AJEB;  then  the  time  from  ^  to  ^  is  to  be  indepen- 
dent of  the  position  of  E, 

w.  s.  20 
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LetPbe  any  point  in -4^;  let^P=«, -4-E=a,  iS=the  sum  of 
the  resolved  parts  of  the  accelerating  forces  on  the  particle  along 
the  tangent  PT  at  the  point  P.  Then,  for  the  motion  of  the 
particle, 

But,  the  particle  being  supposed  to  have  no  initial  velodly, 

0=C-2['/8a»; 

«nd  therefore  ^=  2  1   Bds • (1), 


.'  (/»' 


The  time  from  EXx^  A\&  equal  to 


1    r«       as 


and  this  formula  must  be  independent  of  a.   Hence  we  must  have 


where  ^  [~)  denotes  some  function  of  - .    Hence 


(M""*'®'  f 


and  therefore,  differentiating  with  respect  to  s, 

a? 


-Sda^d 


w 


But,  the  tautochrone  AB  being  an  invariable  curve,  whatever 
be  the  value  of  a,  it  is  manifest  that  a  must  not  appear  in  this 
equation;   hence 

J  0'  /  -  j  •  =  —  -j^ ,  where  -4  is  a  constant  quantity, 
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and  therefore  8=k8 (2), 

k  being  some  constant  quantity. 
Hence,  by  (1)  and  (2), 

and  therefore,  if  r  denote  the  time  of  the  motion  from  Eto  Ay 

Hence  we  have,  from  (2), 

which  is  a  differential  equation  to  the  tantochrone. 

The  direct  problem  of  Tautochronism  in  the  case  when 
gravity  is  the  accelerating  force,  was  first  considered  by  Huy* 
ghens,  in  his  Horolog.  OsciU.,  where  he  proves  the  inverted 
cycloid  with  its  axis  vertical  to  be  tautochronous.  The  inverse 
problem  was  first  considered  by  Newton,  Frtncip.  Lib.  I.  sect.  10. 
See  also  Euler,  GommerU.  Petrcp.  1729,  and  Mechan,  Tom.  il. 
p.  211. 

(7)  A  particle  is  acted  on  by  an  attractive  force  tending 
towards  a  fixed  centre,  and  varying  as  the  distance ;  to  find  the 
tautochrone. 

Let  fi  denote  the  absolute  force  of  attraction,  r  the  radius 
vector  at  any  point  of  the  curve,  p  the  perpendicular  from  the 
pole  upon  the  tangent  at  the  point,  ^  the  inclination  of  the 
tangent  to  the  radius  vector. 

Then,  by  the  formula  of  the  preceding  general  problem,  we 

have,  putting  f^r  cos  ^  for  8^ 

-      9r*« 
/Arcos<^  =  jp, 

whence  /«?  (r  cos  ^)  =  — y ; 

but  da  cos  <b=^dr\  hence  we  have 

fir  cos ^ rf(r  cos ^)  a=  T3  rdr ; 

20—2 
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integrating,  we  get 

/Ar'cos*^+  (7=  ^  , 

or  ^{r^-jP^  +  C^-^. 

Let  c  be  the  value  of  r  when  «  =  0,  and  therefore  when 
^  s=  ^ ;   then  also  2>  =  Cy  and  consequently 

Hence  ;*(,^_^«)+^^  =  __, 

which  id  the  differential  equation  to  the  curve. 

Euler ;  Meckaru  Tom,  ii.  p.  208. 

(8)  An  infinite  number  of  similar  curves  originate  at  a  given 
point;  to  determine  the  corresponding  synchronous  curve,  or 
the  curve  which  shall  cut  them  in  such  a  manner  that  a  particle 
acted  on  by  gravity  may  describe  the  intercepted  arcs  in  equal 
times. 

Let  0  (fig.  153)  be  the  given  point,  and  GPD  the  synchro- 
nous curve  intercepting  the  arc  OP  of  the  curve  OFQj  which 
is  one  of  the  similar  curves.  Let  Ox^  a  vertical  line,  be  taken 
as  the  axis  of  Xy  and  Oy,  at  right  angles  to  it,  as  the  axis  of  y. 
Let  OM=Xy  FM=y,  OP  =^8.  Then,  if  i  denote  the  time  down 
OPj  which  by  hypothesis  is  constant  for  every  point  P  in  the 
curve  CPD^  we  have 

where  p  is  equal  to  ^ . 

Now,  bj  the  nature  of  Bimilar  curves,  the  equation  to  the 
curve  OPQ  is  of  the  form 

^g.  f)  =  0,    or  y  =  «/g) (2). 


CONSTRAINED  MOTION  OP  A  PARTICLE.  309 

where  JP,/,  denote  certain  fdnctions  of  the  quantities  to  which 
they  are  prefixed,  a  being  the  value  of  the  general  parameter  of 
the  class  of  similar  curves  for  the  individual  curve  OFQ. 
Hence,  assuming 

x  =  aT^  and  therefore  y  —  ofij)^  by  (2), (3), 

we  have  from  (1), 

A;  =  a^n^"^^P    rfT  =  a^(T) (4), 

where  7=  -^  =  -t-/(t),  and  0  (r)  is  some  function  of  t.  Hence, 
from  (3)  and  (4),  there  is 

''""{<^(T)r'  ^-{^wr ^^- 

Eliminating  t  between  these  two  last  equations,  we  shall  obtain 
an  equation  in  a?,  y,  the  required  equation  to  the  synchronous 
curve. 

K  the  integration  indicated  in  the  equation  (1)  can  be  effected, 
then  it  is  needless  to  have  recourse  to  the  subsidiary  symbol  t. 
We  have  merely  in  this  case  to  eliminate,  after  the  performance 
of  the  integration,  the  parameter  a,  by  the  aid  of  the  equation 
(2).  It  rarely  happens,  however,  that  we  can  execute  the 
operation  of  integration,  and  under  these  circumstances  the 
equations-  (5)  will  enable  us  to  construct  the  synchronous  curve 
by  the  method  of  quadratures ;  a  pair  of  values  of  a?,  y,  and 
therefore  a  point  in  the  synchronous  curve,  being  ascertained 
approximately  for  every  numerical  value  which  we  may  assign 

to  T. 

The  problem  of  Synchronous  Curves  was  first  discussed  by 
John  Bernoulli,  in  the  Act.  Erudit.  Lips.  1697,  Mai.  p.  206. 
The  subject  was  afterwards  investigated*  by  Saurin,  and  by 
Euler\ 

(9)  An  assemblage  of  circles  in  the  plane  xOy^  (fig.  153),  all 
touch  Ox  in  the  point  0 ;  to  determine  the  synchronous  curve. 
Ox  being  vertical,  and  gravity  the  accelerating  force ;  the  descent 
being  supposed  to  commence  from  0. 

I  Idechan.  Tom.  ii.  p.  47;  Afem.  de  VAcad.  de  St.  PUersh,  1819—1820,  pp.  20,  35. 
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The  equation  to  any  one  of  the  circles,  its  radius  heing  a, 
will  be 


or 


,=4-(.-D'j 


Adopting  the  notation  of  the  preceding  general  problem,  we 
have 

/(t)  =  i-(i-0*, 

y  ^  df(r)  ^       T 
„  2flri»T  2flA!' {1  -  (1  -  7*)*}      • 

Hence        x=™^^--j„     y  =  JL-L,--^—!, 

whence  the  required  curve  may  be  conatnicted  by  the  method 
of  quadratures,  Euler ;  Mechan.  Tom.  Ii.  p.  52. 

(10)  A  particle  acted  on  by  any  assigned  accelerating  forces 
in  one  plane  moves  along  a  curve  from  one  given  point  to  another; 
to  determine  the  form  of  the  curve  that  the  whole  time  of  the 
motion  between  the  two  points  may  be  the  least  possible. 

Let  P  (fig.  154)  be  any  point  in  the  required  curve ;  let  0M=  x, 
PM^y  ;  let  A  and -B  be  the  two  given  points;  let-4P=«;  also 
let  a,  P,  be  the  values  of  x  at  the  points  A^  B.  Then,  v  being 
the  velocity  of  the  particle  at  P, 


dt 


=  —  = ^-^  dx.    where  o  =  -^ , 

V     *     V  '  -^     dx 


and  the  whole  time  from  AtoB  will  be  equal  to 


/: 


dx (I). 


i 


(1  +vr 
Assume  ^ — ^-^=:  V;  then,  that  the  expression  (1)  may  be  a 

minimum,  we  have,  by  the  Calculus  of  Variations^  since-  V  in- 
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TolTes  only  p  and  Vj  of  which  the  latter  is  a  function  of  onlj 
X  and  y, 

^-g=o (^)' 

where  N,  P,  denote  respectively  the  partial  differential  coeffici- 
ents  of  Fwith  regard  to  y,p;  -7-  representing  the  total  differ- 
ential coefficient  of  P  with  respect  to  x. 

Now  iv=-^(i+/)i| (S), 

where  -r-  signifies  the  partial  differential  coefficient  of  v  with 

regard  to  y;   but 

vdv  =  Xdx+Ydy (4), 

where  X,  Y,  represent  the  resolved  parts  of  the  whole  accele- 
rating force  on  the  particle  parallel  to  Ox,  Oy ;  and  therefore,  in 

(3),  ^-  =  — .    Hence 
ay      V 


Again,  i>=__^^_^^. 


p      -  1  <^y 

V  (1  -k-f)' 
Hence,  sabfltitatiiig  for^aad  Pin  (2),  we  have 

^  dx     dac\v  ds)       ' 

v^  dx     ^  dx  ds      V  dx  da 

and  therefore^  after  a  few  obvious  simplifications, 

^^^=x$-r$ (5). 

dx  ds  ds  ds 
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If  from  this  equation  we  eliminate  v  by  the  aid  of  (3),  we  shall 
obtain  a  differential  equation  of  the  second  order,  which  is  the 
equation  to  the  required  curve.  The  two  arbitrary  constants 
introduced  by  the  integration  are  to  be  determined  from  the 
conditions  that  the  curve  shall  pass  through  the  two  given  points 
A  and  B. 

The  equation  (5)  is  equivalent  to 

p  ds  ds^ 

where  p  denotes  the  radius  of  curvature  at  the  point  P;  a  result 
which  shews  that  the  pressure  on  the  curve  due  to  the  centrifiigal 
force  is  equal  to  that  which  arises  from  the  accelerating  forces 
which  act  upon  the  particle. 

The  curve  in  question  belongs  to  a  class  of  mechanical  curves 
called  Brachystochrones,  which  are  characterized  by  the  general 
property  that  a  particle  under  the  action  of  assigned  accelerating 
forces,  shall  move  along  them  between  given  limits  in  the  least 
time  possible. 

The  problem  of  the  Brachystochrone  between  two  givefl  points, 
when  gravity  is  the  accelerating  force,  was  proposed  by  John 
Bernoulli*,  as  a  challenge  to  the  mathematicians  of  the  day.  Six 
months  was  the  time  allotted  for  its  solution.  Leibnitz*  was  im- 
mediately  successful,  and  communicated  his  good  fortune  by 
letter  to  Bernoulli.  No  other  solution  however  having  made  its 
appearance  within  the  prescribed  time,  Bernoulli,  in  conformity 
with  the  desire  of  Leibnitz,  consented  to  prorogue  the  term  of 
the  challenge  to  the  following  Easter,  the  results  obtained  by 
himself  and  Leibnitz  being  suppressed  for  that  interval.  A 
programme  was  accordingly  published  at  Groningen,  in  January 
1697,  again  annoimcing  the  problem  and  repeating  the  challenge. 
In  consequence  of  this  delay  solutions  were  obtained  by  three 
other  mathematicians:  by  Newton',  anonymously;  by  James 
Bernoulli* ;  and  by  L'Hdpital*.     The  solution  of  Leibnitz  was 

»  Act,  Erudit.  Lips,  1696,  Jun.  p.  2C9, 

-  Commerc  Ejnstol.  LeibnUii  et  Bernoollii)  Epiat.  28. 

3  PhU.  Trans.  1097,  Num.  224,  p.  389. 

^  Act  Erudit.  Lips.  Mm.  169:,  \\  212. 

«  Act  Erudit  Lips.  \h.  217. 
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announced  in  the  Acta  ErudU.  Lips.  Mai.  1697,  p.  203.  The 
conclusions  of  Newton,  Leibnitz,  and  L'Hdpital  were  given 
without  the  analysis.  John  Bernoulli  gave  two  different  solu- 
tions, one  direct  and  the  other  indirect.  The  latter  was  published 
in  the  Acta  Erudit.  Lips.  Mai.  1697,  p.  207  ;  the  former  was  not 
made  public  till  the  year  1718,  in  a  Memoir  on  Isoperimetrical 
problems,  in  the  MSmoires  de  TAcadifirm  des  Sciences  de  Paris, 
p.  136 ;  see  also  his  works,  Tom.  ii.  p.  266b  A  solution  of  the 
problem  was  afterwards  given  by  Craig*,  who  had  merely  seen 
Newton's  result  without  consulting  the  analysis  which  had  been 
given  by  John  and  by  James  Bernoulli. 

(11)  To  find  the  brachystochrone  when  a  particle,  acted  on  by 
a  central  force  attracting  with  an  intensity  which  varies  inversely 
as  the  square  of  the  distance,  moves  along  a  curve  from  one 
given  point  to  another. 

Let  A  (fig.  155)  be  the  point  where  the  motion  commences, 
and  £  the  point  at  which  the  particle  is  to  arrive  in  the  shortest 
time  possible.  Let  P  be  any  point  in  the  brachystochrone^ 
8  the  centre  of  force ;  let  8P=rjp^  the  perpendicular  from  8 
upon  the  tangent  at  P,  8A  =  a,tl>  =  the  angle  between  8P  and 
the  tangent  at  P,  fi=  the  absolute  force  of  attraction,  v  =  the 
velocity,  and  p  =  the  radius  of  curvature  at  P.  Then,  since  the 
pressure  on  the  curve  due  to  the  centrifugal  force  must  be  equal 
to  that  due  to  the  attraction,  we  have 

-=^sm<^ (1). 

But  t;'=C-2f^,rfr=C+^, 

J  r  r 

or,  since  ?;  =  0  when  r  =  a, 

i;«  =  2/.fi--) (2). 

\r      aj  ^  ' 

Also,  the  curve  being  convex  towards  8^ 

P-^-'Tp (3)- 

*  Pm   Trans.  1701,  Vol.  xxit.  p.  74fi. 
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Fiom  (1),  (2),  (8),  we  have 

'^\a     rj  _fi  p 
dp 

\a     r)     1^  dp^         p      r{r''a)^ 
integrating,  we  get 

2  logy  =  log  O  +  log , 


log/ =  log  ^(7  ^^j; 


but  0  must  be  a  neptiye  quantily,  because,  as  will  appear  from 
the  equation  (2),  a  is  greater  than  r;  hence,  putting  —A  for  (7, 
we  have;  for  the  differential  equation  to  the  brachystochrone. 

If  from  this  equation  we  were  to  obtain,  by  integration,  a 
relation  between  r  and  an  angular  co-ordinate  0,  we  should 
introduce  another  constant  into  the  equation  in  addition  to  A. 
Both  these  constants  would  have  to  be  determined  by  the  con- 
ditions that  the  curve  must  pass  through  both  A  and  B. 

Euler;  Mechan.  Tom.  ii.  p.  191. 

(12)  To  find  the  inclination  of  a  thin  tube  to  the  horizon,  so 
that  a  descending  particle  may  describe  the  greatest  horizontal 
space  in  a  given  time. 

The  reqtured  angle  of  inclination  =  45^ 

(13)  A  particle  having  been  placed  at  the  point  A^  (fig.  156), 
moves  along  a  thin  tube  APB  towards  a  centre  of  attractive 
force  in  B  which  varies  as  any  function  of  the  distance;  to  find 
the  nature  of  the  curve  of  the  tube  that  the  time  through  any 
arc  jlPmay  be  n  times  as  great  as  through  a  portion  Ap  of  the 
prime  radius  vector  8A^  8p  being  equal  to  8P. 
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Let  SP^^Tf  8A^a^  ^A8P^0\  then  the  equation  to  the 
curve  will  be 

(14)  A  particle  is  projected  with  a  given  velocity  from  a  point 
A  (fig.  157)  along  a  curve  APO  in  which  it  is  constrained  to 
move,  and  is  acted  upon  \>j  a  force  always  tending  to  O,  and 
varying  directly  as  the  distance;  to  find  the  nature  of  this  curve 
in  order  that  the  angular  velocity  of  the  radius  vector  OP  may 
be  invariable. 

Let^O  =  a,  OP^Ty  zAOP=^0,  fjf^^ih^  absolute  force  of 
attraction,  cd  =  the  angular  velocity  of  OP^  fi  =  the  initial  velocity 
of  the  particle ;  then  the  equation  to  the  curve  will  be 

Euler ;  Mechan.  Tom.  II.  p.  138. 

(15)  A  particle  is  acted  on  by  an  attractive  force  tending  to  a 
centre,  and  varying  inversely  as  the  square  of  the  distance; 
to  find  the  tautochrone. 

If  r  denote  the  time  of  the  motion,  and  the  notation  remain 
the  same  as  in  problem  (7),  the  differential  equation  to  the 
tautochrone  will  be 

Euler ;  Mechan.  Tom.  ii.  p.  209. 

(16)  To  find  the  tautochrone  when  the  central  attractive  force 
is  constant. 

If/  denote  the  constant  central  force,  the  equation  to  the  tau- 
tochrone will  be 

Euler;  Meckan.  Tom.  II.  p.  210. 


H 


(17)  An  infinite  number  of  straight  lines  originate  at  a  single 
point  and  lie  in  one  plane ;  to  determine  the  synchronous  curve, 
gravity  being  the  accelerating  force. 
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The  given  point  being  taken  as  the  origin  of  co-ordinates,  the 
axis  of  X  extending  vertically  downwards,  and  that  of  y  being 
horizontal ;  the  synchronous  curve  will  be  a  circle  of  which  the 
equation  is 

where  k  denotes  the  common  time  of  descent. 

Euler;  MSm.  de  FAcad.  de  St.  PStersb.  1819,  1820,  p.  22. 

(18)  There  is  an  infinite  number  of  cycloids,  of  which  the 
bases  all  commence  at  the  origin  of  co-ordinates,  and  coincide 
witli  the  axis  of  y,  which  is  horizontal ;  to  find  the  synchronous 
curve,  gravity  being  the  accelerating  force,  and  the  motion  com- 
mencing from  the  origin. 

Let  k  denote  the  constant  time  of  descent ;  then,  the  asfis  of 
X  being  vertical,  the  equation  to  the  required  curve  depends 
upon  the  elimination  of  a  between  the  two  equations 

a?  =  aver8-JA;(^j  i- ,        y  =  avers"* (2aa!?  — a^^, 

and  will  cut  all  the  cycloids  at  right  angles. 

John  Bernoulli ;  Act.  Enidtt.  Lips.  1697,  Mai.  p.  206. 

(19)  A  particle,  acted  on  by  a  central  force  attracting  directly 
as  the  distance,  moves  along  a  curve  from  one  given  point  to 
another;  to  find  the  nature  of  the  curve  when  it  is  brachys- 
tochronous. 

Let  A  (fig.  1 55)  be  the  point  where  the  motion  commences, 
and  B  the  point  where  the  particle  is  to  arrive  in  the  shortest 
time  possible.  Let  P  be  any  point  in  the  brachystochrone ; 
let  8P=r,  ^=the  perpendicular  from  S^  the  centre  of  force, 
upon  the  tangent  at  P,  a  =  8A.  Then  the  equation  to  the  curve 
between  p  and  r  will  be 

where  ^  is  a  constant  quantity,  which  is  the  equation  to  the 
hypocycloid. 

If  from  this  equation  we  were  to  obtain  by  integration  a  rela- 
tion between  r  and  an  angular  co-ordinate  0j  we  should  have 
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another  constant  in  the  equation  in  addition  to  A.  Both  these 
constants  would  have  to  be  determined  by  the  conditions  that 
the  curve  must  pass  through  both  A  and  B. 

Euler;  Mechan.  Tom.  Ii.  p.  191. 


Sect.  4.    Inverse  JProblems  on  the  Pressure  of  a  Particle  on 

Smooth  Fixed  Curves. 

(1)  A  particle  descends  down  a  curve  line  in  a  vertical  plane 
by  the  action  of  gravity ;  to  find  the  nature  of  the  curve  that 
the  pressure  may  be  invariable. 

Let  OA  (fig.  158)  be  the  required  curve;  Ox,  vertical,  the 
axis  of  X,  Oy,  horizontal,  the  axis  of  y ;  P  any  point  in  the 
curve ;  let  0M=  x,  PM=  y,  0P=  * ;  let  A;  be  the  constant  pres- 
sure ;  fi  the  initial  velocity  of  the  particle,  0  being  its  initial 
position.    Then,  by  formula  (A)  of  Sect.  (II.),  we  have 

^         dy     \df  ,,. 

*=^i+p^ «' 

where  p  denotes  the  magnitade  of  the  radius  of  curvature  at  P. 

But  ^  =  ^+2gx; 

also,  8  being  taken  as  the  independent  variable, 

p     dx  ' 

Hence,  from  (1),  we  have 

d^ 


{2gx  +  ff) 


r^  =  {2gx  +  ^ip,+ ^—,fp. 

ids      '^  ^        "^^    d^      (igx  +  ff)^'"'" 
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Integiating,  we  have 

^  {2gx  +  ^^  =  (2ffx  +  fi^i  ^  +  C, 
dy  _le  C 

where  0^  is  an  arbitraiy  ccmstant.  Assame  a  to  be  the  inclination 
of  the  cnrre  to  the  vertical  at  the  origin ;  then 


and  therefore, 


k     C 


ds     9     g  {2gx+l3r)^ 


The  relation  between  x  and  y  may  be  obtained  hy  a  second 
integration,  but  the  result  is  of  little  value  in  consequence  of  its 
complexity.  For  the  investigation  of  the  form  of  the  curve 
which  corresponds  to  the  differential  equation  (2),  the  reader  is 
referred  to  Whewell's  Dynamics^  part  ii.  p.  95;  or,  Eamshaw's 
DynamicSy  p.  129. 

The  problem  of  the  Curve  of  Equal  Pressure,  in  the  case  of 
gravity,  was  first  proposed  by  John  Bernoulli^,  and  solved  by 
L'Hdpital^.  Various  problems  of  a  similar  character  were  afiter- 
wards  discussed  by  Varignon*. 

Commerc.  Epiatolic.  Leibnitii  et  BemouIIii,  Epist.  vii. 

(2)  A  particle,  acted  on  by  gravity,  descends  from  a  point  O 
(fig.  158)  down  a  curve  OA^  which  it  presses  at  each  point  of 
its  descent  with  a  force  varying  as  the  square  of  its  distance 
below  the  horizontal  line  through  0\  to  find  the  nature  of  the 
curve  OAy  the  initial  velocity  of  the  particle  being  zero. 

Let  the  axes  Ox^  Oy^  lib  taken  vertical  and  horizontal;  let  k 
be  the  pressure  on  the  curve  when  x  is  equal  to  unity.  Then,  by 
the  formula  (A)  of  Sect  (II.), 

^  Aoi,  JBnuUL  Si^pL  Tom.  it.  Mct.  Ti.  p.  291. 

'  Mhn.  de  FAead.  du  Seiaieef  de  Paris,  1700,  p.  9. 

•  Mhn.  deVAead.  dm  SoUneet  ds  ParU,  1710,  p.  196. 
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tMl 

but  P  =  -       jiT     ' 


hence  ka?  = 


(l+^i 


*  Fw'F^' 


integrating,  we  have 


|te»- 


d^' 


no  constant  being  added  because  the  curve  passes  through  the 
origin.     Putting  -^  =  a*,  we  get 

{cf '- x*y  dy  ^  dfdxj 

which  is  the  equation  to  the  Elastic  Curve  of  James  Bernoulli  ^ 

Varignon ;  MSmaires  de  TAcad^mte  des  Sciences  de 

Parisy  1710,  p.  151. 

(3)  A  particle,  acted  upon  by  a  force  parallel  to  the  axis  of  Xj 
is  constrained  to  move  along  a  given  curve  OP  A  (fig.  158) ;  to 
find  the  law  of  the  force  that  the  curve  may  experience  an  inva- 
riable pressure. 

Let  k  wiote  the  constant  pressure,  /3  the  velocity  of  the 
particle  at  Oj  which  we  will  take  as  the  origin  of  co-ordinates, 

1  Aei.  BnuUt.  Up9.  \9^  p.  373;  1685,  p.  088. 
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and  X  the  force,  at  ajiy  point  F  of  the  carve,  parallel  to  Ox. 
Then,  by  fonnula  (A)  of  Section  (II.)  and  fonnula  (D)  of  Section 
(I.),  we  have 

Taking  s  as  the  independent  variable,  we  have 

p      c^' 

ds 
and  the  equation  becomes 

Multiplying  by  -^dsy  and  integrating 


and  therefore,  putting  H^=j»j 


Differentiating  with  respect  to  x,  we  obtain  the  required  ex- 
pression for  the  force 

If  we  put  a?  =  0,  we  have,  from  (1), 

a  condition  which  will  determine   the  value   of  the  arbitrary 
constant  C, 

Euler ;  Mechan.  Tom.  II.  p.  101 . 
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(4)  A  particle  moyes  along  a  parabola  OA,  of  which  the  axis 
is  Ojfy  imder  the  action  of  a  force  always  parallel  to  Ox^  which  is 
at  right  angles  to  Oy;  to  determine  the  law  of  the  force  that  the 
particle  may  exert  the  same  pressure  on  the  curve  during  the 
whole  of  its  motion. 

Let  Oxj  Ojfj  be  the  co-ordinate  axes,  k  the  constant  pressure, 

and  a?  =  ay  the  equation  to  the  parabola.     Then,  by  the  formula 

2a? 
for  X  given  in  the  preceding  problem,  since  p  =  — ,  we  haye 

^    fez/       4aAi     kef  { [     2xdx      ,  ^ 


=  A  («.  +  4a^i_g{j(a.+  4aiOi+ CJ, 


where  (7  is  a  constant  quantity, 

—  ^0-^{<f^2a?)(<^+4a?)i (1). 

Again,  by  the  formula  (1)  in  the  preceding  problem, 
J'xdic  =  -i^  +  A  (^  +  l)  {i  (a«  + 4a^*+ O}, 

•'a 

hence,  putting  a:  =:  0,  we  get 

0  =  Ja  +  (7, 
and  therefore,  by  (1), 

Euler ;  Mechan.  Tom.  ii.  p.  103. 

(5)  A  particle,  under  the  action  of  gravity,  descends  from  a 
point  0  down  a  curve  0-4,  (fig.  159),  which  it  presses,  at  each 
point  of  its  descent,  with  a  force  varying  as  its  perpendicular 
distance  from  the  horizontal  line  through  0 ;  to  find  the  nature 
of  the  curve  OAy  the  initial  velocity  of  the  particle  being  zero, 
w.  s.  21 
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Take  Ox^  Oy^  the  axes  of  co-ordixiates,  vertical  and  horizontal ; 
let  k  be  the  pressure  on  the  curve  when  x  is  equal  to  unity;  then, 

putting  «  =  f  >  the  equation  to  the  curve  will  be 

the  equation  to  a  circle  of  which  OE  the  diameter  is  equal  to  6a. 
Varignon;  Mim.  de  VAcad.  dea  Sciences  de  Paris,  1710,  p.  151. 

(6)  To  find  the  curve  when  the  pressure  varies  as  the  square 
root  of  the  distance. 

The  equation  to  the  curve  is 

y  s  2a  vers"**5 {iax  —  a^*, 

which  belongs  to  a  cycloid  OB  A,  (fig.  160),  the  radius  of  the 

generating  circle  being  2a. 

Varignon;  lb.  p.  152. 

(7)  A  particle^  acted  on  bj  gravity,  descends  from  rest  down  a 
curve ;  to  find  the  nature  of  the  curve  that  the  pressure  at  any 
point  due  to  the  centrifugal  force  may  vary  as  any  power  of  the 
distance  of  the  particle  below  the  horizontal  line  passing  through 
its  initial  position. 

Let  k  denote  the  pressure  due  to  centrifugal  force  when  x  is 
equal  to  unity,  the  axis  of  x  being  vertical,  as  in  fig.  158 ;  then 

the  differential  equation  to  the  curve  will  be,  putting  t= a, 

(4nV  —  a^)  ^dy  =  a^  dx. 

Varignon;  lb.  p.  156. 

(8)  To  find  the  curve  when  the  part  of  the  pressure  which  is 
due  to  gravity  varies  as  the  n*^  power  of  the  depth  of  the  descent 

The  notation  being  the  same  as  in  the  preceding  problem, 
except  that  h  denotes  the  pressure  due  to  gravity  alone  when 
x^\^  the  differential  equation  to  the  curve  will  be 

(a'  —  a^)*  dy  =  o^dx. 

Varignon ;  lb.  p.  160. 
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(9)  A  particle  descends  from  rest  by  the  action  of  gravity  down 
a  curve  line ;  to  determine  the  nature  of  the  curve  when  the  part 
of  the  pressure  due  to  centrifugal  force  bears  a  constant  ratio  to 
that  due  to  gravity. 

Let    Oy  (fig.  158}  be  horizontal  and  Ox  vertical;    then,  if 

—  denote  the  constant  ratio,  the  differential  equation  to  the 

curve  will  be 

(a*  -  aj*)*rfy  ^sg^dxj 

where  a  is  a  constant  quantity.    If  m  =  n,  the  curve  will  be  an 
inverted  cycloid  with  its  base  horizontal. 

Varignon  ;    lb.  p.  161. 

(10)  A  particle,  acted  on  by  a  force  parallel  to  Oxj  (fig.  160) 
moves  fix>m  rest  along  the  arc  OB  of  a  cycloid ;  to  determine 
this  force  that  the  curve  may  always  experience  the  same  pressure. 

If  k  denote  the  constant  pressure^  a  the  radius  of  the  geiie- 
rating  circle,  X  the  required  force,  and  Om  =  x ;  then 

^- 1  d)  • 

Euler ;  Mechan,  Tom.  ii.  p.  104. 

(11)  A  particle  is  projected  along  a  smooth  groove  firom  a 
point  which  is  half  way  between  two  centres  of  force  of  equal 
intensiljy  each  varying  inversely  as  the  distance :  to  find  what  the 
form  of  the  groove  must  be  in  order  that  the  particle  may  move 
uniformly. 

If  a  denote  the  initial  distance  of  the  particle  from  each  centre^ 
and  r,  r^,  the  distances  of  any  point  in  the  curve  firom  the  two 
centres, 


Sect.  5.     Motion  of  Particles  acted  on  by  smooth  constraining 
lines  moveable  according  to  assigned  geometrical  conditions. 

Let  Ox  (fig.  161)  be  the  axis  of  oj,  and  Otfy  at  right  angles  to  it, 
that  of  y.    Let  P  be  the  position  of  the  particle  in  the  plane  x  Oy 

21—2 
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at  any  time  t  from  the  commencement  of  the  motion;  let  0M=  x, 
PM=  y.  Let  -J,  F,  denote  the  resolved  parts  of  the  accelerating 
forces  on  the  particle  parallel  to  the  axes  of  co-ordinates,  and 
X',  Y^y  the  resolved  parts  of  the  force  of  constraint  at  any  point 
of  its  path.  Then  the  circumstances  of  its  motion  will  depend 
upon  the  differential  equations 

^  =  X+X',        ^=  Y+  T (A). 

The  complete  solution  of  the  general  problem  of  the  motion  of 
the  particle  consists  in  the  determination  of  a;  and  y  in  terms  of  U 
But  the  equations  (A)  involve,  in  addition  to  x  and  y,  the  two 
unknown  quantities  X^  and  y.  Hence  it  appears  that  the 
general  consideration  of  the  motion  affords  us  only  two  equations 
involving  four  unknown  quantities.  From  this  it  is  clear  that 
the  analytical  expression  of  the  conditions  to  which  the  motion 
of  the  constraining  line  in  any  particular  problem  is  subject,  must 
be  virtually  equivalent  to  two  more  equations  involving  only 
X,  y,  X^  Y\ 

Let  r  be  the  distance  PO  of  the  particle  at  the  time  t  from  the 
origin  of  co-ordinates,  and  let  zPOx^d]  then,  in  case  the 
action  of  the  constraining  line  always  takes  place  in  a  direction 
at  right  angles  to  OP,  and  F  denote  the  sum  of  the  resolved  parts 
of  the  accelerating  forces  on  the  particle  along  OP^  we  may 
obtain  from  the  equations  (A)  the  formula 

3?-*^d?=-^- ^^' 

The  formula  (B)  was  given  by  Ampfere,  Annates  de  Oergonne, 
Tom  XX.  p.  37  et  sq. 

(1)  To  find  the  path  of  a  particle  upon  a  smooth  horizontal 
plane,  fastened  by  a  thread  to  a  point  of  which  the  motion  is 
uniform  and  rectilinear  in  that  plane. 

I^t  Q  (fig*  162)  be  constrained  to  move  uniformly  along  the 
line  Oxy  and  let  P  be  the  position  of  the  particle  in  the  plane  xOy 
at  any  time  t ;  PQ  being  the  thread  by  which  Pis  attached  to  Q. 
Let  OM^Xy  PM=yy  OQ^afy  PQ^hy  zPQO^O.  Then, 
B  denoting  the  tension  of  the  thread,  we  have,  by  the  equations 
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(A),  since  X'  =  — 7  cob  tf,    F'  = j^  sin  tf,  where  m'  denotes  the 

mass  of  the  particle, 

-j^  =— 7  COB  ^,         --73  = rsin  6, 

df     m  ^         dt        m 

Hence,  eliminating  By 

sm0-^+cos0j  =  O (1); 

again,  it  is  clear  that 

af  —  x  +  hcoBd^nU  +  n (2), 

where  m  denotes  the  uniform  velocity  of  Q,  and  n  its  initial 
distance  from  0 ;  and  therefore 

d^x      yd*         /»      ^ 

also,  bj  the  geometry, 

y  =  Asin^ (3), 

and  therefore  -^  =  A-^nj  sin  ^» 

Hence,  from  (1), 

COB  tf-jQsin^  —  sin^^costfsssO; 

integrating,  we  obtain 

/%  d    .    ^       .    ^d        /I  dd 

cos  ^  -^  sm  ^  —  sm  ^  ^  cos  ^  =  o,    ^^  75^  "=  ®» 

where  o)  is  a  constant  quantify,  which  shews  that  the  angular 
velocity  of  the  thread  PQ  about  Q  is  invariable. 

Integrating  again,  0  =  a  +  oi>t (4), 

a  being  the  initial  value  of  &• 
Hence  we  have,  from  (2)  and  (3), 

x^nU  +  U'-h cos  (a  +  <ot)y 

y  =  Asin  {a  +  a>t) (5), 

which  give  the  values  of  x  and  y  at  any  time  during  the  motion. 
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Eliminating  t,  we  get,  as  the  equation  to  the  path  of  the  par- 
ticle in  rectangular  co-ordinates, 

^      •     -t   V  /7«  «vA     .  ^'^ 

The  equations  (2)  and  (4)  however  furnish  us  with  the  most 
convenient  conception  of  the  motion  of  the  particle.  In  fact  they 
shew  that  P's  motion  maj  be  perfectly  represented  by  supposing 
it  to  move  with  a  uniform  velocity  wh  in  the  circumference  of  a 
circle  of  which  the  radius  is  h,  and  of  which  the  centre  moves 
along  Ox  with  a  uniform  velocity  m.  The  path  of  P  is  therefore 
a  trochoid. 

From  (5)y  we  have,  by  differentiation, 


-^«  —  A©'  sin  (a  —  e><). 


Hence,  from  (4),  and  the  original  equations  of  motion, 
—  Aa>'  sin  (a  +  «rt  = ;  sin  (a  +  ©<), 

a 

and  therefore  —7  =  ha>\     R  =  mha?^ 

m 

which  shews  that  the  tension  of  the  string  is  invariable. 

This  is  an  example  of  a  class  of  curves  called  Tractories, 
which  are  traced  by  a  material  particle  attached  to  one  extremity 
of  a  string  while  the  other  is  constrained  to  move  along  some 
assigned  curve  with  a  given  velocity.  The  curve  in  which  the 
end  of  the  string  is  constrained  to  move  is  called  the  Directrix. 

This  problem  formed  the  subject  of  a  controversy  between 
Fontaine  and  Clairaut ;  the  solution  given  by  Fontaine  depended 
upon  the  assumption  that  the  string  would  be  always  a  tangent 
to  the  path  of  the  particle,  an  hypothesis  which  Clairaut  de- 
clared to  be  erroneous,  and  which,  in  fact,  virtually  involves 
a  neglect  of  inertia.  Fontaine's  assumption  would  be  admissible 
for  the  motion  of  a  particle  on  a  perfectly  rough  plane,  where  its 
motion  would  be  destroyed  the  moment  it  was  generated. 

Clairaut ;  Mfmoirea  de  TAcadSmte  des  Sciences  de  Pcarisj 
1736,  p.  4.     Euler;  Nova  Acta  Acad.  Peirop.  1784. 
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(2)  A  thin  rectilinear  tube  is  constrained  to  more  in  a  hori- 
zontal plane  round  a  vertical  axis  passing  through  one  extremity 
with  a  uniform  angular  velocity :  to  find  the  motion  of  a  particle 
sliding  freely  within  the  tube. 

By  the  formula  (B),  since  no  accelerating  forces  act  on  the 
particle^ 

where  q>  denotes  the  invariable  angular  velocity. 
The  integral  of  this  equation  is 

r  =  ^€-'  +  5e-'' (1), 

where  A  and  B  are  constants. 

Let  a,  /8,  be  the  initial  values  of  r,  -^;  then,  from  (1), 


=  /'-T5r=fi>V, 


and 

and  therefore 


dt 
a-A^-By 

fi  =  A(0  —  Bm ; 


Hence,  putting  the  values  of  A  and  B  in  (1),  we  see  that 

which  gives  the  value  of  r  at  any  time  during  the  motion. 

The  equation  to  the  path  of  the  particle  is,  putting  0  =  e»ty 

2a)r  «  (c»a  +  i8)  €*  +  («a- /8)  r*. 

John  Bernoulli ;  Opera,  Tom.  iv.  p.  248.   Clairaut ;  M(m, 

Acad.  Paris,  1742,  p.  10. 

^  (3)  A  material  particle  is  placed  within  a  thin  circular  tube, 
which  is  constrained  to  revolve  with  a  uniform  angular  velocity 
in  a  horizontal  plane  about  a  point  in  its  circumference;  to 
investigate  the  motion  of  the  particle. 
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-  Let  0  (fig.  163)  be  the  point  about  which  the  ciicle  APO  ia 
unstrained  to  reYolve ;  C  its  centre  at  any  time  t,  and  P  the 
position  of  the  particle ;  R  the  action  of  the  circle  on  the  particle, 
which  will  take  place  in  the  direction  PC  Let  Ox^  Oy^  be  the 
^xes  of  co-ordinates,  Xy  y^  being  the  co-ordinates  of  P. 

Let^POa;  =  (?,  zOPG=^  ^  COP^ipj  OP^r^  OG^a. 

Then,  since  no  accelerating  forces  act  on  the  particle,  we  have, 
hj  the  formulae  (A), 

cPx 

g  =  -iisin(e-^): 

multiplying  these  equations  by  sin  {6  —  ^),  cos  (5  —  ^),  and  sub- 
tracting, we  have 

sm(<?-^)g'-oo8(d-^)g-0, 
or,  since  x  =  r  cos  dy  y  =  r  sin  tf , 

sin  {0  —  <t>)^{rcoB0)—  cos  (^ - ^)  ^  (r  sin ^  =  0* 

But,  from  the  geometry,  it  is  evident  that 

r  =  2a  cos  ^ : 
hence 

sin  (tf  —  0)  ^  (cos  tf  cos  0)  —  cos  (^  —  0)  ^  (sin  5  cos  ^)  =  0, 
sin  (^-0)  ^{cos  {0 +  <!>)  +  cos  (^-0)} 

-  COS  {0-<l>)  ^  {sin  {0 +  <!>)  +  sin  {0-<f>)}  =  0. 

But,  supposing  a>  to  be  the  angular  velocity  of  the  diameter 
OGA  of  the  circle  about  0,  and  ^AOxto  he  initially  zero,  it 
is  clear  that 

/  AOx  or  0  +  it>::=a>t .....(1). 
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Hence,  putting  a>t  for  ^  +  ^» 

Bin  (tf-^)  Jcos  (5-^)  -COB  (5-0)  ^  sin  (5-0) 

+  sin  (^  —  ^)  ^  008  a>«  —  cos  (^  —  ^)  ^  sin  <ot  =  0, 


d_(  . 
dt 


jsin  ((?-^)^  COS  (<?-^) -008  (<?-^)^8m  (d>-^)| 


—  «"Bin(5  — 0)  coBa>*  +  »*  cos(5  — 0)  8ina><  =  0, 
-^(5-0)-a>*sin(5-0-a>O  =  O. 

But,  by  (1),  we  have  5  =  e>*  —  0 ;    hence 

2-^+(»"sin20  =  O, 

Multiplying  ^7  ^^f  «nd  integrating, 

2  ^-«*  COB 20=  C (2). 

For  the  sake  of  simplicity  we  will  suppose  that,  initially,  P 
coincides  with  Ay  and  that  its  yelocity  is  zero ;  hence,  when  t^Oy 
we  have  0  =  0,  and  since,  from  (1), 

de  ^dS 

we  have  also  initially  ^  =  «»•    Henoe,  from  (2), 

«•=  C, 
and  therefore  2  ^  —  «>'  cos  2^  =  «•, 

2  ^  =  «•  (1  +  cos  2^)  =  2«*  COS*  ^, 

^  =  «C08^, 

^^^^^oos^ 
COS  0     1  —  sm  0 
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T  •  1      1  +  sin^ 

Integrating,  log  ^_^^Z^  =  2a><, 

no  constant  being  added  because  ^  =  0  when  ^  =  0. 
From  this  equation  we  have 

l-sm^"^'     ^'^^-e-'  +  c-'^c^  +  c-** 
where  -^  is  equal  to  ^  ^  Ox. 

When  <  =s  00 ,  sin  ^  =  1,  and  therefore  ^  =  — ,  a  value  towards 

which  if>  indefinitelj  tends  as  its  limit.    Thus  it  appears  that  after 
an  infinite  time  the  particle  will  arrive  at  the  point  0. 

Again,  since  r  =  2a  cos  if>,  we  may  readily  get 

4a  4a 


r  =s 


which  gives  the  distance  of  the  particle  from  0  at  any  time 
during  the  motion. 

From  the  above  equations  we  may  obtain  for  the  pressure  on 
the  circle  corresponding  to  any  position  of  the  particle^ 

B  =  2c»"a  cos  <}>  (3  cos  ^  —  2). 

(4)  P  and  Q  (fig.  164)  are  two  particles  connected  together  by 
an  inflexible  rod  PQ  without  weight ;  P  is  capable  of  moving 
along  a  smooth  horizontal  groove  Ox,  and  Q  may  move  any 
where  upon  a  smooth  horizontal  plane  passing  through  the  groove ; 
having  given  the  initial  circumstances  of  the  particles,  to  deter- 
mine their  motions  at  any  time  after  the  commencement  of  the 
motion. 

Let  T  be  the  tension  of  the  rod  at  any  time  t ;  6  the  inclina- 
tion of  the  rod  to  the  line  xO;  let  OJV=  a^,  ^JV=y',  where  0  is 
an  assigned  point  in  Ox,  and  ^^at  right  angles  to  ON;  0P=  x ; 
CO  =  the  initial  angular  velocity  of  Q  about  P,  )9  =  the  initial 
velocity  of  P,  a  =  the  initial  value  of  0 ;  let  m,  m\  be  the  masses 
of  P,  Q\  a  the  length  of  the  rod. 
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For  the  motioii  of  P  there  is 

m^^^Tco^e (1); 

and,  for  the  motion  of  Q^ 

m'^^Ti^e (2), 

m'^^^-Tfimd (3). 

Adding  together  the  equations  (1)  and  (2), 

'"^■*-'"-^=<* (*>• 

Multiplying  (1)  by  sin  d,   (3)  by  cos  0^  and  subtracting  the 
latter  of  the  resulting  equations  from  the  former, 

msmff  -gff  —  w  co8^--^  =  0 (5). 

Again,  it  is  evident  that 

af  ^x-^acoB0 ; (6), 

'  ^sasin^ (7). 

From  (4)  and  (6)  we  have 

(m  +  m)  -^  —  w!a  -^  cos  ^  =  0, 

andy  from  (5)  and  (7)| 

S^x  d* 

9»  sin  ^ -^  —  ma ^^0-jf  sin  ^  =  0 : 

d^x 
eliminating  -^  between  the  two  last  equations, 

(7/1  +  rn)  cos  0  -j^sinB'-mBinO  --f^  cos  d  =  0 ; 

d0 

multiplying  by  2  -^  ,•  and  integrating, 
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(w  +  m)  (-^  Bind)  +m(-^  COB e\  =  C, 

{m  +  m  COS*  ^)  ^  ~  ^> 

but,  initially,  ^  =  a,  '■jt'^^I  hence 

(«i  +  tn'  cos* a)  »*=  G, 

J  xi.     r                  ^       ,m  +  «i'cos*a  ,-j. 

and  therefore  ^2  =  «  — ; — > tb W- 

Again,  integrating  (4)^  we  get 


dx        ,dx*     ^ 


and  therefore,  bj  (6), 


but,  at  the  commencement  of  the  motion,  ^  =  )9>  ^  =  a,  "j^  =  » ** 

hence  (f»  +  «i')  fi  +  moM  sin  a  =:  (7, 

J  xi      !•         <^     z5  .  wi'oo)  sin  a     w'a  sin  ^  <^ 
and  therefore    -5-  =  /8+ ; — -, ; — r  -5:; 

whence,  by  (8), 

db  _  P     rn'oo)  sin  a     w'a«  sin  tf  /m  +  m!  cos*  tt\i  ,^.. 

^^^        m  +  W  m  +  m'     \w»  +  W  cos'^y  ^  ^' 

The  equations  (8)  and  (9)  give  us  the  velocity  of  P  along  Osb, 
and  the  angular  velocity  of  Q  about  P,  for  any  assignable  inclina- 
tion of  the  rod  to  the  line  Ox.  K  between  these  two  equations 
we  eliminate  dtj  we  shall  obtain  a  differential  equation  to  the 
path  of  Q  in  a;  and  6. 

From  (8)  we  have 

«  = ? {  (m  +  m'coB''0)idd, 

(w  +  w'co8*a)*''* 

an  elliptic  transcendent  for  the  determination  of  t  for  any  value 
of^, 

Glairaut ;  Mhn,  de  VAcad.  des  Sciences  de  Parisj  1736,  p.  10. 


\ 
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[5)  A  string  is  completely  coiled  round  the  circninference  of 
a  circular  lamina,  and  lias  a  particle  attached  to  one  extremity, 
which  is  free,  the  other  extremity  being  fixed  to  the  lamina: 
every  particle  of  the  lamina  repels  the  fir^  particle  with  a  force 
varying  inversely  as  the  distance;  to  find  the  velocity  of  the 
particle  at  any  time  after  its  departure  from  the  circumference 
of  the  lamina. 

Let  a  denote  the  radius  of  the  lamina,  r  the  distance  of  the 
particle  from  its  centre  at  any  time,  and  /  the  initial  repulsive 
force  experienced  by  the  particle.  Then,  as  may  be  ascertained 
by  the  performance  of  the  appropriate  integrations,  the  repulsive 
force  on  the  particle  at  any  time  from  the  centre  of  the  lamina 

will  be  -^.    Hence  the  particle  may  be  considered  as  moving 

along  a  curve  which  is  the  locus  of  the  free  extremity  of  the 

string  acted  on  by  a  central  repulsive  force  — ;   and  therefore, 

by  the  formula  (D)  of  Section  (I.), 

=  (7  +  a/log r'=(7H- a/log  (p*  +  a»), 
if  /)  =  the  length  of  the  string  set  free. 

But,  initially,  t?  =  0,  p  =  0 ;  hence 

0=C+a/loga*, 

and  therefore  t^  =  af  log  - — § — . 

Let  0  denote  the  angle  subtending  the  arc  of  the  circum- 
ference of  the  lamina  from  which  the  string  has  been  uncoiled ; 
then  p  =  a0,  and  we  have 

t^  =  a/log  (1+^. 

^s(6)  Two  particles,  connected  together  by  a  rigid  rod  without 
weight,  are  projected  along  a  smooth  horizontal  plane ;  to  deter- 
mine their  motion. 


334  OOKSTRAINBD  MOTION  OF  A  PARTICLE. 

Let  the  plane  of  oo-ordinates  coincide  with  the  plane  of  the 
motion.  Let  m^  n,  be  the  resolred  parts  of  the  initial  velocity  of 
the  centre  of  gravity  of  the  two  particles  parallel  to  the  axes  of 
a;,  y,  and  let  a,  5,  be  fts  initial  co-ordinates.  Let  m  be  the  initial 
angular  velocity  of  the  rod^  0  its  inclination  to  the  axis  of  x  at 
the  end  of  the  time  i^  and  e  at  the  beginning  of  the  motion. 
Then  the  position  of  tiie  centre  of  gravity  is  given  at  any  time  t 
by  the  equations 

and  the  inclination  of  the  rod  to  the  asis  of  x^  by  the  equation 

Clairaut ;  Mfmoirea  de  TAcad&mie  des  Sciences  de  Parisy 
1736,  p.  7.  Euler;  Act.  Acad.  Petrcp.  1780,  P.  1; 
Optiscula,  De  motu  corpcrum  Jlexibiliumj  Tom.  iii. 
p.  91. 

' '  (7)  A  spherical  particle  moves  within  a  smooth  tube  which 
revolves  about  one  extremity  with  a  uniform  angular  velocity  in 
a  vertical  plane,  the  capacity  of  the  tube  being  just  sufficiently 
great  for  the  reception  of  the  particle;  to  determine  the  motion 
of  the  particle. 

Let  Oxj  (fig.  161),  which  is  horizontal,  be  the  initial  position 
of  the  tube,  and  P  the  position  of  the  particle  in  the  tube  after  a 
time  t  Let  a  denote  the  angular  velocity  of  the  tube  about  Oy 
0  the  inclination  of  OP  to  Ox^  and  let  0P=  r.  Then,  supposing 
the  initial  velocity  of  the  particle  to  be  zero,  and  that  r  =  a 
initially,  the  value  of  r  at  any  time  t  is  given  by  the  equation 

and  the  polar  equation  to  the  path  of  the  particle  will  result  firom 
the  substitution  of  0  for  mt  in  this  equation.  When  t  becomes 
very  great,  the  polar  equation  becomes 

which  is  the  equation  to  an  equiangular  spiral. 
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The  dolution  of  this  problem  was  attempted  by  M.  Le  Barbier^ 
in  the  Annalea  de  Oergannej  Tom.  xix.  p.  285,  who  omitted  to 
take  into  consideration  the  centrifugal  force,  an  oversight  which 
entirely  vitiated  his  resolts.  The  correct  solution  was  given  in 
Tom.  XX.  by  Ampere. 

• 

(8)  A  material  particle  P  (fig.  165)  is  fixed  to  one  end  of  a 
rigid  rod  PQ  without  weight  lying  upon  a  smooth  horizontal 
plane.  The  end  Q  is  constrained  to  move  with  a  uniform  velo- 
city in  the  circumference  of  a  circle  ABQ;  to  find  the  velocity 
of  the  increase  of  the  angle  PQBj  0  being  the  centre  of  the 
circle,  and  OQB  a  straight  line. 

J£  PQ  =  hy  OQ  ^aj  JL PQB  e-^  at  any  time  ^,  a  =  the  initial 
value  of  -^j  «  =  the  angular  velocity  of  0  $,  )8  =  the  initial  value 

of  -^ ,  then 

h  ( -^  —  )8"  ]  =  2a<»*  (cos  -^  —  cos  a). 

Clairaut ;  Mhn.  de  TAcad.  dea  Soimcea  de  Parte,  1736,  p.  14. 

(9)  QBA  (fig.  166)  is  a  circle  on  a  horizontal  plane,  and  QP 
a  string  touching  it  at  the  point  Q ;  P  is  a  particle  attached  to 
the  end  of  the  string.  Supposing  the  particle  P  to  be  projected 
at  right  angles  to  QP  with  a  given  velocity  so  as  to  cause  QP  to 
be  gradually  wrapped  about  the  circumference  QBA;  to  find 
the  velocity  of  the  particle  at  any  time  during  the  motion,  and 
the  time  which  will  elapse  before  the  particle  reaches  the 
drcnmference. 

Let  fi  be  the  velocity  of  projection,  v  the  velocity  at  any  time 
during  the  motion,  ft  the  length  of  the  string  PQ,  a  the  radius 
of  the  circle,  T  the  time  required.    Then 

(10)  A  circular  horizontal  lamina  of  matter  ABCy  (fig.  167), 
eveiy  particle  of  which  attracts  with  a  force  varying  inversely  as 
the  distance,  is  made  to  leTolve  with  a  uniform  angular  Telocity 
round  an  axis  through  its  centre  0  at  right  angles  to  its  plane. 
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the  motion  taking  place  in  the  direction  of  the  arrows ;  to  find 
the  equation  to  the  groove  Aa  which  mnst  be  carved  in  the  cir- 
cular lamina  that  it  may  be  described  fireelj  by  a  particle  subject 
to  the  attraction  of  the  lamina ;  the  initial  position  of  the  particle 
being  a  point  A  in  the  circumference  of  the  circle,  and  its  initial 
velocity  being  zero. 

Let  P  be  any  point  in  the  groove;   let  OP  =  r,   OA  =  a, 
z  POA  =  5,  G>  =  the  angular  velocity  of  the  lamina  about  0,  and 
jr=  the  attraction  of  the  lamina  on  a  particle  in  its  circumference. 
Then  the  equation  to  the  groove  Aa  will  be 


r  =  acos 


mA- 


(11)  Two  small  equal  bodies  -4,  JB,  connected  together  by  a 
rigid  line,  are  placed  in  a  narrow  rectilinear  tube,  in  which  they 
can  move  without  friction ;  the  tube  is  then  made  to  revolve  with 
a  uniform  angular  velocity  round  a  vertical  axis  which  passes 
through  a  point  C  of  the  tube,  this  point  C  lying  initially  be- 
tween A  and  ^  at  a  distance  a  from  A  and  b  from  B ;  to  find 
the  time  of  A^b  arriving  at  (7,  and  the  tension  of  the  rigid  line  at 
any  time,  a  being  considered  less  than  b. 

If  o>  denote  the  angular  velocity  of  the  tube,  m  the  mass  of 
each  particle,  t  the  required  time,  and  T  the  tension ;  then 

«  =  -logV^»      T=hna>^{a  +  b). 

t  (12)  A  particle  is  drawn  up  an  indefinitely  thin  cycloidal  tube, 
the  axis  of  the  cycloid  being  vertical,  by  means  of  an  equal 
particle,  to  which  the  former  particle  is  attached  by  a  thread 
passing  over  a  pulley  at  the  highest  point  of  the  arc ;  to  find  the 
time  of  ascending  to  the  highest  point. 

If  r  represent  the  required  time,  and  t  the  time  of  a  semi- 
oscillation  in  the  cycloid, 

(13)  A  heavy  particle  having  been  placed  at  a  point  in  a 
straight  line   within   a  horizontal   plane   of  indefinite  length, 
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roxmd  which  as  an  axis  the  plane  is  then  made  to  reyolve  down- 
wards  with  a  imifom  angular  velocity;  to  find  what  time  wUl 
elapse  before  the  particle  leaves  the  plane. 

K  0)  be  the  angular  yelociiy  and  i  the  required  time,  then 

4  cos  <»<  =  €•'  +  €^'. 

This  problem  was  proposed  in  the  Lady's  Diary  for  the  year 
1778,  bj  the  celebrated  Landen^  by  whom  a  solution  was  given, 
which  is  singularly  defective,  not  only  in  consequence  of  his  neg- 
lecting the  consideration  of  centrifugal  force,  but  also  &om  his 
erroneously  supposing  the  horizontal  velocity  of  the  particle  to 
be  equal  to  its  velocity  along  the  plane,  midtiplied  by  the  cosine 
of  the  planers  inclination  to  the  horizon.  See  JXarian  Bepoaitory 
p.  512,  where  a  correct  solution  is  given  by  the  Editors  of  the 
Repodtoryj  together  with  Landen's. 

Sect.  6.     Constrained  Motion  of  a  Particle  in  Beeisting  Media. 

(1)  A  particle  descends  down  a  straight  line  ABj  (fig.  168) 
inclined  at  an  angle  a  to  the  vertical,  in  a  medium  of  uniform 
density,  in  which  the  resistance  varies  as  the  velocity ;  to  deter- 
mine the  velocity  and  the  space  at  the  end  of  any  time. 

Let  P  be  the  position  of  the  particle  at  the  end  of  any  time  tj 
V  its  velocity;  let  AP^Xy  and  A;s=the  resistance  for  a  unit  of 
velocity.  Then,  since  the  resolved  part  of  the  force  of  gravity 
along  AB  is  at  every  point  ^  cos  a,  we  have  for  the  motion  of  P, 

dv  J 

-T7^g  cos  a  —  kVf 


g  cos  a  —  Arv 
Integrating,  we  have 

I 

(7— T  log  {g  cosa  — i«?)  =<; 

but  »  =  0  when  <=0,  and  therefore 

O-j^log^goo^aj^i), 
w.  s.  22 


x  = 
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hence  r  *off  ~ =  —  ^, 

k    °     ^cosa  ' 

ff  cos  a  —  kv_  ^ 
gcosa     "      ' 

g  cos  a  ,^       _xi\ 

which  gives  the  velo<5ity  for  any  value  of  t 
Again,  since  dx  =  vdtj  we  have 

but,  A  being  considered  the  initial  position  of  the  particle, 

^      jn,     g  cos  a 
O^C  +  ^-j^; 

hence  x^^^^  {kt^l  +  e-*^, 

which  gives  the  position  of  the  particle  at  any  time. 

Euler ;  Mechan.  Tom.  ii.  p.  244. 

(2)  A  particle  descends  from  rest  by  the  action  of  gravity 
from  a  point  E^  (fig.  169),  down  the  arc  EA  of  a  cycloid  BAlRj 
of  which  the  axis  AC  is  vertical ;  the  motion  takes  place  in  a 
medium  of  uniform  density,  where  the  resistance  is  partly  con- 
stant and  partly  proportional  to  the  square  of  the  velocity ;  to 
find  the  velocity  of  the  particle  when  it  arrives  at  the  point  A^ 
and  to  determine  at  what  point  in  its  descent  its  velocity  is  a 
maximum. 

Let  AM^  X,  AP=  «,  AE^  c,  t;  =  the  velocity  at  P;  then,  h 

and  k  being  constant  quantities^  the  equation  of  motion  along 

the  curve  will  be 

dv  da?  .  ,  .  V* 

hence  d.v* =-  v^='-2ffdx  +  2hd8: 
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but,  by  the  natuie  of  the  cycloid,  if  ^  a  be  the  radius  of  the 
generating  circle,  dx^-da;  hence 

k  a 

Multiplying  both  sides  of  the  equation  by  c  *,  we  have 

^         '  a 

Integrating,  we  have 

a  J 
but  j€'*^«&  =  — Jie'^tf  +  i^je  ^ds 

hence  v^e"^-  0-**e"*  +  -(yA»  +  i^ft^e'^, 

C« 

But,  initially,  v^Oy    $=^c;  hence 

1  -- 

Let  v^  be  the  value  of  t;  when  S'^O;  then 

and  therefore      v^  =  -  {^gk  —  ah)  —  (gc  +  ^gk  —  ah)  e  *. 

a  a 

--     k  "    k  -- 

Agam,  «^€  *  =  -;(^«  +  i^i-aA)6  *-^  (^c  +  i5'A-a*)6  *, 

22—2 
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When  t;  is  a  maximum, 

0  =  2 {gc  +  yh-  ah)  c^**"**, 


a      a 


gc  +  \gh  —  ah  ' 

.  k.              ^qk                   k.     gc  +  igk  —  ah 
5  =  c  +  -log f^ r  =  <5--log^ P-7 , 

which  gives  the  position  of  the  particle  for  a  maximum  velocity. 

Elder ;  Mechan.  Tom.  u.  p.  292. 

(3)  From  a  given  point  0,  (fig.  170),  an  infinite  nmnber  of 
straight  lines  OP  are  drawn  in  a  vertical  plane ;  to  determine 
the  nature  of  the  curve  APDy  such  that  a  particle  descending 
down  any  line  OP  may  always  acquire  the  same  velocity  on 
arriving  at  P,  the  medium  in  which  the  motion  takes  place 
being  uniform,  and  its  resistance  varying  as  any  power  of  the 
velocity. 

Let  /3  be  the  velocity  at  P,  v  at  any  pointy  in  OP]  let  0P=  r, 
Op^z]  Ji  POx  =  0y  Ox  being  vertical ;  draw  PM  horizontally, 
and  let  OM=x;  then,  A;  being. the. resistance  for  a  unit  of 
velocity,  and  m  the  index  of  its  power, 

v^=gcos0-hr, 
vdv 


dz=^ 


g  cos  0  —  kv^  * 
Integrating,  we  have 

J^gcoQ0-hf'     J, 


gco&0  —  kv'^     J^  gcoa0  —  k^' 
But  a5  =  rcosd;  hence 

x^f    fff  , (1) 
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But,  fi  being  a  constant  quantity  while  x  and  6  vaiy,  we 
have,  from  (1), 

and  therefore,  by  (2), 

ff  msecOdx 

g  —  k/3^ seed        dsecd    ' 

or,  putting  -  for  sec^, 


m  -dx-^-^xd  (-)  = 
X  \xj 


g-kl^ 


xdv  •""  irdx 
and  therefore       (w  — 2)  rda?  +  2ajc&'  =  )8" ^.^^   ; 

which  is  the  differential  equation  to  the  curve  in  x  aud  r. 

Euler ;  Mechan.  Tom.  II.  p.  246. 

(4)  To  find  the  tautochrone  in  a  medium  the  resistance  of 
which  varies  as  the  square  of  the  velocity,  the  particle  being 
acted  on  by  gravity. 

Let  0  (fig.  171)  be  the  point  to  which  the  particle  is  always 
to  descend  in  the  same  time,  AO  being  the  tautochrone.  Take 
Oy  horizontal  as  the  axis  of  y,  Ox  vertical  as  the  axis  of  a?. 
Let  0M=  Xy  0P=  8',  V  =  the  velocity  of  the  particle  at  P,  and 
k  =  the  resistance  of  the  medium  for  a  unit  of  velocity. 

The  equation  for  the  motion  along  the  curve  will  be 

vdv  =  —  gdx  +  kv^da :    ' 
multiplying  by  2e"*',  we  have 

d  {i^e"*^)  =  —  ^g€~*^  dx. 

Integrating,  we  obtain 

!;*€"*•=»  G—2g  je'^dx. 

Suppose  the  velocity  of  the  particle  on  its  arrival  at  (7  to  be 
that  due  to  an  altitude  h  in  vacuum ;  then 
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hence  t^6"*'s=2^{A  — /  e^dx] (1), 

■'0 

ds 
and  theiefore,  t?  being  equal  ^  ~"  j^r  ^^  ^^7  ^^^  ^y 

was/    €"■*•(£» (2). 

J  tk 


where 


Now,  8  being  Bome  function  of  x  and  therefore  of  u ,  we  majr 
asanme  €"*  dt  =  ^  (w)  c2»,  and  thus 

,  1     ^  (u)  <fo  1      r^  (tf)  <fo 

But  <  a  0  when  t> «  0,  and  therefore,  by  (1)  and  (2),  when 
usih;  and  it  will  denote  the  whole  time  of  descent  to  0  from 
the  beginning  of  the  motion  when  x=^0,  and  therefore,  bj  (2), 
when  tf  a  0 ;  hence  the  whole  time  of  the  descent  is  equal  to 


1     f^jf^jujdu 


,,  , Wi 


/' 


a  result  which,  for  the  condition  of  tautochronism,  must  eyidentlj 
be  independent  of  A.    From  this  it  is  plain  that 

^  (u)  du 

must  be  of  no  dimensions  in  u  and  h  together,  and  that  oonsequentlj 

its  differential  ^  ^  ^ — ;  must  be  of  no  dimensions  in  u,  h.  du : 

(A-tt)» 

hence^  since  ^  (u)  eyidently  does  not  involve  A,  we  must  have 

where  a  is  some  constant  quantity.    Hence,  putting  for  ^  (u)  its 
value, 
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Integrating,  we  have 

k 
But,  bj  (2),  when  s  and  therefore  x  is  eqnal  to  zero,  t«  =  0 ; 

hence  <7— t  =  0; 

hence  j  (1  -  e"**)  =  2auK      ^  (1  -  O"  =  ^o'w, 

and  therefore  the  equation  to  the  tautochrone  will  be 

da 


Since  ^  (w)  =  -J ,  we  have,  from  (3),  if  t  denote  the  whole  time 

u 
of  descent, 

and  therefore  the  equation  to  the  tautochrone  for  the  time  r 
will  be 

iffh'^^i^i^-l) .-. (4). 

Euler ;  Comment.  Petrop.  1729 ;  Mechan.  Tom.  II.  p.  392. 
John  Bernoulli;  Mim.  de  VAcad,  des  Sciences  de 
Paris,  1730 ;  Opera,  Tom.  III.  p.  173.  See  also  the 
Cambridge  Mathematical  Journal,  Vol.  Ii.  p.  153^ 
where  Mr.  Leslie  Ellis  has  reduced  the  solution  of 
this  problem  to  that  of  the  Tautochrone  in  yacuum. 

(5)  A  particle  oscillates  in  an  inverted  cycloid,  of  which 
the  axis  is  vertical,  in  a  uniform  medium  where  the  resistance 
varies  as  the  velocity ;  having  given  the  first  arc  of  descent,  to 
find  the  whole  space  described  by  the  particle  before  the  motion 
ceases. 
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Let  c  denote  the  first  arc  of  descent,  k  the  resistance  when  the 
velocity  is  unity,  a  the  radius  of  the  generating  circle ;  then  the 
whole  space  will  be  equal  to 

^'  +  1         1.       A  far 

(6)  An  inelastic  particle  descends  down  the  sides  of  a  plane 
equilateral  and  equiangular  polygon  in  a  vertical  plane,  the 
medium  in  which  the  motion  takes  place  being  uniform  and  its 
resistance  varying  as  the  square  of  the  velocity ;  to  determine 
the  velocity  of  the  particle  when  it  has  arrived  at  the  end  of 
any  side  of  the  polygon,  the  side  down  which  the  particle  first 
descends  being  vertical. 

Let  TT  —  a  be  the  magnitude  of  each  of  the  angles  of  the  polygon, 
I  the  length  of  each  of  its  sides,  hf  the  resistance  for  a  velocity 
V ;  Vg  the  velocity  at  the  end  of  the  af^  side.     Then 

^here  M^^'^^^:^^,       J^^J^^^, 

cos  a  (cos  a) 

and  A  is  an  arbitrary  constant  which  will  easily  be  determined 
if  we  know  the  value  of  v^  for  any  value  of  x. 

'    BorcLoni;  Memorie  delia  Sodeta  lialiana^  1816,  p.  173. 

(7)  From  a  given  point  0  (fig.  170)  an  infinite  number  of 
straight  lines  OP  are  drawn  in  a  vertical  plane ;  to  determine 
the  nature  of  the  curve  APDy  so  that  a  particle  descending  down 
any  line  OP  may  always  acqiiire  the  same  velocity  on  arriving 
at  P;  the  motion  taking  place  in  a  medium  of  uniform  density 
where  the  resistance  varies  as  the  the  square  of  the  velocity. 

Let  OA  be  vertical  and  be  represented  by  a ;  let  OP  =  r, 
OJf  =  a?,  A;  =  the  resistance  for  a  unit  of  velocity ;  then  the  equa- 
tion to  the  curve  will  be 


X  =  T 


6«f«  €*^  -  1  • 

Euler;  Mechan.  Tom.  ii.  p.  251. 
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(8)  From  a  given  point  0  (fig.  172)  an  infinite  number  of 
straight  lines  OP  are  drawn  in  a  vertical  plane ;  to  determine 
the  nature  of  the  curve  OPA  so  that  a  particle  may  descend 
through  all  its  chords  OP  in  the  same  lime ;  the  motion  taking 
place  in  a  medium  of  uniform  density  where  the  resistance  varies 
as  the  square  of  the  velocity. 

Let  OA  he  vertical  and  be  equal  to  a ;  let  OP^  r,  zAOP^O; 
then  the  polar  equation  to  the  curve  OPA  will  be 

Euler;  Mechan.  Tom.  ii.  p.  256. 

(9)  A  particle,  acted  on  by  gravity,  is  ascending  the  curve 
MNAj  (fig.  173),  in  a  medium  where  the  resistance  varies  as  the 
square  of  the  velocity ;  to  find  the  nature  of  the  curve  that  the 
velocity  of  the  particle  at  any  point  N  may  be  the  same  as  that 
which  it  would  acquire  by  fedling  in  the  same  medium  down  a 
vertical  line  IN^  the  length  of  which  is  equalto  the  arc  AN  of 
the  curve  measured  from  a  fixed  point  A. 

Draw  through  A  a  vertical  line  AB^  and  let  fall  NQ  at  right 
angles  to  AB;  let  AQ^^Xj  AN^Sj  and  A;  =  the  resistance  of 
the  medium  for  a  unit  of  velocity.  Then  the  differential  equa- 
tion to  the  curve  will  be 

A  (a?  +  «)  =  1  —  €"*•. 

This  problem  was  proposed  to  Clairaut  on  his  journey  to 
Lapland,  by  Klingstiema,  Professor  of  Mathematics  at  Upsal,  at 
which  place  he  called  on  his  way ;  Klingstiema's  construction^ 
together  with  his  own  solution,  was  published  by  Clairaut  in  the 
Mimairea  de  TAcacUmie  des  Sciences  de  PanSy  1740,  p.  254. 
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CHAPTER  V, 

MOMENT  OF  INEBTU. 

The  Moment  of  Inertia  of  a  body  with  regard  to  any  axis,  is 
the  8iim  of  all  the  products  resulting  from  the  multiplication  of 
each  element  of  the  mass  by  the  square  of  its  distance  from  the 
axis.  If  Jf  denote  the  whole  mass  of  the  body  J  the  Moment  of 
Inertia  may  be  represented  by  the  expression  Mk\  where  k  is 
a  line  called  the  Badius  of  Gyration.  The  term  Moment  of 
Inertia  was  first  made  use  of  by  Euler.  **  Ratio  hujus  denomi- 
nationis  ex  similitudine  motus  progressivi  est  desuitipta :  quern- 
admodum  enim  in  motu  progressivo,  si  a  vi  secundum  suam 
dixectionem  sollicitante  acceleretur,  est  incrementnm  celeritatis 
ut  vis  sollicitans  divisa  per  massam  sen  inertiam ;  ita  in  motu 
gyratorio,  quoniam  loco  ipsius  vis  soUicitantis  ejus  momentum 

considerari  oportet^  eam  expressionem  jt^dMj  quae  loco  inerti® 

in  calculum  ingreditur,  momentum  inertics  appellemus,  ut  in- 
crementnm celeritatis  angularis  simili  modo  proportionate  fiat 
momento  vis  soUicitantis  diviso  per  momentum  inertias  ^'* 


Sect.  1.     A  Material  Curve  revolving  about  an  Axis  within 

its  oum  Plane, 

(1)  To  find  the  moment  of  inertia  and  radius  of  gyration  of  a 
circular  arc  about  a  radius  through  its  vertex. 

Let  HAK  (fig.  174)  be  the  circular  arc,  A  its  vertex,  C  the 
centre  of  the  circle.  Take  any  point  P  in  the  arc ;  draw  PM 
at  right  angles  to  the  radius  CA  ;  join  HK,  intersecting  CA  in 
E.  Join  CH,  CK,  CP.  Let  PJf =y,  04  =  a,  arc  AP=8,  HE 
^c^KE,  ^AGH=a^i^  ACK,  ^  PGA  =  0.  Then,  the  density 
of  the  arc  and  the  indefinitely  small  area  of  the  section  of  it 

'  Euler ;  Tkecfria  Motus  Corporum  Solidarvm,  p.  167. 
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made  by  a  plane  through  C,  at  right  angles  to  its  own  plane, 
being  represented  respectiyelj  hj  p  and  k,  we  shall  have 


If** 


Kpj/da 


^/cp  I    €p  sin'  0 .  odB 


=  \icpa^  \  \l  -  cos  2^  d9 

^\Kpct  (2a  —  sin  2a) : 
but  if=4cp.2aa: 

hence  ^^^{i-^^) 

.  ,     a  sin  a .  a  cos  a 

=  *« 25 

2sm^- 
a 

If  the  arc  be  a  semicircle,  c  =  a,  and^  if  a  circle,  c  ^  0 ;  in  both 
cases  A^  =  ^. 

(2)  To  find  the  radius  of  gyration  of  a  material  straight  line 
OBy  (fig.  175),  about  an  axis  OA,  to  which  it  is  inclined  at  a 
given  angle^  the  density  at  any  point  of  OB  yarjring  as  some 
power  of  its  distance  firom  0. 

Take  any  point  Pin  OB;  draw  PM  at  right  angles  to  OA ; 
let  PM^y,  OP--:s,  0B=  I,  i.AOB^fi,  p  =  the  density  at  P: 
then  p  =  /M*,  where  ^  is  a  constant  quantity.    Hence 

i#7  •        {   ^j             '  9     [^  n^  J      'f/*  sin'  a  r^ 
Afkr^iKip^cb^  KfjLSurai  s^^da^-^ — — r . 

J  J  Q  W+    O 

Also,  M^/ejpds^tcfij  s^da^   ^       . 

Hence  we  get  J^  =  — —r  P  sin"  a. 

°  n  +  3 

If  the  density  be  invariable,  n  =  0,  and  i'  =  JP  sin*  a. 
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Sect.  2.     Material  Line  revolving  about  an  Axis  at  Bight  Angles 

to  its  oion  Plane. 

(1)  To  find  the  radins  of  gyration  of  a  straight  line  AB^ 
(fig.  176)  about  an  axis  through  D  at  right  angles  to  the  plane 
ADB. 

Let  G  be  the  middle  point  of  the  line ;  join  GD.  Let  AG==a 
=  BG,  GD  =  i;  A;  =  the  radius  of  gyration  about  the  axis  through 
2>,  and  k'  =  that  about  an  axis  parallel  to  this  through  C7.   Then 

But)  2apie  being  the  mass  of  AB^ 


2apKk'*  =  pK  I     s^ds  =  -^  a\ 


Hence  ft'  =  Ja"  +  J*. 

(2)  To  find  the  radius  of  gyration  of  a  circular  arc  about  an 
axis  perpendicular  to  its  plane  through  its  centre  of  gravity. 

Let  k  be  the  radius  of  gyration  about  the  required  axis,  k' 
about  an  axis  parallel  to  this  through  the  centre  of  the  circle,  and 
A  the  distance  between  the  centre  of  graviiy  of  the  arc  and  the 
centre  of  the  circle.     Then 

k"^if  +  h\ 

But,  r  denoting  the  radius  of  the  circle,  c  the  chord,  and  a 
the  length  of  the  arc, 

a 
Hence,  for  the  required  radius  of  gyration, 

(3)  To  find  the  radius  of  gyration  of  a  circular  arc  about 
an  axis  perpendicular  to  its  plane  through  its  vertex. 

If  r  =  the  radius  of  the  circle,  a  =  the  length  and  c  =  the  chord 
of  the  arc, 

k'  =  2r'(l-^. 
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'  (4)  K  the  density  of  a  straight  rod  AB  vary  as  the  n^  power 
of  the  distance  from  one  end  A,  and  A;,  A;',  be  the  radii  of  gyra- 
tion of  the  rod  round  axes  at  right  angles  to  its  length  through 
A  and  J3  respectively ;  to  compare  the  values  of  k  and  k\  and  to 
ascertain  the  value  of  n  so  that  k  may  be  equal  to  Bk'. 

4^     2 '         n  =  7,  or=— lU. 


Sect.  3.    A  Plane  Area  revolving  about  an  Axis  toithin  or 

parallel  to  the  Plane. 

(1)  To  find  the  radius  of  gyration  of  an  elliptic  area,  of 
uniform  thickness  and  density,  about  its  principal  axes. 

Let  p  represent  the  uniform  density  of  the  area,  and  r  its  in- 
definitely small  thickness ;  then,  x,  y,  denoting  the  co-ordinates 
of  any  point  of  the  curve  referred  to  a,  i,  as  axes  of  co-ordinates, 
we  have  for  the  moment  of  inertia,  about  the  axis  a,  of  a  quad- 
rant of  the  ellipse, 

•'0 

but  f  V  (i*  -f)^dy  =  ^\\v-  f)^dy 

•'o 

Hence  the  moment  of  inertia  of  the  whole  ellipse  will  be  equal  to 

4ifAi»  =  i7r/yraA»; 

but  4Jf  =  nrprrah ; 

hence  A?  =  \V. 

If  k'  denote  the  radius  of  gyration  about  the  axis  h,  we  shall 
have,  by  similar  reasoning, 
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(2)  To  find  the  radios  of  gyntlion  of  a  ciicolar  area  levolYmg 
about  a  straight  line  parallel  to  its  plane^  at  a  distatlce  c  from  its 
centre. 

If  a  be  the  radius  of  the  circle,  and  h  the  required  radius  of 
gyration, 

(3)  To  find  the  radius  of  gyration  of  an  isosceles  triangle  about 
a  perpendicular  let  fall  from  its  vertex  upon  its  base. 

K  2ft  s  the  length  of  the  base. 

Sect.  4.    Plane  Area  abovi  a  PerpefndicfulaT  Axis. 

(1)  To  fibid  the  radius  of  gyration  of  a  triangular  lamina  ABG^ 
(fig.  177),  about  an  aads  through  A  at  right  angles  to  its  plane. 

Take  two  points  P,  p^  indefinitely  near  to  each  other  in  the 
side  -45,  and  draw  PMypm^  parallel  to  BC.  Take  JP,  p\  in 
PMjpniy  and  construct  the  indefinitely  small  parallelogram  Pjp', 
two  of  the  sides  of  which  are  parallel  to  AO.  Let  AM=Xy 
PM^ y,  PM^y\  Am  =  X'\-dxj  p'm  =  y''\-dy\  ^AGB^  C; 
let  a,  b,  Cy  be  the  three  sides  of  the  triangle. 

Then,  MJf  denoting  the  moment  of  inertia  about  A^  we  have, 
r  denoting  the  indefinitely  small  thickness,  and  p  the  density  of 
the  lamina, 

Mi?  =  [  ['(o'+y'"-  2ay'  cos  G)  pr  BiaGdxdy' 
=  /yrsin(7/  {a?y  +  ^ ^ asj^  cob  G)  dx 

•'o 

=  pTsin(7|  f^oJ'  +  Jn  a^-naJ*cos  C?J<fe 
=  A.  J/yr(iisin(7(66*  +  2a*-6a&cos  G) 

and  therefore 

(2)  To  fibid  the  radius  of  gyration  of  a  triangular  lamina 
ABG  about  a  perpendicular  through  its  centre  of  gravity  G. 
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Let  AQ,  BG,  OG,  be  represented  hj  a,  /8,  7;  and  BCy  GA, 

ABj  \)j  ay  by  c.  Then,  M  denoting  the  mass  of  the  whole 
triangle  ABC,  |  M  will  be  the  mass  of  each  of  the  triangles 
BGGy  CGAf  AGB.  Hence,  by  the  preceding  problem,  the 
moment  of  inertia  of  these  three  triangles  respectivelj  about 
the  axis  through  G  will  be 

and  therefore  the  moment  of  inertia  of  the  whole  triangle  about 
G  will  be  equal  to 

A  if  {6  (a* +  /8»  + 7^)  -  (a*  +  6' +  c*)} ; 
or,  by  a  property  of  the  centre  of  gravity  of  a  triangle,  to 

=  AJIf(a*  +  y  +  c»). 

Hence  the  radius  of  gyration  will  be  equal  to 

A(a"  +  J«  +  c^. 

Euler ;  Theoria  Motus  Corpomm  Solidorumy  cap.  yi. 

Prob,  32.  Cor.  1. 

(3)  To  find  the  radius  of  gyration  of  an  elliptic  area  about  a 
perpendicular  axis  through  its  centre. 

If  Jf  be  the  mass  of  the  area,  the  moment  of  inertia  about  the 
two  axes  of  the  ellipse  will  be 

But  the  moment  of  inertia  of  a  plane  area,  about  any  perpen- 
dicular axis,  is  equal  to  the  sum  of  the  moments  of  inertia  about 
any  two  lines,  at  right  angles  to  each  other  in  the  plane  area, 
passing  through  the  point  in  which  the  axis  meets  the  area. 
Hence,  in  the  present  problem,  the  moment  of  inertia  about  the 
proposed  axis  is  equal  to 

and  the  radius  of  gyration  =  J  (a*  +  J"). 


352  MOMENT  OF  INERTIA. 

(4)  To  find  the  radius  of  gyration  of  an  annnluB  about  a  per- 
pendicular axis  through  the  centre. 

Let  r  'be  the  distance  of  anj  point  of  the  annular  area  from  the 
centre  of  the  circle,  d  the  angular  co-ordinate,  p  the  density,  and 
T  the  indefinitely  small  thickness  of  the  area ;  then  a,  hy  being 
the  radii  of  the  two  concentric  circles, 

=  il^fi^*  -a*)de  =  iir^  {b*  -  a*). 

But  Jf  =  ff/nrdedr  =  Jpr  /"(^  -  o») «» 

=  TTpr  (6*  —  0?) ; 
hence  i'  =  i(a*  +  J'). 

(5)  A  disk  of  any  form,  the  mass,  density,  and  thickness  of 
which  are  given,  revolves  round  an  axis  perpendicular  to  its  plane: 
to  determine  the  form  of  the  disk  and  the  position  of  the  axis  in 
order  that  the  moment  of  inertia  may  be  a  minimum. 

Let  mJf  denote  its  moment  of  inertia,  m  denoting  its  mass : 
then,  p  being  its  density,  and  r  its  thickness,  x  and  y  being  polar 
co-ordinates, 

ffdxdy.y'^ipTJ    y*dx, 


0  "^  0 


a  air  rar 

ydxdy      =  \pT  \    t^dx. 

Put  v^ly^dx,        v=\itdx'. 

then,  a  being  some  constant, 

tt  —  ar  =  I  (y*  —  ajf)  dx, 

Hence,  by  the  formula  of  the  Calculus  of  Variations, 
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we  have,  since  P,  ft  JB,  &c.,  are  all  zero, 

which  shews  that  the  disk  is  circular,  its  centre  being  in  the  axis 

of  rotation. 

ra*  raw 

Also         wi  =  ^/yrl     y*(fe  =  J/yral    <ic=^/yro, 

2m 


a=s 


irprr 


and  therefore  y,  the  radius,  is  equal  to  f j  . 

(6)  To  find  the  radius  of  gyration  of  a  parallelogram  about  an 
axis  perpendicular  to  it  through  its  centre  of  gravity. 

If  2a,  25,  be  the  lengths  of  two  adjoining  sides  of  the  parallelo- 
gram, then,  whatever  be  the  angle  of  their  inclination, 

Euler ;  Theoria  Motua  Corp.  Solid.  Cap.  VI.  Prob.  35. 

(7)  To  find  the  radius  of  gyration  of  a  regular  polygon  about 
an  axis  perpendicular  to  it  through  the  centre.  If  »  be  the 
number  of  sides,  and  c  the  length  of  each, 

2  +  cos  — 

^-^''- k' 

1  -  cos  — 
n 

(8)  To  find  the  radius  of  gyration  of  a  portion  of  a  parabola 
boimded  by  a  double  ordinate  to  the  axis  about  a  perpendicular 
line  through  its  vertex. 

If  X,  y,  represent  the  extreme  co-ordinates  of  the  portion, 


Sect.  5.    Fhne  Area  about  an  Oblique  Axis. 

Having  given  the  greatest  of  the  moments  of  inertia  of  any 
plane  figure  about  the  three  principal  axes,  which  have  the 
w.  s.  •  23 
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same  origin,  to  find  the  moment  of  inertia  about  an  axis  passing' 
through  the  same  origin  and  equally  inclined  to  the  three  prin- 
cipal axes. 

Let  A,  B,  C,  be  the  moments  of  inertia  about  the  three  prin- 
cipal axes :  one  of  these  will  evidently  be  at  right  augles  to  the 
plane  area ;  we  will  suppose  C  to  correspond  to  this.  Then,  fA 
being  the  moment  of  inertia  about  the  other  axis, 

/A=:-4cos*a  +  JBcos"/8+  (7  cos*  7 
=  (^  +  J5+C7)cos*a, 
since  a  =  /8  =  7,  by  the  supposition. 

But  we  know  that  A+B^  C:  hence 

/*  =  2(7co8*a, 
C  being  evidently  greater  than  either  A  or  B, 

But,  since  cos*  a  +  cos*  fi  +  cos*  7=1, 

and  a  =  ^  =  7,  we  see  that  cos*  a  =  J:  hence. 

Sect.  6.     Symmeinccd  Solid  about  its  Axis. 

(1)  To  find  the  radius  of  gyration  of  a  homogeneous  sphere 
about  a  diameter. 

Let  X,  x  +  dx,  be  the  distances  of  the  circular  faces  of  a  thin 
circular  slice  of  the  sphere,  at  right  angles  to  the  diameter,  from 
the  centre,  and  let  y  be  the  radius  of  the  section.  Then,  p 
denoting  the  density  of  the  sphere,  the  moment  of  inertia  of  this 
slice  about  the  diameter  will  be  equal  to 

\nrpy^dx ; 

and  therefore  the  moment  of  inertia  of  the  whole  sphere,  a 
being  its  radius,  will  be  equal  to 

/•+a  r+o 

\nrp\     y^dx^^irp  I     {a*  —  a?)* dx  =i ^irpa\ 

But  the  mass  of  the  sphere  is  equal  to  ^irpa* ;  hence 

A*  =  fa*. 
Euler ;  Theoria  Motus  Oorporum  Solidorum^  p.  198. 


•»'• 
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(2)  To  find  the  radius  of  gyration  of  a  rigbt  cone  about  its 
axis. 

If  a  denote  the  radius  of  the  base  pf  the  cone, 

Euler;  lb.  p.  197. 

(3)  To  find  the  radius  of  gyration  of  a  hollow  sphere  about  a 
diameter. 

If  a,  hf  be  the  external  and  internal  radii, 

Euler ;  lb.  p.  203. 

(4)  To  find  the  radius  of  gyration  of  a  solid  cylinder  about  its 
axis. 

If  a  denote  the  radius  of  the  cylinder, 

Euler ;  lb.  p.  200. 

(5)  To  find  the  moment  of  inertia  of  a  sphere  about  a 
diameter,  the  density  varying  as  the  n^  power  of  the  distance 
firom  the  centre. 

IS  fi=:  the  density  at  a  unit  of  distance  firom  the  centre,  and 
a  =  the  radius,  the  moment  of  inertia  is  equal  to 


3  (n  +  5) 


•  a 


(6)    To  find  the  radii  of  gyration  of  an  ellipsoid  about  its  axes. 
If  A,  k,  I,  be  the  radii  of  gyration  about  the  axes  2a,  2&,  2c, 
respectively, 

y^y  +  c^      j^^l±^      p^g'  +  y 


Sect.  7.    Moment  cf  Inertia  of  a  Solid  not  Symmetrical  with 

respect  to  the  Axis  of  Oyration. 

(1)    To  find  the  radius  of  gyration  of  a  solid  cylinder  about  an 
axis  perpendicular  to  its  own  through  its  middle  point. 

23—2 
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Let  X  be  the  distance  of  anj  thin  circnlar  slice  of  the  cylinder 

from  the  middle  point  of  its  axis ;  dx  the  thickness  of  the  slice ; 

p  the  density  of  the  cjUn^er,  h  its  radios,  and  2a  its  length. 

Then,  the  moment  of  inertia  of  the  slice  about  any  diameter 

being  equal  to 

i'n'pb*dx, 

its  moment  of  inertia  about  the  axis  of  gyration  in  the  present 
problem  will  be  equal  to 

irpl^dx.{a?  +  ih^. 

Hence,  MIf  denoting  the  moment  of  inertia  of  the  whole 
cylinder  about  the  proposed  axis,  we  have 

+  o 


Mi^^irpb^j  V  +  i*')^ 


and  therefore,  Jf  being  equal  to  ^irpab^^  we  have 

Euler ;   Theoria  Motua  Corporum  SoUdorum^  p.  196. 

(2)  To  determine  the  moment  of  inertia  of  an  ellipsoid  about 
the  diagonal  of  the  inscribed  parallelepiped  of  maximum  volume. 

If  Oj  ^,  7,  be  the  angles  made  by  the  diagonal  with  the  axes 
of  X,  y ,  «, 

cos*a  =  p,     cos*/8  =  ^,      cos*7  =  ^, 

where  r^  =  o:^  +  y*  +  «", 

a;,  y,  ^,  being  the  co-ordinates  of  an  extremity  of  the  diagonal. 

Also,  M  being  the  mass  of  the  ellipsoid,  the  moments  of  inertia 
about  the  axes  of  x,  y,  Zy  are,  as  is  proved  in  ordinaiy  works  on 
Dynamics, 

Hence  the  required  moment  of  inertia  is  equal  to 
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But,  when  the  parallelepiped  is  a  maYJimiTn,  we  may  easily 

ascertain  that 

a_  _  6  _  c 

^~V3'      ^""V3'      ^-Vi* 
hence  the  moment  of  inertia  becomes 

5^'      a^  +  V  +  i?     • 

(3)  To  find  the  moment  of  inertia  of  a  right  cone,  the  base  of 
which  is  a  segment  of  a  sphere^  about  an  axis,  through  its  vertex, 
perpendicular  to  its  axis. 

Let  Oz  (fig.  178)  be  the  axis  of  the  cone;  Oa?,  Oy,  two  lines 
through  the  vertex  0  at  right  angles  to  Oz ;  PJTa  perpendicular 
firom  P,  any  point  in  the  cone,  upon  the  plane  xOy :  join  ON^ 
and  draw  NMbX  right  angles  to  Oy :  join  PO,  PM.  Let  971  =  an 
element  of  the  cone  at  the  point  P,  Ml^  =  the  required  moment  of 
inertia  about  Oy. 

Let  a  =  the  radius  of  the  sphere,  PO^Vy  2y3  =  the  vertical 
angle  of  the  cone,  jl  POz  =  ^,  ^  NOx  =  ^. 

Then  Ml^  =  S  (m .  PM"). 

But  m=^rdddrr  8m0€Uf>y 

and  Pjr  =  ^cos»«  +  t^sin"^cos*<^: 

hence  Mlt^  =  f  [ *"[  r*  (sin  ^ cos*  ^  +  sin'^  cos"<^)  dddffidr 


^i^^ri  {^^^ ^o&^^-h&m^d  coB^ if})  d0cUf> 

J  t%  J  n 


0  -^  0 
•/8 


=  i7ra'[  (2  8in^co8*^+sin'^)d» 

•'0 

=  t'ra*.  (-J  cos'^-cos^j 

=  Awa*  (4  -  3  cos  i8  -  cos'yS). 
I{  fi  =  7r,  or  the  cone  become  a  sphere, 

MTi?^^ircf\     but  if=|7ra*:      hence  A:^  =  Ja*. 
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(4)  To  find  the  radius  of  gyration  of  a  right  cone  about  an 
axis  through  its  vertex  at  right  angles  to  its  geometrical  axis. 

If  a  =  the  altitude  of  the  cone,  and  c  ^  the  radius  of  the  base, 

*•  =  A  (4a»  +  c»), 

(5)  To  find  the  radius  of  gyration  of  a  right  cone  about  an 
axis  at  right  angles  to  the  axis  of  the  cone  and  passing  through 
it3  centre  of  gravity. 

If  a  be  the  altitude  of  the  cone,  and  c  the  radius  of  its  base; 

then 

A*  =  A(a"  +  4o*).     • 

Euler ;  lb.  p.  197. 

(6)  To  find  the  radius  of  gyration  of  a  double  convex  lens 
about  its  axis,  and  about  a  diameter  to  the  circle  in  which  its 
two  spherical  surfiices  intersect ;  the  two  surfaces  having  equal 
radii. 

If  a  =  the  semi-axis  of  the  lens,  b  =  the  radius  of  the  circular 
intersection  of  the  two  surfaces ;  k  =  the  radius  of  gyration  of 
the  lens  about  its  axis,  and  kf  about  a  diameter  of  the  circle ;  we 
shall  have 

;^_^a*-f  5a'y+10y       7,^_  1  7a*+15a'y-f  Ipy 

Euler ;  lb.  p.  201. 

(7)  The  height  of  a  right  cone  being  A,  and  the  radius  of  its 
base  r,  to  find  the  moment  of  inertia  of  the  cone  about  a  straight 
line  joining  its  vertex  and  a  point  in  the  circumference  of  its 
base. 

The  required  moment  of  inertia  is  equal  to 
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CHAPTER  VI. 


d*al£Mbert's  principle. 


A  QENERAL  method  for  the  detennination  of  the  motion  of  a 
material  system,  acted  on  hj  any  forces,  was  laid  down  by 
D'Alembert  in  his  TrattS  de  Dynamique^  published  in  the  year 
1743*,  from  which  we  have  extracted  the  following  passage  in 
exposition  of  the  Principle*. 

^'PriAlMe  G^nSral 

"  Soit  donn^  un  syst^me  de  corps  disposes  les  uns  par  rapport 
anx  autres  d'nne  mani^re  quelconque ;  et  supposons  qu'on  im- 
prime  k  chacmi  de  ces  corps  im  mouvement  particulier,  qu'il  ne 
puisse  suivre  k  cause  de  Taction  des  autres  corps;  trouver  le 
mouvement  que  chaque  corps  doit  prendre. 

**  Solution. 

"  Soient  -4,  J5,  (7,  &c.  les  corps  qui  composent  le  syst^me,  et 
supposons  qu^on  leur  ait  imprime  les  mouvemens  a,  b^  c,  etc. 
qu'ils  soient  forces,  k  cause  de  leur  action  mutuelle,  de  changer 
dans  les  mouvemens  a,  b,  c,  etc.  H  est  clair  qu'on  pent  regarder 
le  mouvement  a  imprim^  au  corps  A  comme  compost  du  mouve- 
ment a,  qu'il  a  pris,  et  d'un  autre  mouvement  a;  qu'on  pent 
de  m^me  regarder  les  mpuvemens  &,  Cj  etc.  comme  composes  des 
mouvemens  b,  /9 ;  c,  k\  etc.  d'oh  il  s'ensuit  que  le  mouvement 
des  corps  A^  B,  Cy  etc.  entr'eux  auroit  ^t^  le  m^me,  si  au  lieu  de 
leur  donner  les  impulsions  a,  i,  o,  etc.  on  leur  etlt  donnd  k-la-fois 
les  doubles  impulsions  a,  a ;  b,  ^ ;  c,  /e^  etc.  Or  par  la  supposi- 
tion, les  corps  -4,  B,  (7,  etc.  ont  pris  d'eux-m^mes  les  mouve- 

*  See  also  his  Eeekerehe$  nor  la  PrUmtum  des  Squmoxe^t  p.  36,  poblished  in  1749. 

*  D*AIembert*B  Principle  was  6nt  ennneiated  bj  him  in  a  memoir  which  he  read 
before  the  Acadenij  of  Sciences  at  the  end  of  the  year  1743. 
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mens  a,  b,  c,  etc.  done  les  mouyemenfl  a,  fi,  k,  etc.  doivent  6tre 
tels  qu'ils  ne  derangent  rien  dans  les  mouvemens  a,  b,  c,  etc. 
c^est-drdire  que,  si  les  corps  n'avoient  re9ii  que  les  mouvemens 
a,  fiy  tCy  etc.  ces  mouvemens  auroient  d^  se  d^truiie  mutuelle* 
ment,  et  le  systSme  demeurer  en  repos. 

^'De  lit  r^sulte  le  principe  suivant,  pour  trouver  le  mouvement 
de  plusieurs  corps  qui  agissent  les  uns  sur  les  autres.  DScomr 
posez  les  mouvemens  a,  by  c,  etc.  imprtmSs  h  diaque  corps,  chacun 
en  deux  autres  a,  a;  b,  /3;  Cy  k;  etc.  qui  soient  tets,  que  si 
Ton  vleCut  imprimS  aux  corps  que  les  mouvemens  a,  b,  c,  etc.  ils 
eussent  pu  conserver  ces  mouvemens  sans  se  nuire  rSciproquement  / 
et  que  si  onne  leur  edt  imprime  que  les  mouvemens  a,  /9,  /e,  etc.  le 
systems  fiU  demeuri  en  repos;  il  est  clair  que  a,  b,  c,  etc.  seront  les 
mouvemens  que  ces  corps  prendront  en^vertu  de  leur  action*  Ce 
qu'ilJaUoit  trouver.^^ 

The  idea  of  the  general  method  developed  bj  D'Alembert  for 
the  determination  of  the  motion  of  material  systems,  had  occur- 
red somewhat  earlier  to  Fqntaine,  as  we  are  informed  in  the 
Table  des  Memoires,  prefixed  to  his  IhraitS  de  Calcul  DiffSrentiel 
et  Integrally  having  been  communicated  by  him  to  the  Academy  of 
Sciences  in  the  year  1739,  and  subsequently  to  several  mathema- 
ticians. His  views,  however,  on  this  subject  were  not  made  public 
till  long  after  the  appearance  of  the  TraitideDynamique;  and  in 
all  probability  D' Alembert,  who  did  not  become  a  member  of  the 
Academy  before  the  year  1741,  was  not  aware  of  Fontaine's 
generalization.  D' Alembert,  however,  was  the  first  to  shew  the 
wonderful  fertility  of  the  Principle  by  applying  it  to  the  solution 
of  a  great  variety  of  difficult  problems,  among  which  may  be 
mentioned  that  of  the  Precession  of  the  Equinoxes,  which  had 
been  inadequately  attempted  by  Newton,  and  of  which  D' Alem- 
bert was  the  first  to  obtain  a  complete  solution. 

The  earliest  step  towards  the  discovery  of  D' Alembert's  Prin- 
ciple is  to  be  met  with  in  a  memoir  by  James  Bernoulli  in  the 
Acta  Eruditorumy  1686,  Jul.  p.  356,  entitled  "Narratio  Contro- 
versiffi  inter  Dn.  Hugenium  et  Abbatem  Gatelanum  agitatse  de 
Centre  Oscillationis  quae  loco  animadversionis  esse  poterit  in 

>  Mimoiret  de  VAeadtmie  des  Scieneee  de  Paris,  1770.  ' 
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Besponsionem  Dn.  Catelani,  nmn.  27.  Ephem.  Gallic,  aani  1684^ 
insertam."  Let  m^  m\  denote  two  equal  bodies  attached  to  an 
inflexible  straight  line  which  is  capable  of  motion  in  a  vertical 
plane  about  one  extremity  which  is  fixed;  let  r,  r ,  denote  the 
distances  of  m,  m',  respectivelj,  from  the  fixed  extremity;  t;,  v\ 
their  velocities  for  any  position  of  the  inflexible  line  in  its  descent 
fipm  an  assigned  position;  u,  u\  the  velocities  which  they  would 
have  acquired  by  descending  down  the  same  arcs  unconnectedly. 
Then,  in  consequence  of  the  connection  of  the  bodies,  a  velocity 
V  — v  will  be  lost  by  m  and  a  velocity  v'  —  i*'  gained  by  m' in  their 
descent.  Bernoulli  proposes  it  to  the  consideration  of  mathema- 
ticians whether,  according  to  the  statical  relation  of  two  forces  in 
equilibrium  on  a  lever,  the  proportion  w  —  v  :  «'—«*' ::  r' :  r  be 
an  accurate  expression  of  the  circumstances  of  the  motion.  This 
idea  of  Bernoulli's,  although  not  free  fix)m  error,  contains  how- 
ever the  first  germ  of  the  Principle  of  reducing  the  determination 
of  the  motions  of  material  systems  to  the  solution  of  statical 
problems.  L'H6pital,  in  a  letter  addressed  to  Huyghens^,  cor- 
rectly observed  that  instead  of  considering  the  velocities  acquired 
in  a  finite  time,  he  should  have  considered  the  infinitesimal  velo* 
cities  acquired  in  an  instant  of  time,  and  have  compared  them 
with  those  which  gravity  tends  to  impress  upon  the  bodies  during 
the  same  instant.  He  takes  a  complex  pendulum,  consisting  of  any 
two  bodies  attached  to  an  inflexible  straight  line,  and  considers 
equilibrium  to  subsist  between  the  quantities  of  motion  lost  and 
gained  by  these  bodies  in  any  instant  of  time,  that  is,  between 
the  differences  of  the  quantities  of  motion  which  the  bodies 
really  acquire  in  this  instant,  and  those  which  gravity  tends  to 
impress  on  them.  He  applies  this  Principle,  which  agrees  with 
the  general  Principle  of  D' Alembert,  to  the  determination  of  the 
Centre  of  Oscillation  of  a  pendulum  consisting  of  two  bodies 
attached  to  an  inflexible  straight  line  oscillating  about  one  ex- 
tremity. He  then  extends  his  theory  to  a  greater  number  of 
bodies  in  a  straight  line,  and  determines  their  Centre  of  Oscilla- 
tion on  the  supposition,  the  truth  of  which  is  not  however 
sufficiently  obvious  without  demonstration,  that  any  two  of  them 

*  Bitioire  det  Ouvrages  det  Sgavans,  1680,  Juin,  p*  440. 
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may  be  collected  at  their  particalar  Centre  of  Oacillatioiu  On 
the  publication  of  L'Hdpital^s  letter,  James  Bernoulli^  reverted 
to  the  subject  of  the  Centre  of  Oscillation,  and  at  length  suc- 
ceeded in  obtaining  a  direct  and  rigorous  solution  of  the  problem 
in  the  case  where  all  the  bodies  are  in  one  line,  by  the  appli* 
cation  of  the  principle  laid  down  by  L'Hdpital.  Bernoulli' 
afterwards  extended  his  method  to  the  general  case  of  the  oscil- 
lations of  bodies  of  any  figure. 

An  ingenious  investigation  of  the  Centre  of  Oscillation,  a 
problem  from  the  beginning  intimately  connected  with  the  deve- 
lopment of  D'Alembert's  Principle,  was  shortly  afterwards  given 
by  Brook  Taylor*  and  John  Bernoulli*,  between  whom  arose  an 
angry  controversy  respecting  priority  of  discovery*;  the  method 
given  by  these  mathematicians,  although  depending  upon  the 
statical  principles  of  the  lever,  did  not  however  involve,  in  an 
explicit  form,  L'Hdpital's  Principle  of  Equilibrium.  Finally, 
Hermann^  determined  the  Centre  of  Oscillation  by  the  principle 
of  the  statical  equivalence  of  the  soltcttatians  of  gravity^  and  the 
vicariaus  solicitations  applied  in  opposite  directions,  or,  as  it  is 
jexpressed  by  modem  mathematicians,  by  the  equilibrium  subsist- 
ing between  the  impressed  forces  of  gravity  and  the  eflfective 
forces  applied  in  opposite  directions;  a  method  of  investigation 
virtually  coincident  with  that  given  by  James  Bernoulli.  The 
idea  of  L'Hdpital  became  still  more  general  in  the  hands  of 
Euler^,  in  a  memoir  on  the  determination  of  the  oscillations  of 
flexible  strings  printed  in  the  year  1740.  From  the  above  his- 
torical sketch  it  will  be  easily  seen  that  in  the  enunciation  of  a 
general  Principle  of  Motion,  Fontaine  and  D'Alembert  had 
little  more  to  do  than  to  express  in  general  language  what  had 
been  distinctly  conceived  in  the  prosecution  of  particular  re- 
searches by  L'Hdpital,  James  and  John  Bernoulli,  Brook  Taylor, 

■  Acta  Erudit.  Lift,  1G91.  JvL  p.  817.  Opera,  Tom.  i.  p.  4G0, 

*  Mimairu  de  rAeadhnie  det  Sdokoet  dt  Pari*,  1703»  1704. 

'  PhihiCfphieal  TroMMOdiona,  1714,  May,  Mtihodut  Incremadorum. 

*  Acta  ErudU.  Lipt.  1714^  Jun,  p.  267 ;  Jfem.  Aead,  Par.  1714,  p.  306.    Opera^ 
Ton).  II.  p.  168. 

«  AbL  ErudU.  Lips.  171^  1718, 1719, 1721, 1723. 
'  Pkarcnomia;  Lib.  i.  cap.  6. 
7  ComfiMiil.  Petrop.  Tom.  vii. 
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Hermann,  and  Euler.  For  additional  information  on  the  bistori* 
eal  development  of  D' Alembert's  Principle,  the  reader  is  referred 
to  Lagrange's  MSoanique,  Analytique,  Seconde  Partie,  Section  1 ; 
Montacla's  ffistaire  dea  McUkfmatiqites,  part.  v.  liv.  3,  part.  iv. 
liv.  7 ;  and  Whewell's  History  of  the  Inductive  Sciences,  Vol.  XI. 

In  modem  treatises  on  Mechanics,  D'Alembert's  Principle  is 
expressed  under  one  or  other  of  the  following  forms: 

(1)  When  any  material  system  is  in  motion  under  the  action 
of  any  forces,  the  moving  forces  lost  by  the  different  molecules 
of  the  system  must  be  in  equilibrium. 

(2)  If  the  effective  moving  forces  of  the  several  particles  of  a 
system  be  applied  to  them  in  directions  opposite  to  those  in  which 
they  act;  they  will,  conjointly  with  the  impressed  moving  forces, 
constitute  a  system  of  forces  statically  disposed. 

The  former  of  these  enunciations  it  will  be  seen  is  substantially 
the  same  as  that  given  by  D*Alembert,  while  the  latter  is  a 
generalization  of  the  idea  developed  by  Hermann  in  his  investi- 
gations on  the  particular  problem  of  the  Centre  of  Oscillation. 

Sect.  1.    Motion  of  a  single  Particle  *. 

The  object  of  this  section  is  to  apply  D' Alembert's  Principle  to 
the  exemplification  of  a  general  method  for  the  determination  of 
the  motion  of  a  particle  within  tubes  and  between  contiguous 
surfaces,  of  which  either  the  position,  or  the.  form,  or  both^  are 
made  to  vary  according  to  any  assigned  law  whatever,  the 
particle  being  acted  on  by  given  forces.  Several  of  the  problems 
of  this  section  have  been  solved  by  particular  methods  in 
Chapter  iv. 

I.  We  will  commence  with  the  consideration  of  the  mo- 
tion of  a  particle  along  a  tube,  and,  for  the  sake  of  perfect 
generality,  we  will  suppose  the  tube  to  be  one  of  double  curva- 
ture. The  tube  is  considered  in  all  cases  to  be  indefinitely 
narrow  and  perfectly  smooth,  and  every  section  at  right  angles 
to  its  axis  to  be  circular. 

'  The  substance  of  this  Sectiou  was  published  in  the  Cambridge  Matkemaiical 
Journal,  Vol.  in.  p.  49. 
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Let  the  particle  be  referred  to  three  fixed  rectangular  axes^ 
and  let  Xy  y,  z^  be  its  co-ordinates  at  anj  time  t\  let  a;,  y,  z^  be- 
come X'\'ixy  y  +  %>  z-\-hzy  when  t  becomes  ^  +  &;  &,  and 
consequentlj  hx^  Sy,  £2;,  being  considered  to  be  indefinitely 
small.  Then  the  eiFectiye  accelerating  forces  on  the  particle 
parallel  to  the  three  fixed  axes  wiU  be,  at  the  time  t^ 

S^     S^     S"« 

W    W   ^' 

Also,  let  JT,  F,  Zy  represent  the  impressed  accelerating  forces 
on  the  particle  resolved  parallel  to  the  axes  of  x^y^z^  and  let 
a:  +  ^,  y-^dffy  z  +  dZyhQ  the  co-ordinates  of  a  point  in  the  tube 
very  near  to  the  point  x,  y,  Zy  which  the  particle  occupies  at  the 
time  t  Then,  observing  that  the  action  of  the  tube  on  the 
particle  is  always  at  right  angles  to  its  axis  at  every  point  and 
therefore,  at  the  time  ty  to  the  line  joining  the  two  points  x,  y,  z, 
and  X  -{-  dxy  y  -^  dyy  z  +  dzj  WQ  have,  by  D' Alembert's  Principle, 
combined  with  the  Principle  of  Virtual  Velocities, 

Again,  since  the  form  and  position  of  the  tube  are  supposed 
to  vary  according  to  some  assigned  law,  it  is  clear  that  when  t  is 
known  the  equations  to  the  tube  must  be  known;  hence  it  is 
evident  that,  in  addition  to  the  equation  (A),  we  shall  have,  from 
the  particular  conditions  of  each  individual  problem,  a  number  of 
equations  equivalent  to  two  of  the  form 

where  if>  and  x  are  symbols  of  functionality  depending  upon  the 
law  of  the  variations  of  the  form  and  position  of  the  tube. 

The  three  equations  (A)  and  (B)  involve  the  four  quantities 
Xy  y,  Zy  ty  and  therefore,  in  any  particular  case,  if  the  difficulty  of 
the  analytical  processes  be  not  insuperable,  we  may  adoertain 
Xy  y,  Zy  each  of  them  in  terms  of  ^ ;  in  which  consists  the  com- 
plete solution  of  the  problem. 

If  the  tube  remain  during  the  whole  of  the  motion  within  one 
plane^  then,  the  plane  of  x,  y^  being  so  chosen  as  to  coincide 
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with  this  plane,  the  three  equations  (A)  and  (B)  will  evidently 
be  reduced  to  the  two 

(^-x)^  +  (5-r)^y=.o (C), 

4>{x,y,t)^0 (D). 

We  proceed  to  illustrate  the  general  formula  of  the  motion 
hy  the  discussion  of  a  few  problems. 

(1)  A  rectilinear  tube  revolves  with  a  uniform  angular  velo- 
city about  one  extremity  in  a  horizontal  plane ;  to  find  the  motion 
of  a  particle  within  the  tube. 

Let  oD  be  the  constant  angular  velocity ;  r  the  distance  of  the 
particle  at  any  time  t  from  the  fixed  extremity  of  the  tube ;  th^n, 
the  plane  of  x,  y,  being  taken  horizontal,  and  the  origin  of 
co-ordinates  at  the  fixed  extremity  of  the  tube,  we  shall  have, 
supposing  the  tube  initially  to  coincide  with  the  axis  of  x, 

x==rco&<ot .(1), 

y  =  9*  sinco^ (2). 

From  (1)  we  have 

dx-=^dr  cos  c»^, 

and,  from  (2),  dy  =  dr  sin  tat. 

Again,  fix)m  (1)  we  have 

-K-  =  -X-  cos  a)t  —  ci»r  sin  (»^, 

^x     ^r  ,     o    ^   •      .        * 

^  =  ^  cos  a)<  --  2©  ^  sm  cD^  —  oft  cos  nai ; 

and,  from  (2), 

•#-  ss  "K-  sm  co^  +  cor  cos  o)^ 

k4  =  K^  81^  ®*  +  ^®  ^  ^8  ®^  "■  ®^  sm  tt)<. 

Substituting  in  the  general  formula  (C)  the  values  which  we 
have  obtained  for  <&,  dy,  -^,  ^ ,  we  have,  since  X=  0,  F=  0, 
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-^coBc^t^^dfi-KT  sin  €fi  —  m*r  COB  mi  j 

n  mimi'k'2m-KT  cosa»l  — <»VBiiifl^j  =  0; 
and  therefore 

the  integral  of  this  equation  is 
Let  raa  when  ^»0;  then 
also  let  jcT  =  )9  when  ^  =  0 ;  then 

from  the  two  equations  for  the  determination  of  C  and  C\  we 
have 

hence,  for  the  motion  of  the  particle  along  the  tube, 

This  problem,  which  is  the  earliest  problem  of  the  motion  of 
a  particle  subject  to  the  constraint  of  a  curve  moving  according 
to  a  prescribed  law,  is  due  to  John  Bernoulli'.  A  solution  of 
this  problem  is  given  also  by  Clairaut",  to  whom  it  had  probably 
been  proposed  by  Bernoulli. 

(2)  Supposing  the  tube  to  revolve  in  a  vertical  instead  of  a 
horizontal  plane,  we  shall  have,  by  the  same  process,  the  axis  of 
y  being  now  taken  vertical,  observing  that  X=  0,  Y—^g^  if  the 
time  be  reckoned  from  the  moment  of  coincidence  of  the  tube 
with  the  axis  of  x  which  is  horizontal, 

j™  --  «V  =  — ^  sin  tot. 

*  0/Mra,  Tom.  it.  p.  248. 

*  Mhnoirt  d€  VAeadimU  des  Sciences  de  Pans,  1742,  p  10. 
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The  integral  of  this  equation  is 

Sr 

and,  if  we  determine  the  constants  from  the  conditions  that  r,  j- , 

shall  have  initiallj  values  a,  /3,  we  shall  get  for  the  motion  along 
the  tube, 

2wr  =  TcMo  +  /9  -  1^^  €*<  +  (aw  -  /8  +  ^)^"**'  +  "^  sin«^. 

This  problem,  which  had  been  erroneously  attempted  by 
Barbier  in  the  Annales  de  Oerganne,  Tom.  XIX.,  was  correctly 
solved,  in  the  following  volume,  by  Ampfere.  In  the  Cambridge 
Mathematical  Jov/maly  Vol.  III.  p.  42,  a  solution  is  given  by 
Professor  Booth,  who  has  discussed  at  length  the  more  interest- 
ing cases  of  the  motion. 

(3)  Suppose  the  tube  to  revolve  in  a  horizontal  plane  about  a 
fixed  extremity  with  such  an  angular  velocity,  that  the  tangent 
of  its  angle  of  inclination  to  the  axis  of  a;  is  proportional  to  the 
time. 

The  equation  to  the  tube  at  any  time  t  will  be 

y  =  m;tx (1), 

where  m  is  some  constant  quantity ;  hence 

dy  —  mt  dxy 
and  therefore,  from  (C),  since  X—0  and  F=  0, 

§+-§-» w- 

But  from  (1)  we  have 
hence,  irom  (2), 
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Sx      1  +  wiV  ~ 

Integrating,  we  have 

Sx 

log  g^  +  log  (1  +  mV)  =  log  C, 

Sx        .        . 
Let  )3  be  the  initial  value  of  -j- ,  which  will  be  the  velocity  of 

projection  along  the  tube;  then  (7  =  /3,  and  therefore 

integrating,  we  get 

x+C^^tSinUmt), 

Let  ttj«a  when  <  =  0;  then  a+  0=  0,  and  therefore 

a;  =  a  +  —  tan"*  (mi), 

and  consequently,  from  (1), 

y  =  ami  +  /3i  tan"*  (m^). 

If  ^  be  the  inclination  of  the  tube  to  the  axis  of  x  at  any  time, 
and  r  be  the  distance  of  the  particle  from  the  fixed  extremity, 

T  = — 

(4)  A  circular  tube  is  constrained  to  move  in  a  horizontal 
plane  with  a  uniform  angular  velocity  about  a  fixed  point  in  its 
circumference ;  to  determine  the  motion  of  a  particle  within  the 
tube,  which  is  placed  initially  in  the  extremity  of  the  diameter 
passing  through  the  fixed  point 

Let  the  fixed  point  be  taken  as  the  origin  of  co-ordinates,  and 
let  the  axis  of  x  coincide  with  the  initial  position  of  the  diameter 
through  this  point ;  let  <»  be  the  angular  velocity  of  the  revolu- 
tion of  the  circle,  a  the  radius ;  also  let  0  be  the  angle,  at  anj 
time  %  between  the  distance  of  the  particle  and  of  the  extremity 
of  the  diameter  through  the  origin  from  the  centre  of  the  circle. 


d'alehbert's  principle.  369 

Then  it  will  be  easily  seen  that 

x^acoBCDt  +  acos  {ayt-^ff) (1), 

y  =  a  sinc0^  +  a  sin  (oDt—ff) (2). 

From  (1)  we  have 

dx  =  add  sin  {mt  —  0)^ 

and,  firom  (2),  dy^--  adO  cos  {mt  —  ff). 

Hence,  from  (C),  observing  that  X=0  and  Y=  0, 

sin  {cot -ff)  "CT  -  cos  (©<  -  ^  -^  =0 (3). 

Again,  from  (1), 

•*-  =  —  ofli  sin 6)<  +  a  ( tc-  —  od)  sin  {tot  —  0)y 

*3.  s=  —  aoy  cos  «« —  a  f  ^  —  o)  1  cos  (cDf  —  ^)  +  a  k-j  sm  (a><  —  ^ ; 

and,  from  (2), 

^  =  a©  cos  a)<  --  a  (  tc-  --  « 1  cos  (c»f  —  ff)^ 

•  -^=  —  ai»"smw<  — af  ^  — w)  sm(o)<  — a)  —  o^cos(a)<  — ^) ; 

and  therefore,  by  (3), 

atf  {sin  w<  cos  (»<  —  ^  —  cos  «^  sin  (w^  —  ^}  +  a  gy  =  0, 

w'  sm  ^  +  j3  =  0 : 

multiplying  ^y  2  ^-  ,  and  integrating, 

g^=(7+2«^cosft 

But,  the  absolute  velocity  of  the  particle  being  initially  zeto^  it 

is  clear  that  209  will  be  the  initial  value  of  ^ ;  and  therefore, 

6  being  initially  zero,  we  have 

W=:0+2w*,         (7=2w", 
and  therefore 

-gp  =  2  w*  ( 1  +  cos  I?)  =  4«»  cos"  -  ,      J^  =  2«i  cos  -  , 

w.  s.  24 
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COB  -S0  S  sin  - 

COS-  1  — Sin  - 

2  2 

Integrating;  we  have 

l  +  sin- 
log ^^2wt+C; 

1  —  sin  ~ 
2 

but  ^  =  0  when  t^O;  hence  (7=0,  and  we  have 

l  +  sin- 


and  therefore 


l-sm- 


sm-  = 


2        €«'+€^' 


which  determines  the  position  of  the  particle  within  the  tube  at 

d 

any  time.    When  <  =  ao ,  we  have  sin  -  =  1,  and  therefore  ^  =  w, 

which  shews  that,  after  the  lapse  of  an  infinite  time,  the  particle 
will  arrive  at  the  point  of  rotation. 

(5)  If  we  pnrsne  the  same  course  as  in  the  solution  of  the 
problems  (1),  (2),  (4),  we  may  obtain  a  convenient  formula  for  the 
following  more  general  problem :  a  plane  curvilinear  tube  of  any 
invariable  form  whatever  revolves  in  its  own  plane  about  a  fixed 
point  with  a  uniform  angular  velocity ;  to  determine  the  motion 
of  a  particle,  acted  on  by  any  forces,  within  the  tube. 

Let  en  be  the  constant  angular  velocily  of  the  tube  about  the 
fibbed  point ;  r  the  distance  of  the  particle  at  any  time  fix>m  this 
point ;  <f>  the  angle  between  the  simultaneous  directions  of  r  and 
of  a  line  joining  an  assigned  point  of  the  tube  with  the  fixed  point 
of  rotation ;  da  an  element  of  the  length  of  the  tube  at  the  place 
of  the  particle,  and  S  the  accelerating  force  on  the  particle  re- 
solved along  the  element  ds ;  then  the  equation  for  the  motion  of 
the  particle  will  be 
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but  since,  the  form  of  the  tube  being  invariable,  S<f>,  £r,  maj 
evidently  be  replaced  by  €hf>,  dr,  we  have,  putting,  for  the  sake 
of  uniformily  of  notation,  dt  in  place  of  8^, 

If  a>  be  zero,  the  formula  will  become 


'%*%-A^' 


the  well-known  formula  for  the  motion  of  a  particle  under  the 
action  of  any  forces  within  an  immoveable  plane  tube. 

(6)  In  the  foregoing  examples  the  position  of  the  tube  varies 
with  the  time ;  the  form  however  remains  invariable.  We  will 
now  give  an  example  in  which  the  form  changes  with  the  time. 

A  particle  is  projected  with  a  given  velocity  within  a  circular 
tube,  the  radius  of  which  increases  in  proportion  to  the  time 
while  the  centre  remains  stationary ;  to  determine  the  motion  of 
the  particle,  the  tube  being  supposed  to  lie  always  in  a  horizontal 
plane. 

The  equation  to  the  circle  will  be 

a?  +  y«  =  a*(l  +  a/)« (1), 

where  a  and  a  are  some  constant  quantities ;  hence 

a?  cfo;  +  y  rfy  =  0, 
and  therefore,  by  the  general  formula  (C), 

integrating,  we  have 

Let  the  axis  of  a?  be  so  chosen  as  to  coincide  with  the  initial 

distance  of  the  particle  from  the  centre,  and  let  /3  be  the  initial 

velocity  of  the  particle  along  the  tube;   then  C=  —  afi,  and 

therefore 

24—2 


372  D  ALElfSEBT  S  PKntCIPLE. 

'%-y^'-P - ^*)' 

again,  from  (1>,  we  haye 

«  ^  +  y  ^  =  di'a  (1  +  ctf) (3) ; 

multipljing  (2)  by  y  and  (3)  bj  :r,  and  sabCncting  tbe  fixnner 
reindt  from  the  latter,  we  hare 

(a?  +  y^  ^  =a*a  (1  +  (rf)  a?- a^, 
and  therefore,  by  (1), 

Put  l  +  fltfssT;  then 

again,  pat  x^^mty  and  there  is 

ooT^fni  +  T  j-jssaawiT*  — /3T(aP  — !»")% 

integrating,  O  +  aa  cob"*  —  as  —  5 , 

or,  putting  for  m  its  value, 

X  B 

0+aa  cos"*  —  =  —  i- , 
ax  T 

and,  putting  for  r  its  value  1  +  a^, 

C7  +  oa  cos   —7= T  s=  —  -^ 


a  (1  +  a<)  1  +  a< ' 

Now  fic-sa  when  ^  =  0;  hence  C  =  --/9,  and  therefore 


-1        X  oBt 

oa  cos  "^ 


a  (1  +  aO      1  +  at' 
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a.  =  a(l+crf)co8^^j^, 
and  therefore^  from  (1), 

which  give  the  absolute  position  of  the  particle  at  anj  assigned 
time. 

n.  We  proceed  now  to  the  consideration  of  the  motion  of  a 
particle  along  a  surface  from  which  it  is  unable  to  detach  itself; 
while  the  surface  itself  changes  its  position  or  its  form,  or  both; 
according  to  any  assigned  law.  To  fix  the  ideas,  we  suppose  the 
particle  to  move  between  two  surfaces  indefinitely  close  together, 
so  as  to  be  expressed  by  the  same  equation. 

Let  Xy  y,  Zy  be  the  co-ordinates  of  the  particle  at  any  time  t ; 
and  let  Sx,  By,  Sz,  be  the  increments  of  x,  y,  z,  in  an  indefinitely 
small  time  it ;  also  let  dxy  dy^  dzy  denote  the  increments  of  x^  y,  Zy 
in  passing  from  the  point  Xy  y,  Zy  to  any  point  near  to  it  within 
the  surface  as  it  exists  at  the  time  t  Also  let  Xy  Yy  Z^  denote 
the  resolved  parts  of  the  accelerating  forces  on  the  particle  at  the 
time  i  parallel  to  the  axes  of  x,  y^  z;  theu;  observing  that  the 
action  of  the  surface  on  the  particle  is  always  in  the  direction  of 
the  normal  at  each  point,  we  have,  by  D'Alembert's  Principle 
combined  with  the  Principle  of  Virtual  Velocities, 

Again,  since  the  position  and  form  of  the  surface  vary  according 
to  an  assigned  law,  its  equation  must  evidently  be  known  at  any 
given  time,  and  therefore  we  must  have,  from  the  nature  of  each 
particular  problem,  certain  conditions  between  the  quantities  Xy 
y,  Zy  ty  equivalent  to  a  single  equation 

F=f{xyyyz,t)^0 (B'). 

Taking  the  total  differential  of  (i?')i  we  have 

dF  7      dF  J      dF  J      - 

eliminating  dt  between  this  equation  and  (-4'),  we  get 
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but  dx  and  dy  are  independent  quantities ;  we  have  thetefoie,  by 
equating  separately  their  coefficients  on  each  side  of  the  equation, 

W       J  dx     \M     ^Jdz' 
and  therefore  also 

\Bf        J  dy      \cf        I  dx 

any  two  of  these  three  relations^  together  with  the  equation  (^, 
will  give  US  three  equations  in  x^  y,  z^  ty  whence  x,  y,  Zy  are  to 
be  determined  in  terms  of «. 

The  following  example  will  serve  to  illustrate  the  use  of  these 
equations.  We  have  taken  a  case  where  the  form  of  the  surface 
remains  invariable^  its  position  alone  being  liable  to  change. 
The  analysis,  however,  in  the  solution  of  problems  of  the  class 
which  we  are  considering,  receives  its  general  character  solely 
in  consequence  of  the  presence  of  <  in  the  equation  (jB'),  and 
therefore  the  example  which  we  have  chosen  is  sufficient  for  the 
general  object  we  have  in  view. 

A  particle  descends  by  the  action  of  gravily  down  a  plane 
which  revolves  uniformly  about  a  vertical  axis  through  which  it 
passes ;  to  determine  the  motion  of  the  particle. 

Let  the  plane  of  Xj  y^  be  taken  horizontal,  the  axis  of  x  coin- 
ciding with  the  initial  intersection  of  the  revolving  plane  with 
the  horizontal  plane  through  the  origin,  and  let  the  axis  of  ;?  be 
taken  vertically  downwards ;  then,  a>  denoting  the  angular  velo- 
city of  the  plane,  its  equation  at  any  time  t  will  be 

^asy  cos  0)^  —  2;  sin  0)^  =  0 (1); 

,  dF         .      ^       dF  dF    ^ 

whence        -^-  =  —  sm  v)t       -=-  =  cos  a>^       -=-  =  0 : 
dx  dy  dz 
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also,  -X'=0,  y=  0,  Z—g\  and  therefore,  firom  either  of  the  first 
two  of  the  three  general  relations, 

^9 (2), 


t^z 


and,  from  the  third, 

-^  co8a>^+^sin<o/=s0 (3). 

Let  r  denote  the  distance  of  the  particle  at  any  time  from  the 
axis  of  z ;  then 

X  :=sr  cos  f»ty    y  —  T  sin  tdt^ 
whence      "57  ~  "57  ^^  (ot  —  w&m  wt, 

•J3  =  CT  COS  w^  —  2coTe-  sin  «^  —  tf^r  cos  ft»f, 

By      Br    , 

8*y     S^r    .       ,     ^     Sr  ^        «     •       . 

^  =  ^  sm  a><  +  2w  -J-  cos  w^  —  «  r  sm  wi ; 

and  therefore,  from  (3), 

^-'^'•=« w- 

Let  the  initial  values  of  «,  -g-  ,  be  0,  )3 ;  and  those  of  r,  -^, 

be  a,  a;  then,  from  the  equations  (2)  and  (4),  after  executing 
obvious  operations,  we  shall  obtain 

2ittr  =  {wa  +  a)  €^  +  («a  —  a)  €"•', 

the  first  two  of  these  equations  give  the  position  of  the  particle 
on  the  revolving  plane,  and  therefore,  bj  virtue  of  the  equation 
(1),  the  absolute  position  of  the  particle  at  any  time  ;  while  the 
third  is  the  equation  to  the  path  which  the  particle  describes  on 
the  plane. 
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Sect.  2.     Systems  cfJPoartidea. 

(1)  Two  heavy  particles  P,  P\  (fig.  179)^  are  attached  to  a 
rigid  imponderable  rod  APJP  which  is  oscillating  in  a  vertical 
plane  about  a  fixed  point  in  its  extremity  A ;  to  determine  the 
motion. 

Let  my  m'j  be  the  masses  of  the  two  particles ;  let  AP  =  a, 
AF  ^c^.  Draw  AB  vertically  downwards  and  let  ^  PAB^O. 
Let  dsy  dsy  denote  the  elements  of  the  circular  paths  described 
by  P,  P^  in  a  small  time  dty  estimated  in  a  direction  correspond- 
ing to  an  increase  of  0.    Then  the  effective  moving  forces  of  the 

d^8         (Ps 
two  particles  will  be  m  -^ ,  id  -^ ,   the  moments  of  which 

about  the  point  A  will  be  ma  -^ ,  nid  -^ .    Also  the  moments 

of  the  impressed  forces  will  be  —  mag  sin  B^  —  mdg  sin  6. 
Hence,  for  the  equilibrium  of  the.  impressed  forces,  and  the 
effective  forces  applied  in  directions  opposite  to  their  own,  we 
have 

^"^1?'^''^*^'  If^  («ia  +  mV)^  Bind  =  0. 
But  ds^adBy  ds—ddO]  hence 

{mcf'^ma'^  ^+ (wia  +  mV)^  sin(?  =  0; 

a  result  which  shews  that  the  rod  will  oscillate  isochronously 
with  a  perfect  pendulum  of  which  the  length  is 

ma*  +  m'a'* 
ma  +  m'd 

(2)  Two  particles,  attached  to  the  extremities  of  a  fine  inex- 
tensible  thread,  are  placed  upon  two  inclined  planes  with  a 
common  summit ;  to  determine  the  motion  of  the  particles  and 
the  tension  of  the  thread  at  any  time. 

Let  m,  m'y  be  the  masses  of  the  particles ;  a,  a',  the  inclinations 
of  the  planes  to  the  horizon ;  a?,  a?',  the  distances  of  the  particles 
from  the  common  summit  of  the  planes  at  any  time.    Then  the 
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impressed  accelerating  forces  on  the  particles  m,  m',  estimated 
do?m  the  two  planes,  will  be  g  sin  a,  g  sin  a ,  respectivelj,  and 
the  effective  accelerating  forces,  estimated  in  the  same  directions, 

will  be  -^ ,   -^ .    Hence,  for  the  equilibrium  of  the  impressed 

forces,  and  the  effective  forces  applied  in  directions  opposite  to 
their  own,  we  have 

^  (w  sma  — «i  sma)  =^-;^  ""^  IJF""" ^  '' 

But,  if  c  denote  the  length  of  the  thread, 

,    ,  d^x  .  €px      ^ 

hence,  from  (1), 

(wiH-W)  "-js^gi^  sina  —  wi'  sin  a) (2)  ; 

which  determines  the  common  acceleration  of  the  two  particles 
estimated  in  accordance  with  an  increase  of  x:   should  the 

€Px 

expression  for  -^  be  a  negative  quantity,  x  will  decrease  and 

of  increase. 

If  T  denote  the  tension  of  the  thread,  we  shall  have,  for  the 

equilibrium  of  the  impressed  moving  forces  T,  mg  sin  a,  exerted 

d^x 
on  the  particle  m,  and  the  effective  moving  force  m  -^  applied 

in  a  direction  opposite  to  its  own, 

T=  m  (<7  Bin  a  -  ^) 


=  — ~,  (sm  a  +  sm  a ),  by  (2) ; 


which  gives  the  value  of  T,  which  is  therefore  of  invariable 
magnitude  during  the  whole  motion. 

Poisson ;  Traid  de  Mdbaniqtie^  Tom.  ii.  p.  12. 

(3)    One  body  draws  up  another  on  the  wheel  and  axle ;  to  de- 
termine the  motion  of  the  weights  and  the  tension  of  the  strings. 
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Let  a,  a\  denote  the  radii  of  the  wheel  and  axle;  971,  m\  the 
masses  of  the  bodies  suspended  from  them ;  a  the  arc  described, 
at  the  end  of  the  time  tj  bj  a  molecule  ^  of  the  mass  of  the 
wheel  and  axle,  r  the  distance  of  the  molecule  from  the  axis  of 
rotation ;  x,  x^  the  vertical  distances,  below  the  horizontal  plane 
through  the  axis,  of  the  masses  m,  m\ 

Then  the  moment  of  the  impressed  forces  about  the  axis  of 

rotation  wUl  be 

mag  —  m'a'ff ; 

and  the  moments  of  the  effective  forces,  estimated  in  the  same 
direction,  will  be 

d^x       ,  ,rfV  .  ^  /     d*8\ 

Hence,  bj  D'Alembert's  Principle, 

d*X  ,      ;rfV       ,       ^     /  d^8\  ,      ,  ,-v 

ma-^-ma  "^  +  2  UJ^'^j=niaff--maff (1). 

Let  d  represent  the  whole  angle  through  which  the  wheel  and 
axle  have  rotated  at  the  end  of  the  time  t ;  then,  b,  b\  denoting 
the  initial  values  of  x^  x\  it  is  clear  that 

x^l  +  aJ9,    a;'  =  y-a^, 
and  therefore 

d^x_    d'0         rfV_       ,d'0  .^. 

W'^'df'       ■5?"""'*  "3? ^^' 

Also,  it  is  manifest  that  s  =  rd,  and  therefore 

where  MJ<?  denotes  the  moment  of  inertia  of  the  wheel  and  axle 
together  about  the  axis  of  rotation. 

From  (1),  (2),  (3),  we  obtain 

{ma*  +  mct^  +  Mli^  -^  =  mxig  —  mdg^ 

and  therefore,  if  the  system  be  supposed  to  have  no  motion  when 
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Let  T  denote  the  tension  of  the  string  supporting  m ;  then 


=  «•(«-"  3?) 


{a  {ma  —  w'a')     ) 
^""wo'  +  mV  +  JlfA^J 

_       vda  (a  +  a')  +  Mlf 
Similarly,  the  tension  of  the  other  string  being  denoted  by  T', 

T'  -  -m'/.  ''^  (^'  +  «)  +  >J^^ 

(4)  A  thin  nniform  rod  AB  (fig.  180)  slides  down  between  the 
vertical  and  horizontal  rods  OBy^  OAx,  to  which  it  is  attached 
by  small  rings  at  A  and  B:  to  find  the  angular  velocity  oiAB 
in  any  position. 

Let  X=s  the  pressure  of  Oy  on  AB^ 
yJ^= OxonAB. 

Let  m  denote  the  mass  of  an  elemental  length  ds  of  the  rod  at 
P:  let  OM^Xj  PM^y^  AB^a^  i.  OAB^d,  AJP^b. 

The  moving  forces  on  m  will  be 

i}x 
the  effective  force  m  -^ ,  parallel  to  Ox^ 

the  impressed  force  mg^  parallel  to  yO, 

the  effective  force  m  -A ,  parallel  to  Oy. 

d^x  rfV 

Beverse  the  directions  of  m  -j^  and  m  -^^  as  in  the  figure : 

and  let  the  same  thing  be  done  in  regard  to  all  the  molecules  of 
the  descending  rod.  Then  the  system  of  forces  will  satisfy  the 
conditions  of  equilibrium. 
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Hence  IS 


Sm 


("S)-^- («• 

i^-")-^- («). 

S]w(^  +^ja?  — w^  y^  +  Xa8ind—  Yacoa0=^O,..  (3). 

Let  X  denote  the  mass  of  a  nnit  of  length  of  the  rod :   then 
m  =  Xda,    Also 

x=  (a  —  s)  cos  0,        y  =  «  sin  0. 

Hence  ^(^"^j"^/   (^""*) 


cPx\     .  r.         V  ,  rf'cos^ 


,  -     ,  rf*  COS  tf 


_,     /   <?•«        d*x\      d  ^    f   dy        dx\ 


-'^de 


I  a(a  —  8)da 

■'0 


2  (^w^a?)  =  Xfl'  cos  01   (a  —  8)ds 

•'0 

=  \\gc?  cos  tf. 

The  equations  (1),  (2),  (3),  therefore  become,  if  Jf  denote  the 
mass  of  the  whole  rod^ 

X^^Ma.^^ (4), 

r=3f(^  +  ia^^ (5), 

Jilfo^  +  i%co8d  +  X8md- Fcos^^O.....  (6). 


I 
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From  (4),  (5),  (6),  we  shall  get,  after  eliminating  Xand  F, 

^=-2l^^«^ W' 

integrating,  we  have,  a  being  the  initial  value  of  d^ 

f=|(Bin.-Bmd) (8). 

which  determines  the  angular  velocity  of  AB  in  any  position. 
Cor.    From  (4),  (5),  (7),  (8),  we  may  easily  ascertain  that 
X=  ^Mg  cos  d  (3  sin  d  —  2  sin  a), 
r  =  %  -  f  %  ( 1  +  2  sin  a  sin  ^  +  sin*  ^ . 

(5)  A  uniform  heavy  rod  OA  (fig.  181),  which  is  at  liberty  to 
oscillate  in  a  vertical  plane  about  a  horizontal  axis  through  0, 
falls  from  a  horizontal  position  ;  to  determine  the  angle  included 
between  the  direction  of  the  rod  and  the  direction  of  the  pres- 
sure for  any  position  of  the  rod. 

Let  Oxy  Ojfy  be  the  axes  of  co-ordinates  in  the  plane  of  oscil- 
lation, Ox  being  horizontal  and  Oy  vertical ;  let  Oz  be  at  right 
angles  to  the  plane  xOy.  Let  U^  F,  represent  the  resolved  parts 
of  the  reaction  of  the  axis  Oz  upon  the  rod,  estimated  along  xOy 
yO.  Let  p  =  the  density  of  the  rod,  k  =  the  area  of  a  section 
of  it  taken  at  right  angles  to  its  length ;  let  Pbe  any  point  in  OA^ 
draw  PMsit  right  angles  to  Ox ;  let 

OM=Xy    PM^y^     OP=ry     OA  =  a,     ^AOx^0. 

Then,  by  D' Alembert's  Principle,  resolving  forces  parallel  to  Ox^ 

ir=-£|*pc?r§}  =  -*p£(c?rg) (1); 

resolving  forces  parallel  to  Oy, 

—'H*©-^)! «' 

and,  taking  moments  about  the  axis  Oz, 
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But,  firom  the  geometry,  we  see  that 

^    dx  .    ^dB     d'x  ^dP         .    ^d^0 

a;  =  r  008^,    -^  =  —  rsin^-^,    •^^^roo^u-^'^Tsmu -^ , 

and  similarlj 

hence,  from  (1),  we  have 

=  iaV(co8d^+8m<?^ (4); 

and,  from  (2), 

F=  Kp ga  +  \cficp  fsin  ^ ~^'^^^^^~^] W* 

Again,  from  (3),  substitatmg  for  x  and  y  their  values  in  terms 
of  r  and  6^  we  get 

g\  COB  6  rdr=\    i^dr-^y 
and  therefore 

i^^o'costf^K^,       ^=^co8«; 

multiplying  ^7  2  -^ ,  integrating,  and  bearing  in  mind  that 
^  =  0  when  -^  =  ^>  we  have 

-3-5  =-*^  smr. 
df      a 

Hence,  substituting  for  -^  and  -^  their  values  in  (4)  and  (5), 

we  obtain 

?7=  ^4cp  o^  sin  0  cos  d, 

F=  J A;p  ojr  (10 -9  cos' ^). 
From  these  equations  we  get 

?7cos5+  Fsin^  =  f#cpa^  sin^, 
Fcos  0  —  ?7sin  d  =  \icp  ag  cos ^. 
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But  J7 cos  ^  +  Fain  6  and  Fcos  ^  —  [7sin  ^  are  the  expres- 
sions for  the  resolved  parts  of  the  reaction  of  the  fixed  axis, 
estimated  along  AO  and  at  right  angles  to  ^0;  henoe^  if  ^ 
denote  the  inclination  of  the  resultant  reaction  to  the  line  AO 
produced,  or  of  the  resultant  pressure  on  the  axis  to  the  line  OA^ 

we  shall  have 

^      .      Fcostf— I7sind      ,      ^^ 

tan  d  tan  4>  —  ^' 

(6)  A  small  bodj  is  suspended  from  a  fixed  point  by  a  string, 
and  is  attracted  towards  a  point,  the  distance  of  which  from  it  is 
large  compared  with  the  length  of  the  string :  if  the  time  of  a 
small  oscillation  is  proportional  to  the  distance  at  which  the 
attracting  point  is  removed,  to  determine  the  law  of  the  attracting 
force. 

The  attracting  force  varies  inversely  as  the  square  of  the 
distance. 

(7)  A  flexible  cham  of  uniform  thickness  moves  upon  two 
inclined  planes,  placed  back  to  back ;  to  find  its  tension  at  any 
point ;  also  to  find  the  greatest  tension  at  the  common  summit  of 
the  planes,  and  to  determine  whether  it  is  greater  or  less  than  the 
tension  at  the  same  point  when  there  is  equilibrium. 

Let  I  denote  the  whole  length  of  the  chain,  m  the  mass  of  a 
unit  of  its  length ;  a,  )8,  the  inclinations  of  CPj  GQy  the  two  por- 
tions of  the  chain,  to  the  horizon  ;  let  GP—  r ;  T=  the  tension 
at  any  point  E  in  GP;  CE=  x.    Then 

r=:^(r-a?)(Z-r)(sina  +  sin)8): 

the  greatest  tension  at  the  common  summit  is  equal  to 

\  mgl  (sin  a  +  sin  )9), 
a  less  quantity  than  when  there  is  equilibriimi,  unless  a  =  ^. 

(8)  Two  particles,  connected  together  by  a  rigid  imponderable 
rod,  are  constrained  to  move  along  two  grooves  Ox,  Oy,  respect- 
ively, the  former  horizontal,  the  latter  vertical :  supposing  the 
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particles  to  be  placed  in  any  assigned  position,  to  find  the  angular 
velocity  of  the  rod  in  any  position  of  its  descent,  and  pressures  on 
the  grooves. 

Let  0  denote  the  inclination  of  the  rod  to  the  horizon  at  any 
time,  o>  the  corresponding  angular  velocity,  a  the  initial  value  of 
d,  I  the  length  of  the  rod ;  X^  Yy  the  pressures  on  the  grooves 
Oy^  Ox,  respectively ;  m,  m,  the  masses  of  the  particles  in  the 
horizontal  and  vertical  grooves  respectively :  then 


_  /2mg\i  (      sing  — sin ff      \i 


X=  7 — '-i-a~ — r — t/iNs.  {sm0(m  Qw?0+m!cos^0)  — 2W  (sina— sin^}, 
(wsm'^+w  cos"^)'  ^        ^  '  ^  ^* 


mm  a  sin  0 


Y=mg+-, — ^-TTt  — •> — TA^iA»m0  (insm*0+m'cos*0)  — 2m'(sina— sin^l. 
^     {mswr0+m  coB^Oy  ^        ^  ^  ^  '^ 
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CHAPTER  VII. 

MOTION   OP   RIGID   BODIES  ABOUT   FIXED  AXES. 

Sect.  l.      Various  Problems. 

Let  F  denote  the  resolved  part  of  any  one  of  a  system  of  forces 
acting  on  a  rigid  body,  at  right  angles  to  a  fixed  axis,  r  being  the 
perpendicular  distance  between  the  fixed  axis  and  the  direction 
of  F.  Then  Fr  will  be  the  moment  of  this  force  about  the  axis, 
and,  if  S  {Fr)  denote  the  sum  of  the  moments  of  all  the  forces 
affected  by  their  appropriate  signs,  we  shall  have,  for  the  deter- 
mination of  the  motion  of  the  body,  the  general  formula 

dfo^t  {Fr) 
dt"  Mi?   ' 

where  a>  =  the  angular  velocity  of  the  body  after  a  time  <,  and 
Mi?  =  its  moment  of  inertia  about  the  fixed  axis. 

(1)  A  straight  uniform  rod,  moveable  about  its  upper  end, 
hangs  vertically :  to  find  the  least  angular  velocity  with  which  it 
must  begin  to  move  that  it  may  perform  complete  revolutions  in 
a  vertical  plane. 

Let  0-4,  (fig.  182),  be  the  rod  in  any  position;  let  0  =  its 
inclination  to  the  vertical  line  Ox  at  any  time  t.  Let  G  be  the 
centre  of  gravity :  draw  OH  at  right  angles  to  Ox.  Let  OA  =  a, 
m  =  the  mass  of  the  rod. 

Then,  for  the  motion, 

viJ^  -^  =  —  ^aviff  sin  0  : 

but  A*  =  Ja':  hence 

d^0  .    ^ 

2a  -=^  =  —  3^  sm  r, 

a  -^  =  6  +  ^g  COS  6  : 
w.  s.  25 
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let  01  =  the  initial  angular  velocity  of  the  rod :  then 

and  therefore 

a  -Ts  =  (uo^  —  3^  (1  —  cos  6). 

Again,  the  condition  of  the  problem  requires  that  -^  =  0  when 

0  =  7ri   hence 

0  =  oo)*  —  Bff, 


and  therefore  a>  =  f -^  j  , 


(2)  A  straight  rod  AB^  (fig.  183),  is  freely  moveable  about  its 
lower  end  -4,  which  is  fixed,  while  the  other  end  B  is  suspended 
by  a  fine  string  BG  attached  to  a  fixed  point  G:  when  the  system 
is  slightly  displaced  from  its  position  of  equilibrium,  so  as  to 
keep  the  string  at  full  stretch,  to  find  the  time  of  a  small 
oscillation. 

Let  AB  =  a ;  join  GA  ;  let  a  =  the  inclination  of  GA  to  the 
horizon,  £  BA  G^e^O^  the  inclination  of  the  plane  BA  G  to  the 
vertical  plane  through  AG^  mJf  =  the  moment  of  inertia  of  AB 
about  A  (7. 

The  component  of  the  weight  mg  of  the  rod  at  right  angles  to 
AG  \&  mg  QO%aj  and  the  arm  of  the  moment  of  this  component 
about  ^0^  is  ^  a  sin  € .  sin  d :  hence^  for  the  motion^ 

fnJ^  -_  zs^mg  cos  a  .  ^a  sin  0 .  sin  6 ; 

but  V^\of  sin'  6 :    hence,  0  being  small, 

d^O     Sg  cos  a   /I     ^ 
df      2a  sm  € 

Hence  the  time  of  an  oscillation  is  equal  to  tt  (  t )  . 

^  \Sg  cos  a/ 

(3)  Supposing  the  force  which  acts  on  the  crank  of  a  steam- 
engine  to  be  vertical,  and  to  vary  as  the  sine  of  the  angle 
through  which  the  crank  has  revolved  at  any  time  from  a  verti- 
cal position ;  to  find  the  angular  velocity  of  the  crank  in  any 
position,  the  moment  of  the  resistance  being  always  equal  to  half 
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the  greatest  moment  of  the  force,  and  the  moment  of  the  weight 
of  the  crank  being  regarded  as  inconsiderable. 

Let  A  0  (fig.  184)  be  the  crank,  0  being  the  fixed  extremity  ; 
draw  Ox  vertical ;  let  ^  AOx  =  0  sti  any  time  t;  F^  the  force 
acting  at  the  extremity  A  ;  OA  =  a :  assume  F^  /Lt  sin  d ;  let 
ml^  denote  the  moment  of  inertia  of  the  crank  about  0. 

Then,  the  moment  of  the  resistance  about  0  being  -J/ia,  we 
have,  for  the  motion  of  the  crank, 

ml^  -ta  =  i»*  sin  6 .  a  sin  d  —  -  /na 
=  — J/Aa  cos  2d: 
multipljring  by  2  -^  and  integrating,  we  obtain 

mT^  -tT—  (7  —  -  ua  sin  20: 
df  2  '^ 

let  ft>  denote  the  angular  velocity  of  the  crank  when  d  =  0 ;  then 

,  d6^        a      iia  sin  20 

hence  _  =  a^__-__, 

which  gives  the  angular  velocity  of  the  crank  in  any  position : 
firom  this  result  we  see  that  the  angular  velocity  is  always  a> 
when  the  crank  is  in  either  a  horizontal  or  a  vertical  position. 


Sect.  2.     Uniform  Revolution. 

(I)  An  isosceles  right-angled  triangle  ABC  (fig.  185)  is  sus- 
pended at  the  right  angle  A,  and  its  side  AB  is  kept  vertical  by 
a  ring  at  ^;  an  angular  velocity  w  being  communicated  to  the 
triangle  round  AB^  to  determine  the  magnitude  of  a>  that  there 
may  be  no  pressure  at  B. 

Bisect  BG  in  L,  join  AL^  and  take  A0  =  iAL ;  then  G  will  be 
the  centre  of  gravity  of  the  triangle ;  draw  GH  at  right  angles 
to  AC.  Take  P  any  point  in  the  area  of  the  triangle,  and  draw 
P^at  right  angles  to  AB.  Let  AM^x^  PM=y,  AC^a 
=  AB ;  m  =  the  mass  of  a  unit  of  area  of  the  triangle. 

25—2 
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Then 

ATT       An  "^       ^    AT  ^2/        Tr^l 

-aja  =  -aG  COS  — =  --4i  cos-;-  =  «  «    cost)  =««• 

Also  the  area  of  the  triangle  is  equal  to  \cf^  and  therefore  its 
mass  to  \nui? ;  hence  the  moment  of  the  triangle  about  an  axis 
through  A  at  right  angles  to  its  plane  at  any  instant,  in  conse- 
quence of  gravity,  is 

\7rui?g .  Ja  =  \mcfg. 

Again,  the  moment  about  the  same  axis  due  to  centrifugal 
force  is  equal  to 

I  Inuo^ydxdy .  x  =  ^mto^ji/'xdx 
=  ^^116)*  I    {a  —  xy  scdx  =:  ^fMD*a*, 

•'0 

Now,  since  there  is  no  pressure  on  the  ring  at  J3,  the  moments 
of  gravity  and  of  centrifugal  force  about  the  axis  through  A  must 
be  equal ;  hence  we  have 


and  therefore  «*  =  -^ ,       w  =  2  (^ 

a  \a/ 

(2)  A  string  lying  in  the  form  of  a  circle  on  a  smooth  table  is 
revolving  like  a  wheel :  to  find  the  tension  of  the  string. 

Let  m  =  the  mass  of  a  unit  of  length  of  the  string,  mds  =  the 
mass  of  the  element  I^  (fig.  186) :  the  moving  force  on  the  ele- 
ment due  to  rotation  is  equal  to  mds .  coV,  w  being  the  angular 
velocity  and  r  the  radius. 

Let  t  be  the  tension  at  P,  the  tension  at  p  being  accordingly 
t  +  dt.  Besolving  tangentially  we  have,  z  POp  being  denoted 
by  0,  for  the  equilibrium  of  -Q?, 

t={t  +  dt)  cos  0, 
ox  J  in  the  limit, 

<  =  <  +  (ft, 

or  ^  =  0,     ^  =  a  constant  quantity. 
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To  find  this  constant  value  we  have,  resolving  normallj, 

mda .  cD"r  =  (<  +  dt)  sin  ^  =  fd,  in  the  limit : 
whence, 

t  =  mr^eat^j 

or  the  tension  varies  as  the  square  of  the  angular  velocity. 

(3)  Two  equal  uniform  rods  AB,  A  C  (fig.  187)  are  connected 
at  one  extremity  ^  by  a  hinge,  the  other  extremities  being  con* 
nected  by  a  fine  string  BC:  they  are  whirled  round  with  a  given 
angular  velocity,  so  that  the  axis  of  the  isosceles  triangle  formed 
by  the  string  and  rods  is  always  vertical ;  to  find  the  tension  of 
the  string. 

Let  -4JB  =  2a,  T=the  tension  of  the  string,  TF=the  weight 
of  either  rod,  «  =  the  angular  velocity  about  the  vertical  axis 
AE  of  the  triangle,  ^  BAE^  a.  Take  P  any  point  in  AB ;  let 
AP^r. 

Then,  taking  moments  of  the  forces  acting  upon  AlB^  about  the 

point  -4,  we  have 

r*»        ,         Wdr 
T,  2a  cos  a  =  Wa  sin  a  +  I   o>V  sin  a .  — —  .  r  cos  a 

^-^  ,   PTfti"  sin  a  cos  a   8   . 

=  Wa  sm a  -{ .  -a' 

2ag  3 

^r     •      /*      4^^  cos  a\ 

T=iTrtan«.(l  +  *^?^). 

(4)  A  rod  -4JB,  the  length  of  which  is  2a  and  weight  TF,  has 
one  extremity  attached  to  a  hinge  ^  in  a  vertical  axis,  and,  at 
the  other  extremity  By  is  connected  with  a  weight  P  by  means  of 
a  fine  string  passing  through  a  small  hole  in  the  axis  at  the  dis- 
tance 2a  above  A ;  supposing  the  axis  and  rod  to  revolve  so  as 

to  form  a  constant  angle  j ,  to  determine  the  angular  velocity. 
K  w  =  the  angular  velocity, 


'^-^^A'-^^^'-'^'A' 
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(5)  A  carriage  moves  on  a  railroad  with  a  given  velocity 
ronnd  a  curve  of  given  radius :  to  find  the  amount  hj  which  the 
outer  rail  must  be  elevated  above  the  inner  one  in  order  that  the 
carriage  should  not  be  overturned  towards  the  outside. 

We  will  suppose  the  radii  of  the  circles  described  hj  the 
molecules  of  the  carriage  to  be  the  same,  as  will  be  approximately 
the  case  in  railroads. 

Let  2b  =  the  breadth  of  the  road  between  the  rails,  a  =  the 
distance  of  the  centre  of  gravity  of  the  carriage  firom  the  road, 
r  =  the  radius  of  the  curve,  v  =  the  velocity  of  each  molecule  <rf 
the  carriage^  and  0  =  the  inclination  of  the  road  to  the  horizon : 
then 

oir  -{-offr 

(6)  A  thin  book  lies  on  one  of  the  fietces  of  a  desk ;  to  find  the 
greatest  angular  velocity  round  a  vertical  axis  which  can  be 
given  to  the  desk  without  throwing  off  the  book. 

Let  a  =  the  inclination  of  the  desk  to  the  horizon,  a  =  the 
length  of  the  book ;  and,  the  book  being  supposed  to  be  placed 
sjrmmetrically  on  one  face  of  the  desk,  let  c  =  the  distance  of  its 
lower  edge  firom  the  axis  of  revolution,  w  =  the  required  angular 
velocity.  Then,  the  book  being  supposed  to  be  moveable  about 
its  lower  edge,  which  is  kept  at  rest  by  the  ledge  of  the  desk, 

a         Sq  cot  a 
3c  —  2a  cos  a 

(7)  A  Bing,  surrounding  a  Planet,  revolves  uniformly  about  a 
diameter  passing  through  the  common  centre  of  the  Ring  and  the 
Planet:  to  determine  the  form  of  the  Ring  in  order  that  the 
tangential  stress  may  be  the  same  at  all  points.    . 

If  01  =  the  angular  velocity,  fi  =  the  attraction  of  the  planet  at 
a  unit  of  distance,  2a  =  the  diameter  of  revolution ;  then,  the 
prime  radius  vector  being  supposed  to  be  coincident  with  the 
diameter  of  revolution,  the  equation  to  the  ring  will  be 

1  1  ®  9       •      Jl  /I 

=  ^r-  ^  sm*  0. 

a     r     2fi 
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Sect.  3.    Centre  of  Oadllatwn. 

Conceive  a  body  of  any  figure,  acted  on  by  gravity,  to  be 
oscillating  about  a  fixed  horizontal  axis  AB  (fig.  188) ;  let  0^  be 
the  centre  of  gravity  of  the  body ;  draw  00  dX  right  angles  to 
AB.    Produce  0(?  to  a  point  C  such  that 

where  h=  00  and  k  =  the  radius  of  gyration  of  the  body  about 
an  axis  through  O  parallel  to  AB;  then,  if  the  whole  mass  of 
the  body  be  collected  at  the  point  (7,  the  period  of  its  oscillations 
about  AB  will  be  the  same  as  before.  The  point  C  is  called 
the  Centre  of  Oscillation  or  of  Agitation. 

The  theory  of  the  Centre  of  Oscillation  of  bodies  originated  in 
questions  addressed,  about  the  year  1646,  by  Mersenne  to  the 
mathematicians  of  his  day,  who  were  called  upon  by  him  to  exert 
their  ingenuity  to  discover  the  time  of  oscillation  of  bodies  move- 
able about  horizontal  axes.  It  is  rather  singular  that  all  those 
who  first  attempted  the  solution  of  this  celebrated  problem, 
among  whom  Mersenne^  himself  is  to  be  numbered,  together  with 
Descartes',  Koberval",  Wallis*,  and  Fabri*,  tacitly  supposed  the 
Centre  of  Oscillation  to  be  coincident  with  the  Centre  of  Per- 
cussion; a  supposition  which,  although  true,  is  by  no  means 
obvious  without  a  rigorous  demonstration.  On  the  strength  of 
this  assumption,  however,  the  Centre  of  Oscillation  was  cor- 
rectly determined  in  the  case  of  certain  figures.  Descartes 
gave  a  true  solution  of  the  case  where  a  plane  area  oscillates 
in  planum,  but  failed  in  the  case  of  solid  bodies  and  of  plane 
areas  oscillating  in  latus.  Roberval  assigned  correctly  the 
position  of  the  Centre  of  Oscillation,  not  only  of  plane  areas 
oscillating  in  planum,  but  also  in  certain  instances  of  oscillation 
in  latus,  while  together  with  Descartes  he  failed  to  give  a  correct 

*  Mertewn  Hefiexionet  PhytieO'Maihematicm,  Cap.  xi.  et  zii. 
'  LeUret  de  De»eartet,  Tom.  iii.  p.  487,  &o. 

'  Lettret  de  Descartes,  ib. 

*  Medumica,  sive  De  Motu. 

*  Trad,  de  Motu,  Append,  Phytico-Math.  De  Centra  Percussionis. 
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solutioii  of  the  problem  in  the  case  of  solid  figures.  The  labours 
of  Hnyghens,  who  in  his  earlier  efforts  to  obtain  a  solution  of 
Mersenne's  problem  had  been  utterly  baffled,  were  at  length 
crowned  with  success,  and  accordingly  in  the  fourth  part  of  his 
Horohgium  OaciUatcriura^  which  appeared  in  the  year  1673,  was 
given  the  first  rigorous  and  general  investigation  of  the  Centre 
of  Oscillation.  The  two  following  axioms  constitute  the  basis 
of  his  researches :  first,  that  the  centre  of  gravity  of  a  system 
of  heavy  bodies  cannot  of  itself  rise  to  an  altitude  greater  than 
that  from  which  it  has  fallen,  whatever  change  be  made  in  the 
mutual  disposition  of  the  bodies ;  and  secondly,  that  a  compound 
pendulum  will  always  ascend  to  the  same  height  as  that  &om 
which  it  has  descended  freely.  Some  years  after  the  publication 
of  the  Horohgium  Osctllatorium,  the  truth  of  these  fdndamental 
axioms,  which  although  true,  it  must  be  admitted,  are  not  suffi- 
ciently elementaiy,  was  called  in  question  by  the  Abb^  Catelan*, 
who  substituted  certain  frail  theories  of  his  own  in  place  of  the 
valuable  researches  of  Huyghens.  The  attention  of  the  mathe- 
maticians of  the  day  having  been  more  closely  directed  to  the 
subject  by  the  controversy  which  arose  between  Huyghens  and 
Catelan,  the  views  of  Huyghens  received  ample  corroboration 
from  the  more  elementary  investigations  of  L'Hdpital,  James 
Bernoulli,  and  other  mathematicians.  For  information  respect- 
ing the  subsequent  history  of  Mersenne's  problem,  the  reader  is 
referred  to  the  Chapter  on  D'Alembert's  Principle. 

(1)  To  find  at  what  point  of  the  rod  of  a  perfect  pendulum 
must  be  fixed  a  given  weight  of  indefinitely  small  volume,  so  as 
to  have  the  greatest  effect  in  accelerating  the  pendulum. 

Let  m  be  the  mass  of  the  bob  of  the  perfect  pendulum,  and  a 
its  length  ;  m  the  mass  of  the  given  weight,  and  a  the  distance 
of  its  point  of  attachment  from  the  centre  of  suspension ;  I  the 
distance  between  the  centre  of  suspension  and  the  centre  of 
oscillation  of  the  complex  pendulum.  Then  we  shall  have, 
m  and  m  being  both  of  indefinitely  small  volume. 


1  = 


ma  +  m'a 


>  Journal  des  S^avanSy  1682  et  1684. 
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Now  the  shorter  the  rod  of  a  perfect  pendulum,  the  shorter 
will  be  the  time  of  its  oscillations :  hence  we  must  have  I  a 
minimum ;  differentiating  then  with  respect  to  a  we  get 

dl  ^  2m a  {ma  +  m'a)  —  m  {ttui?  +  m'a^  ^    ^ 
da  (wa  +  may  ' 

hence  •  ma^  +  ^rruia  =  ma^, 

m^cL*  +  27na md  +  wV  =  (m*  +  mm')  a*, 

md  +  ma  =  (m*  +  mmya^ 

w  I  ] 

which  determines  the  required  point  of  attachment. 

Lady  8  and  Qendemads  Diary ^  1742.  Diarian  lUposi- 
tory^  p.  394.  Euler;  De  Motu  Corp.  Solid,,  Prob. 
48.  Cor.  1.  p.  216. 

(2)  To  compare  the  times  in  which  a  circular  plate  will 
vibrate  round  a  horizontal  tangent  and  round  a  horizontal  axis, 
through  the  point  of  contact,  at  right  angles  to  the  tangent. 

Let  I,  1%  denote  the  lengths  of  the  isochronous  pendulums  in 
the  former  and  latter  case  respectively;  a  the  radius  of  the  plate; 
A,  Jif,  the  radii  of  gyration  about  axes  through  the  centre  of  the 
plate  parallel  in  each  case  to  the  axis  of  oscillation.     Then 

a      '  a      ' 

Let  A  denote  the  area  of  the  plate ;  r  the  distance  of  a  point 
within  it  &om  its  centre,  and  0  the  inclination  of  this  distance  to 
the  horizon  when  the  plate  is  hanging  at  rest.     Then 

Ak^  =  I  IrdOdr .  r^  sin' 5,  between  the  proper  limits, 
=  rr  f^sin^e  dddr=^ia*rBm^0d0^iira\ 

Jo  Jo  Jo 

Also 

Ak'^=jjrd0dr.r^=rf7^d0clr^ia*rd0=-^7ra\ 

J  J  »  0    •  0  •'0 


394  MOTION   OF  KIGID   BODIES  ABOUT  FIXED  AXES. 

But  A  =  trc? ;  hence  I^^^a*  and  i"  =  ^  a* ;  and  therefore 

Hence,  if  t,  t\  denote  the  times  of  vibration, 

t      fl\l      /5M 


HH%- 


(3)  To  find  the  length  of  a  simple  pendulum  oscillating  in 
the  same  time  as  the  arc  of  a  given  circle,  the  axis  of  oscillation 
passing  through  the  middle  point  of  the  arc  at  right  angles  to  its 
plane. 

Let  (7,  (fig.  189),  be  the  centre  of  the  circle,  A  the  middle  point 
of  the  arc,  P  any  point  in  the  arc.  Draw  PM  at  right  angles  to 
AG  I  let  AM^x,  AG^a,  Sm  =  the  mass  of  an  element  of  the 
arc  at  P,  Z  =  the  length  of  the  required  pendulum.    Then 

y_  S  (r'Sm)  _ S  (2aa?8m)  _ ^ 
^~'2(a?8w)"   X{xSm)       ^"^^ 

a  result  which  shews  that  the  length  of  the  simple  pendulum 
depends  only  upon  the  radius  of  the  circle,  and  not  upon  the 
length  of  the  arc.     Lady's  Dtary,  1841. 

(4)  K I  and  h  be  the  distances  of  the  centres  of  oscillation  and 
gravity  of  a  mercurial  pendulum  of  which  the  weight  is  m,  fix)m 
the  axis  of  suspension,  and  h'  be  the  distance  of  the  centre  of 
gravity  of  a  small  quantity  of  mercury  fi  by  the  addition  of 
which  the  pendulum  is  made  to  vibrate  seconds  exactly,  to 
determine  the  approximate  ratio  of  ft  to  m,  2/  being  the  length 
of  the  seconds  pendulum,  and  r  the  radius  the  cylinder  contain- 
ing the  mercury. 

The  moment  of  inertia  of  the  mercury  ft,  which  may  be 
regarded  approximately  as  a  circular  lamina  of  fluid,  about  any 
diameter,  and  therefore  about  a  diameter  parallel  to  the  axis  from 
which  the  pendulum  is  suspended,  will  be  Jftr",  and  therefore  its 
moment  of  inertia  about  the  axis  of  suspension  will  be 
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Also,  the  radius  of  gyration  of  the  mercuiy  m  about  a  line 
through  its  centre  of  gravity  parallel  to  the  axis  of  suspension 
being  k,  the  moment  of  inertia  about  the  axis  of  suspension  will 
be  «i  (A"  +  /t^.  Hence,  by  the  formula  for  the  Centre  of  Oscilla- 
tion, we  have  approximately 

(jih'  +  mh)  i  =  /A  (*"  +  iO  +m{a*+}(?). 
But  also  we  shall  have 

hl^V  +  a"; 

hence  (jih'  +  mh)  L  =^  fi  {h'^  +  if^  +  mhlj 


m 


fi  _      4th  {I -L) 
m"4A'(i/-A')-^* 

(5)  A  bent  lever,  of  which  the  arms  are  of  lengths  a  and  J, 
and  the  angle  between  them  0,  makes  small  oscillations  in  its 
own  plane  about  the  angular  point;  to  find  the  length  of  the 
isochronous  simple  pendulum. 

The  required  length  = ^^'''"^^'^ n  • 

(6)  A  bent  lever,  the  arms  of  which  are  of  equal  weight,  and 
which  are  inclined  to  each  other  at  right  angles,  makes  small 
oscillations  in  its  own  plane  about  its  angular  point :  to  find  the 
length  of  the  isochronous  simple  pendulum. 

The  length  of  the  required  pendulum  is  equal  to  four-thirds  of 
the  diameter  of  a  circle  of  which  the  arms  of  the  lever  are  chords. 

(7)  To  ascertain  at  what  point  in  its  length  a  uniform  straight 
rod  of  small  thickness  must  be  suspended  that  it  may  oscillate 
isochronously  with  a  given  simple  pendulum  a. 

Let  2a  =  the  length  of  the  rod,  Z  =  the  length  of  the  given 
pendulum,  h  =■  the  distance  of  the  required  point  of  suspension 
from  the  rod's  centre  of  gravity.    Then 
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which  shews  that  -rr  is  the  least  admissible  value  of  L 

(8)  A  heavy  circular  arc,  of  which  the  radius  is  a,  and  which 
subtends  an  angle  2  a  at  the  centre  of  the  circle,  oscillates,  in  a 
vertical  plane,  between  two  inclined  planes :  to  find  the  length 
of  the  isochronous  simple  pendulum. 

The  required  length  is  equal  to  — 


sma 


(9)  To  investigate  the  form  of  an  isosceles  triangle,  the 
oscillations  of  which  may  have  the  same  amplitude  and  period 
round  an  axis,  perpendicular  to  its  plane,  through  its  vertex,  and 
round  an  axis,  parallel  to  the  former,  through  the  middle  point 
of  its  base. 

The  vertical  angle  of  the  triangle  must  be  a  right  angle. 

(10)  A  square  oscillates  about  a  horizontal  axis  perpendicular 
to  its  plane :  to  find  where  the  axis  must  pierce  the  square  that 
the  time  of  oscillation  may  be  a  minimum. 

If  c  =  the  length  of  a  side  of  the  square,  the  locus  of  the 
required  point  is  a  circle  described  about  the  centre  of  the  square 

with  a  radius  -77;  . 

(11)  A  square  lamina  oscillates  flat-ways  about  a  horizontal 
axis  passing  through  one  of  its  angular  points :  to  find  the  length 
of  the  isochronous  simple  pendulum. 

The  required  length  =  A^  x  diagonal. 

(12)  A  sector  of  a  circle  oscillates  round  a  horizontal  axis  at 
right  angles  to  its  plane  through  the  centre  of  the  circle ;  to  find 
the  angle  of  the  sector  when  the  length  of  the  isochronous  simple 
pendulum  is  equal  to  one  half  the  length  of  the  arc. 

If  ^  =  the  angle  of  the  sector, 

cos  ^  =  -  J, 
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(13)  A  uniform  rod  of  given  length  is  bent  into  the  form  of  a 
cycloid,  and  oscillates  about  a  horizontal  line  joining  its  extremi- 
ties ;  to  find  the  length  of  the  isochronous  pendulum. 

If  a  be  the  length  of  the  rod,  the  length  of  the  isochronous 
pendulum  will  be  }  a. 

(14)  A  pendulum  consists  of  an  indefinitelj  thin  rigid  rod 
OA,  and  a  globe  of  which  the  centre  is  ^ ;  to  determine  the 
point  A' J  in  the  line  OA,  at  which  the  centre  of  another  globe 
must  be  fixed  in  order  that  the  oscillations  of  the  system  of  the 
two  globes  may  be  executed  in  the  smallest  time  possible. 

Let  OA  =  a,  OA'  =  a' ;  also  let  r,  r ,  be  the  radii,  and  m,  m\ 
the  masses  of  the  globes  A^  A\    Then 

a'= — >  Jm(m  +  w')a'  +  *m' (?wr*  +  mV*)V r- 

m  {     ^  ox  ^)        m 

Euler;   Theoria  Motua  Corporum  Solidorum^  p.  215. 
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CHAPTER  Vni. 

MOTION  OF  RIGID  BODIES.      FREE  AXES.      SMOOTH  SURFACES. 

If  a  bodj  be  in  motion  about  a  Principal  Axis^,  and  be  acted  on 
by  forces  which  do  not  tend  to  perturb  the  direction  of  this  axis; 
then,  the  motion  of  the  centre  of  gravity  of  the  body  remaining 
the  same  as  if  all  the  forces  were  impressed  on  the  mass  con- 
densed at  this  point,  the  Principal  Axis  will  always  remain 
parallel  to  itself  as  an  axis  of  permanent  rotation,  and  the  angular 
acceleration  about  this  axis  will  be  the  same  as  if  it  were  a  fixed 
axis.  The  discovery  of  the  existence  of  three  principal  axes  in 
every  body  as  axes  of  permanent  rotation  is  due  to  Professor 
Segner  of  Gottingen,  by  whom  it  was  communicated  to  the 
world  in  a  memoir  entitled  Specimen  TheoruB  Turhinum^  pub- 
lished at  Halle  in  the  year  1755.  For  the  complete  development 
of  the  theory  of  rotation  about  permanent  axes,  the  student  is 
referred  to  Euler's  Theoria  Motus  Corporum  Solidorum,  cap.  viil., 
a  work  of  the  greatest  value  for  those  who  wish  to  acquire  pro- 
found views  on  the  subject  of  the  motion  of  rigid  bodies. 

If  a  body  be  revolving  at  any  instant  of  time  about  an  axis 
which  is  not  a  principal  one,  this  axis  will  not  be  one  of  perma- 
nent rotation;  the  body  will  revolve  successively  about  a  series 
of  instantaneous  axes,  the  positions  of  which  both  in  relation  to 
the  body  and  to  absolute  space  are  different.  The  solution  of 
the  great  physical  problem  of  the  Precession  of  the  Equinoxes, 
published  by  D'Alembert'  in  the  year  1749,  unfolded  a  com- 
plete method  for  the  investigation  of  the  general  problem  of 


*  The  following  is  the  definition  of  Principal  Axes  given  by  Eoler, 
Corporum  Solidorumf  p.  176 :  "  Axes  prinoipalet  cnjuaque  corporis  sunt  tree  ill!  axes 
per  ejus  centrum  inertia  transenntee,  qnorum  respectn  momenta  inertiio  tant  vel 
maxima  vel  minima.** 

'  Recherches  twr  la  Preceuiun  det  EqvAnoxei,  1749. 
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rotation.  In  the  following  year  was  published  by  Euler'  a 
memoir  entitled  DSoouverte  cTun  nauveau  principe  de  Michaniquej 
the  object  of  which  was  to  investigate  general  formulas  for  the 
motion  of  a  body  under  the  most  general  circumstances  of  motion 
and  force.  The  equations,  however,  expressing  xmder  the  most 
simple  form  the  general  conditions  of  rotation,  were  first  given 
by  Euler'  in  the  year  1758,  who  availed  himself  of  the  principles 
of  simplification  afforded  by  the  recent  discoveries  of  Segner** 
respecting  the  existence  of  the  three  Principal  Axes  of  material 
bodies.  The  consideration  of  the  general  problem  of  rotation  was 
resumed  by  D'Alembert,  and  presented  under  its  most  general 
aspect  in  the  first  volume  of  his  Opuscules  Mathematiquea,  pub- 
lished in  1761,  where  he  expresses  disapprobation  of  the  title 
prefixed  by  Euler  to  his  memoir  of  1749,  in  consideration  of  his 
own  investigations  on  the  Precession  of  the  Equinoxes.  The  sub- 
ject of  rotation  was  thoroughly  investigated  and  exemplified  by 
Euler  in  his  Theoria  Motus  Corporum  8olidorum  et  Rigidorumy 
which  appeared  in  the  year  1767.  The  same  subject  was  afterwards 
investigated  by  Lagrange*  on  more  general  principles  of  analysis. 
In  the  year  1777  appeared  a  memoir  entitled  ^A  new  The(yry  of 
the  Rotatory  Motion  of  Bodies  affected  iy  Forces  distwrhing  such 
motion,^  by  Landen^,  a  celebrated  English  mathematician,  in 
which  he  expresses  himself  dissatisfied  with  the  conclusions  of 
the  great  continental  philosophers  on  the  subject  of  rotation. 
The  subject  was  again  resumed  by  Landen*  a  few  years  after- 
wards, when  he  developes  more  fully  his  own  views,  and  per- 
sists in  his  opposition  to  the  doctrines  of  his  predecessors. 
There  is  a  memoir  by  Wildbore  in  the  Philosophical  Trans^ 
actions  for  the  year  1790,  in  which  the  subject  is  investigated 
under  a  new  light:  the  conclusions  of  the  author  are  unfavourable 
to  the  cause  of  Landen,  whose  views  are  in  fact  now  generally 
exploded.     For  further  information  on  the  history  of  the  theory 

>  Minunres  de  Acadimie  des  Sciences  de  Berlin,  1750. 

*  IHd.  1768. 

*  Specimen  Theoria  Turbinumy  1755. 

*  Mimoiree  de  VAcademie  des  Sciences  de  Berlin,  1753;  Micamque  Analytique, 
Seconde  Fartie,  Section  ix. 

*  Philosophical  Transaetions,  1777. 

*  JMd,  1785. 
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of  rotation  and  Landen's  controversy,  the  student  is  referred  to  a 
memoir  by  Mr.  Whewell,  in  the  second  volume  of  the  Cambridge 
Philosophical  TransaciionSy  1827.  The  investigation  of  Euler's 
general  equations  of  rotatory  motion  has  been  effected  with 
great  elegance  and  simplicity  by  Mr.  O'Brien,  in  the  fifth 
chapter  of  his  Mathematical  Tracts^  part  I. 

Sect.  1.     Single  Body. 

(1)  A  rod  PQ  (fig.  190)  of  uniform  thickness  and  density, 
having  been  placed  in  a  given  position  with  one  end  upon  a 
smooth  horizontal  plane  OA^  and  the  other  leaning  against  a 
smooth  vertical  plane  OB^  descends  in  a  vertical  plane  A  OB 
by  the  action  of  gravity;  to  determine  where  the  rod  will  detach 
itself  from  the  vertical  plane. 

Let  PO=^a—  OQy  O  being  the  centre  of  gravity  of  the  rod: 
let  OH  be  vertical  and  equal  to  y  at  any  time  t  of  the  motion; 
OH^Xy  ^QPO  =  <t>;  /c  =  the  radius  of  gyration  of  the  rod 
about  O;  B  =  the  reaction  of  the  vertical  plane,  which  will  be 
horizontal,  and  iff  =  that  of  the  horizontal  plane,  which  will  be 
vertical ;  m  =  the  mass  of  the  rod. 

Then,  for  the  motion  of  the  rod,  we  have,  resolving  forces 

horizontally, 

d'x 


resolving  vertically, 


-rf?  =  ^ 0)' 

m-j^=8-mg (2); 


and,  taking  moments  about  O, 

d^<h 
wiA* -75- = -Sa  sin  ^  •-  8a  cos  <}> (3). 

Eliminating  R  and  8  between  the  three  equations  (1),  (2),  (3), 

we  have 

j^d*<t>          .     .rf'a?               .d*y                 .         .,. 
^-j^  =«  ^^^<P~j^  —a cos 9^  —0^^0039 (4). 

Now,  from  the  geometry,  it  is  clear  that 

x  =  a  cos  ^,     y  =  a  sin  0, 
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and  therefore 

dx  ,     ,  dd>       d^x  ,  dd>*  •    ^  ^  0       /r\ 

-^  =  -a8m^^,      -^^=-aco3^^-oBm^^,...(5), 

and 

hence  we  have 

and  therefore,  from  (4), 

{(^  +  J^^^-agcoBft> (6); 

multiplying  by  2  ^ ,  and  integrating,  we  have 

JLL 

but,  if  a  be  the  initial  value  of  <t>,  we  have,  since  ^  =  0  initially, 

0=  C—^ag  sina; 

and  therefore         (^  "^ ^  ^~  ^^  (sina  —  sin^) (7), 

Now,  at  the  instant  when  the  rod  detaches  itself  from  the 

vertical  plane,   -8  =  0;   hence,  by   (1)   and  the  value  of  -^ 
in  (5). 

and  therefore,  by  (6)  and  (7), 

2ag  (sin  a  —  sin  0)  cos  ^  =  o^  cos  ^  sin  tf> ; 
whence,  since  <f>  cannot  be  equal  to  Jtt,  we  have 

2  sin  a  —  2  sin  0  =  sin  ^,  sin  0  =  f  sin  a ; 

which  gives  the  position  of  the  rod  at  the  moment  of  its  separa- 
tion from  the  vertical  plane. 

This  problem  was  proposed  by  Weston,  a  disciple  of  Landen's, 
in  the  Lady^s  and  OerUleman^a  Diary  for  the  year  1757 ;   and 
w.  s.  26 
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solved  by  Peter  Walton,   a  contributor  to  the  Diary.     See 
Diartan  Rq^ository^  p.  467. 

(2)  A  uniform  rod  of  given  length  hangs  horizontally  by  two 
equal  vertical  strings  attached  to  its  ends ;  if  it  be  twisted  hori- 
zontally through  a  very  small  angle,  so  that  its  centre  of  gravity 
remains  in  the  same  vertical  line,  to  find  the  time  of  an-  oscil- 
lation, the  inertia  of  the  strings  being  neglected. 

Let  P,  Q,  (fig.  1.91),  be  the  points  fi:om  which  the  strings 
PA^  QB,  ore  suspended,  AB  being  the  position  in  which  the 
rod  will  rest ;  let  od  be  the  position  of  the  rod  at  any  instant 
after  disturbance ;  G  the  centre  of  gravity  of  AB,  and  there- 
fore approximately  of  ab.  Let  AO^a=^BO,  AP=^b  =  BQj 
^  AOa^O,  ms  the  mass  of  the  rod. 

Then,  for  small  oscillations,  the  tension  of  each  string  may  be 
considered  equal  io^mg  and  Aa  equal  to  ad.  Also  the  resolved 
part  of  the  tension  of  aP  along  aA  will  be  nearly  equal  to 

.        oB     magd 

and  its  moment  about  G  will  be  nearly  equal  to 

ma^ffd 

""2i"' 

similarly  for  the  tension  of  the  string  bQ:  hence  for  the  angular 

motion  of  ab  about  O,  taking  into  account  the  tensions  of  both 

the  'Strings, 

J.  d*0  _      mofge 

"^le T" ' 

but  A^  =  Ja* ;  hence 

de^    b^' 

which  is  that  of  a  simple  pendulum,  of  which  the  length  is  ^  b, 
and  is  independent  of  the  length  of  the  rod. 

Lady  8  and  OentJeman^s  Diary,  1842,  p.  51. 
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(3)  A  heterogeneous  sphere  is  placed' upon  a  perfectly  smooth 
horizontal  plane,  its  centre  of  gravily  being  slightly  distant  from 
the  vertical  through  its  geometrical  centre ;  to  find  the  time  of 
the  small  oscillation  of  the  centre  of  gravity  about  the  geome- 
trical centre. 

Let  AB8  (fig.  192)  be  a  vertical  section  of  the  sphere  passing 
through  G  its  geometrical  centre  and  O  its  centre  of  gravity. 
Draw  OQ  horizontal,  intersecting  the  vertical  line  /SCffi  through 
the  point  of  contact  of  the  sphere  and  the  horizontal  plane,  in 
the  point  Q\  draw  (?^  vertical  to  cut  the  horizontal  plane  in  M\ 
and  let  GO  A  be  the  radius  through  O.  Let  ^A0M^if>=i.AG8] 
GG  =  c,  MG  ^y^  m=^  the  mass  of  the  sphere,  k  =  the  radius  of 
gyration  about  G,  B  =  the  reaction  of  the  plane  at  B  upon  the 
sphere,  which  will  exert  itself  vertically. 

Then  for  the  motion  of  the  sphere  we  have,  resolving  forces 
vertically, 

^W^^"^^ ^^)' 

and,  taking  moments  about  G, 

mlf  -^  =  — -Be  sin  0 (2) ; 

but  y  =  a  —  c  cos  ^,  and  therefore,  firom  (1), 

r>  rf*cos6 

hence  firom  (2)  we  have 

, .  d*if>  .     .   ,       J   .     .  ei*  cos  A 

WAT  -^  =  —  meg  sin  9  +  mc  sm  9  — ;^i      » 

and  therefore 

{i?  +  (?  sin'  <f>)  -^  +  c*  sin  0  cos  ^  ^-  =  —  (g^  sin  ^ ; 

multiplying  this  equation  by  2  ^ ,  and  integrating,  we  get 

(i'  +  c'sin*<^)-^  =2cgco^<^'\-Gx 

suppose  a  to  be  the  initial  value  of  0;  then,  ^  being  supposed  to 

be  initially  zero,  we  have 

26—2 
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and  therefore 


{Jf  +  <?  Bin*  tf>)  ^=:2c5r  (coB0  — cosa), (3), 

whence,  ^  being  considered  negative  because  as  <  increases^ 

is  negative  from  the  beginning  to  the  end  of  every  complete 
oscillation, 

dt^^ 1_   (y  +  c'sin'^)^ 

#  (2<y)*  (cos^-cosa)*' 

.  now  from  (3)  we  see  that  when  ^  =  0,  cos  ^  =  cos  a,  and  there- 
fore 0  =  ±  a,  the  positive  value  of  ^  corresponding  to  the 
beginning  and  the  negative  value  to  the  end  of  a  complete 
oscillation ;  hence,  if  T  denote  the  time  of  a  complete  oscillation, 

(2c?)  V«       (oos^-cosa)* 

{2cg)  7  ^       (cos  0  —  cos  a)  * 
sm|  =  5,      sm-  =  J; 

then  A  cos  2  (i^  =  <fo        dA^s 

2^  ^     (1-0* 

COS0  -  cosa «  2  (6"- «^,    8in"<^  =  4a^ (1  - «^ ; 

hence  we  have 

(y-0* 

or,  neglecting  as  inconsiderable  powers  of  the  small  quantity  s 
beyond  the  second. 


Assume 


,       1 J     Zc"  - 


(«7) 


i 
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k 


(«7)* 
but 


hence  we  haye,  for  the  time  of  a  complete  oscillation, 

Etder ;  Nwhi  Acta  Acad.  Petrop.  1783;  p.  119. 


(4)  A  beam  AB  (fig.  193)  is  placed  with  one  end  A  upon  a 
smooth  inclined  plane  JEF\  to  find  the  motion  of  the  beam  and 
its  pressure  on  the  plane  at  anj  time. 

Let  O  be  the  position  of  the  centre  of  gravity  of  the  beam  at 
any  time  t  from  the  commencement  of  the  motion,  R  =  the  reac- 
tion of  the  plane  upon  the  extremity  A^  iBAF^  0 ;  let  ^ be  the 
initial  position  of  A^  and  fi  the  initial  yalue  of  ^ ;  m^ the  mass 
of  the  beam,  A;=:  its  radius  of  gyration  about  (7,  EA^Zy  EH^Xy 
OH^y,  a  =  the  inclination  of  FE  to  the  horizon. 

Then  for  the  motion  of  the  beam  we  have,  resolving  forces 
parallel  to  the  plane, 

m-^^mgfsma (1); 

resolving  forces  at  right  angl^  to  the  plane, 


m 


^  =  J2- 


^^-B-mgcoBa (2); 


and,  taking  moments  about  G, 


df 
From  (1)  we  get 


w^-^=  — ^cos0 (3). 


dx  ,  ^ 
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doc 
but  ;^  =  0  when  ^  =  0;   and  therefore  (7=0;   hence   • 

dx 

integrating,  and  observing  that  x=^a  cos  ^9  when  ^  =  0,  we  have 

x^\gf  sina  +  a  cos^S (4), 

which  gives  the  position  of  the  point  H  at  any  assigned  time 
from  the  commencement  of  the  motion. 

Again,  from  (2)  and  (3),  bj  the  elimination  of  B^ 
a  cos  9  -^  =  — At -^—ojr  cos  a  cos  9J  ^^ 


but,  by  the  geometry,  we  see  that  y  =  a  sin  ^ ;  hence 

J         .rf'sin^         7J^0  J. 

a  cos  9 — ,^  T  =  ^  y  --^  —  ^  cos  a  cos  9; 

and  therefore,  multiplying  by  2  ^ ,  and  integrating, 

,  fd  sin  6\'      ^     , ,  ddf     ^  .     , 

but,  initially,  ^  =  0  and  0  =  i9;   hence  there  is 

0  =  (7—  2a5r  cos  a  sin  ^8, 
and  therefore 

ddf 
(a"  cos*  0  +  A*)  -^  =  2asr  cos  a  (sin  ^8  -  sin  ^) (5), 

which  gives  the  angular  velocity  of  the  beam  for  every  position 
which  it  can  assume  during  its  descent. 

From  the  geometry  it  is  evident  that 

«  =  «  —  a  cos  if> 

=  i^^  sina  +  a  (cos /8— cos 0),  by  (4), 

and  y  =  a  sin  0 ; 

if  therefore  from  (5)  we  could  obtain  ^  in  terms  of  «,  we  might 
determine  the  values  of  y  and  z  at  any  time  from  the  beginning 
of  the  motion. 
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Agam,  for  the  pressure  on  the  plane  at  any  time,  we  have, 
from  (3), 

P  _        mA*     cP<f> 

"      a  cos  <f>  df  ' 
bnt,  from  (5), 

rfi*     „  sin  ^  —  sin  A 

-jj  =  2ag  cos  a  -^ ri—r-il  > 

at       ^  a"  cos*  0  +  A;* ' 

and  therefore,  differentiating  with  respect  to  <,  and  dividing  by 
2^cos<^, 

1     S}^  _  lofg  COB  a  BJn  ^  (sin  ff  —  sin  ^)         ga  cob  « 
cos^tft""  (a«  cos' ^  +  A;*)'  ~  a"  cos*  </»  +  A? ' 

1  »  _    ^"^^  C08«       ImdfJfq  COB  a  sin  ^  (sin  ^  —  sin  ^) 

o'cos'^  +  if  (o'cos'^  +  i*)* 

which  gives  the  pressure  on  the  plane  for  any  of  the  successive 
positions  of  the  beam. 

Fuss  ;  Nova  Acta  Peb'op,  1795;  p.  70. 

(5)  A  cylinder  KLM^  (fig.  194),  is  placed  with  its  axis  hori- 
zontal upon  a  smooth  inclined  plane;  a  string  EPMKL^  one 
end  E  of  which  is  attached  to  a  fixed  point  at  a  distance  EA 
from  the  plane  equal  to  the  radius  of  the  cylinder,  having  been 
wound  about  the  cylinder  in  a  vertical  plane  through  the  centre 
of  gravity  0  of  the  cylinder  at  right  angles  to  its  axis ;  to  find 
the  tension  of  the  string  and  the  velocity  of  decrease  of  its  angle 
of  inclination  to  the  plane  corresponding  to  any  position' of  the 
cylinder  in  its  descent;  the  length  of  the  firee  string  being 
initially  equal  to  zero. 

Let  M  be  the  point  of  contact  of  the  section  KLM  of  the 
cylinder,  about  which  the  string  is  wound,  with  the  inclined 
plane ;  and  P  the  point  in  which  the  free  string  EP  touches  the 
cylinder.  Produce  EP  to  meet  the  inclined  plane  in  8]  join 
OP,  OAP\  at  any  time  t  from  the  commencement  of  the  motion 
let  AM^x^  !r=the  tension  of  the  string,  ^ESA  =  ^  POM^0, 
(f)  =  the  whole  angle  through  which  the  cylinder  has  revolved 
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about  its  centre  of  gravity ;  also,  let  w=  the  mass  of  the  cylinder, 
A;  =  its  radius  of  gyration  about  its  axis,  a  =  the  inclination  of  the 
plane  to  the  horizon,  and  AE^  MO  =  a. 

Then  for  the  motion  of  the  cylinder  we  have,  resolving 
forces  parallel  to  the  plane, 

m-^  ^mg  sina—  Tcos^ (1); 

and  taking  moments  about  0,  the  centre  of  gravity, 

mi^^^Ta (2) : 

by  the  elimination  of  T  between  these  two  equations,  we  get 

a  -p-ssojrsina  — A^costf  -^ (3). 

Take  along  EA^  produced  if  necessary,  Ep  equal  to  EP :  then, 

if  the  cylinder  were  made  to  roll  from  Etop^  and  then  J^  were 

made  to  revolve  about  E  into  the  position  EP,  the  cylinder 

would  clearly  on  the  whole  have  revolved  about  its  centre  of 

gravity  through  the  very  angle  which  actually  belongs  to  its 

real  motion  in  setting  free  the  length  EP  of  the  string.    Now, 

in  the  first  stage  of  the  hypothetical  motion,  the  cylinder  will 

Ep       EP 
obviously  move  through  an  angle  equal  to  -^  or  —  ,  which  is 

equal  to  cot  0;  and,  in  the  second  stage,  through  an  angle 
jpES=s  ^  —  ^,  in  an  opposite  direction.     Hence  clearly  we  have 

^  =  cot^-(i7r-^)=cot^+tf-i7r (4). 

Also,  from  the  geometry,  it  is  obvious  that 

aj  =  -;— 3 (5). 

sinS  ^  ' 

From  (4)  and  (5)  we  have 

dih=i r-j-2  +  d9  =  — r-s-^e^ (6), 

■ 

rfa?  = r-j-Tf  d0 (7). 

sm  6  ^  ' 
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Multiplying  (3)  by  2  -^ ,  we  get 
but  from  (6)  and  f7)  it  is  clear  that 

-«s=«f w> 

hence  we  obtam 

^  dt  df-^^^^'^'^dt     ^'^  dt  de' 
integrating,  and  adding  the  arbitiaiy  constant  C, 

$  +  *'^?=2ya,8ina+a; 

but,  initially,  -g=0,  ^  =  0,  x  =  a]  hence 

0  =2ya  sina+  C7, 
and  therefore 

da?     ,-  dd?     «.      •       /         \ 

substituting  in  this  equation  the  values  of  x^  d^y  dxy  given  in 
(5),  (6),  (7),  we  have 

/c?  cos'  0  .  *"  cos*  d\d0^     ^     .       (a  \ 

and  therefore 

dff  _  ^ga  sin  a  (1  —  sin  &)  sin'  6  .  . 

W  '   cos'^(a«  +  A»cos*e)      ^^' 

which  gives  the  angular  velocity  of  the  string  about  E  in  terms 
of  its  inclination  to  the  plane,  or  for  any  position  of  the  cylinder. 
Again,  from  (8),  we  have 


and  therefore 


d*x  _     a     d*<t>  ^dx  d6 

d     ud>        CL     dv     -1      *_v 
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Bubstitating  this  value  of  -^  in  (3),  we  obtain 

/    a     ^  i?        /i\  rf'0  ^      a     d6^ 

3  +  —  COS  ^   -jj  =  fl'  Bin  a  +  —. — a  -rs  , 

Vcos  6     a  )  d^      ^  sin^  df ' 

and  therefore,  by  (9),  • 

cf-\-1^  cos"  0  d^<f>  _       .  2ga^  sin  a  sin*  ^  (1  —  sin  ^ 

acosd       5^  -y  si^a  +       cos«^  {a«  +  i*  cos«^) 

.       g'  (1  +  sin'  g  -  2  sin'  g)  +  k*  cos*  g 
-g^^d  cos«^(a»  +  ;i?cos««)  ' 

hence,  by  (2),  we  have  for  the  tension  of  the  string  for  any  posi- 
tion of  the  cylinder, 
rp_mk^d^i^  _     J.     .       €?{!+  sin* g -  2  sin' g)  +  Jfc*  cos* 0 

Enler  ;   Nova  Acta  Acad.  Petrop.  1795 ;  p.  64. 

(6)  A  nniform  heavy  rod  OAy  (fig.  195),  which  is  at  liberty 
to  oscillate  in  a  vertical  plane  about  a  horizontal  axis  through  Oj 
falls  from  a  horizontal  position ;  to  determine  the  angle  included 
between  the  direction  of  the  rod  and  the  direction  of  the  pressure 
upon  the  fixed  axis,  for  any  position  of  the  rod. 

From  0  draw  Om  at  right  angles  to  OA  and  to  the  fixed 
axis;  and  produce  AO  indefinitely  to  a  point  w.  Let  -R,  8j 
denote  the  resolved  parts  of  the  reaction  of  the  fixed  axis  along 
Om,  On,  for  any  position  of  the  rod.  Draw  Ox  horizontal  and 
at  right  angles  to  the  fixed  axis.  Let  OA  —  a\m  —  the  mass 
of  the  rod;  ^AOx  =  0y  at  any  time  L  Then,  for  the  motion  of 
the  rod  about  its  centre  of  gravity  O,  the  moment  of  inertia 
about  O  being  i^mcf^ 

ma-^  =6jB (1). 

Also,  for  the  motion  about  0,  the  moment  of  inertia  about 
0  being  J  ma*, 

Jma* -^  =  m^ .  ^a  cos  d, 

d^0 
2a-j^=Zffcos0 (2). 
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Eliminating  -^  between  (1)  and  (2),  we  get 

B^^mgoo&O (3). 

Again,  equating  S  to  the  resolved  part  of  the  weight  along 
OA  and  the  centrifiigal  force, 

jjtm 

-mgmid  +  ^ma  -^ (4). 

Again,  multiplying  (2)  by  -^ ,  and  integrating, 

axr       ^  ^ 

a-^  =  C+Sff  smr; 

d0 
but  j7  =  0,  when  tf  =  0 ;  hence  (7=0,  and  therefore 
at 

dJu  /» 

a  ^f  =3y  smff; 

hence,  from  (4),  we  get 

8^mg  sin  d 4"  f  wjf  sin  d  =  f  Twy  sintf (5). 

Let  j>  be  the  angle  which  the  whole  reaction  of  the  fixed  axis 
makes  with  the  line  On ;  then 

tan^  =  -g, 

and  therefore,  by  the  equations  (3)  and  (5), 

tandtan^  =  i\r, 

which  gives  the  value  of  ^  for  any  position  of  the  rod:  ^  is 
evidently  the  angle  between  the  direction  of  the  whole  pressure 
on  the  fixed  axis  and  the  length  OA  of  the  rod. 

A  solution  of  this  problem  was  given  in  Chap.  VI.,  by  the 
direct  application  of  D*  Alembert*s  Principle. 

(7)  A  uniform  rod,  acted  on  by  gravity,  is  oscillating  in  a 
vertical  plane  about  one  extremity ;  to  find  the  tendency  of  the 
vis  inertia  in  any  position  to  bend  the  rod  at  any  point,  and  to 
ascertain  the  point  at  which  this  tendency  is  a  maximum. 

Let  OA  (fig.  196)  be  the  position  of  the  rod  at  any  time  t ; 
Ox  an  indefinite  horizontal  line  through  0,  the  fixed  extremity 
of  the  rod,  in  the  vertical  plane  through   OA.     Take   C  any 
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point  in  OA,  P  any  point  in  CA,  Let  0-4  =  2a,  OC  =  Cy 
OP=^r,  ^AOx=i0,  A;  =  the  radius  of  gyration  about  0;  m  =  the 
mass  of  the  rod. 

Then  the  force  gained  by  an  element  dr  of  the  rod  at  the 
point  Py  resolved  at  right  angles  to  OP^  will  be  equal  to 

drf   d'e  .\ 

and  the  moment  of  this  about  C  will  be  equal  to 

£(»-^-«7C08^)(r-c)rfr; 

hence  the  whole  moment  to  produce  bending  at  C  will  be 
equal  to 

But,  for  the  motion  of  the  rod,  we  have 

nuc  -jf  =s  wya  COB  0, 

and  therefore,  |  of  being  the  value  of  If, 

€1*0     Bg       a 

Hence  the  expression  (1)  becomes 

=^/;(3r-4«)(r-c)rfr 

=  ^^?^K2o-c)»-i(4a-3c)(2a-c)'l 

^  «^^  ^2a  -  c)' {2a  -  c  -  i  (4a  -  3c)} 

tMi  cos  6    ,_  ., 

=     16^^(2'*-^)  • 

When  this  expression  is  a  maximum,  we  have 

(2a  -  c)'  -  2c  (2a  -  c)  =  0, 

2a  —  3c  =  0,     c  =  fa, 

or  0(7=  iO^. 
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The  following  is  a  different  solution  of  the  same  problem. 

Let  JT,  Yy  (fig.  197),  be  the  transversal  and  longitudinal 
actions  and  reactions  of  any  two  portions  OCy  CA,  of  the  rod; 
and  let  fi  be  the  wrenching  force  at  C  estimated  as  tending  to 
elevate  OG, 

Then,  for  the  motion  of  0(7,  taking  moments  about  0, 

and,  for  the  motion  of  CA,  taking  moments  about  its  centre  of 

gravity, 

2a  -  c    1  /2a  -  &\    d*0  ^  2a  -  c 

'^•■2^-*l~2~j-d?"==^""^-"2~- 
But,  for  the  motion  of  the  whole  rod, 

-j^  =  ^cos  6 : 
df      4.a 

hence  the  equations  for  the  motion  of  the  two  pieces  become 

and  2M-(2a-c)Z="^(%;/^»^ 

Eliminating  X^  we  shall  easily  see  that 

_  mgc  (2a  —  cf  cos  0 
^"  16?  ' 

the  same  expression  for  the  wrench  as  we  obtained  in  the  former 
solution. 

(8)  A  uniform  beam  is  supported  symmetrically  on  two  props: 
to  find  where  they  must  be  placed  in  order  that,  when'  one  of 
them  is  removed,  the  instantaneous  pressure  on  the  other  maybe 
the  same  as  the  previous  statical  pressure. 

Let  Ay  fig.  (198),  be  the  position  of  the  prop  which  is  not 
removed ;  O  the  centre  of  gravity  of  the  beam.  Let  AO^A, 
k  =  the  radius  of  gyration  of  the  beam  about  G,  m  =  the  mass  of 
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the  beam,  B  =  the  reaction  of  the  prop  at  A  before  and  imme 
diately  after  the  removal  of  the  other  prop, /=  the  instantaaeoui 
angular  acceleration. 

Then,  taking  moments  about  A, 

m{}f  +  V)f^mgh (1). 

Again,  taking  moments  about  G, 

nJ^f^Rh (2). 

Also,  for  the  equilibrium  of  the  beam  while  supported  by 
both  props, 

R^h^ (3). 

From  (1),  (2),  (3),  we  see  that  h=^k\  and  therefore  2&  is  the 
required  distance  between  the  two  props. 

(9)  A  hemisphere  revolves  about  an  axis,  which  coincides 
with  a  diameter  of  its  base,  and  is  inclined  at  a  given  angle  to 
the  vertical,  from  a  position  of  instantaneous  rest  in  which  the 
plane  containing  the  centre  of  gravity  and  fixed  axis  was  per- 
pendicular to  the  vertical  plane  through  that  axis :  to  find  the 
whole  pressure  on  the  axis,  when  these  two  planes  coincide. 

Let  ACBj  fig.  (199),  be  the  axis  of  revolution.  Ax  a  vertical 
line,  O  the  centre  of  gravity  of  the  hemisphere  in  any  position 
during  the  motion,  H  the  lowest  position  of  G,  Let  /.BAx  =  a, 
ass  the  radius  of  the  sphere,  CG  =  c^  ^DGE^Oj  m  =  the  maF*^ 
of  the  hemisphere. 

The  whole  pressure  on  the  axis,  when  G  is  at  IT,  will  be 
equal  to  the  sum  of  the  pressure  due  to  gravity,  and  the  pressuig^ 
due  to  centrifugal  force. 

The  weight  of  the  hemisphere  may  be  resolved  into  971^  cos  a, 

parallel  to  BA^  which  produces  no  effect  on  the  motion,  and 

mg  sin  a,  parallel  to  CH.    The  moment  of  the  latter  component 

about  AB  is  equal  to 

971^  sin  a .  0  sin  0 : 

hence  nJ^  -^  =  —  mgc  sin  a  sin  By 

and  therefore,  since  -^  =  0  when  ^  =  J  tt, 
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-53  =  -fr  Bin  a  cos  u, 

or,  since  c  =  fa,   and  A?=fa', 

de"     15g  .  a 

-j^  =  -r^  Sin  a  COS  r. 

Qence  the  pressure  on  the  axis,  arising  from  centrifugal  force, 
is  equal  to 

du        j^rr        45 

m  -Ts  •  ^^  =  TTT  ^»^  sin  a. 
(M  64 

Again,  the  pressure  arising  from  gravity  is  equivalent  to  mg  sin  a, 
at  right  angles  to  BA^  and  mg  cos  a,  parallel  to  BA, 

Hence  the  whole  pressure  exerted  on  the  fixed  axis  at  right 
angles  to  it  is  equal  to 

.       /-^45\      109 
mgmi(i\l-\'  —  \^—mg  sma. 

The  resultant  of  the  two  pressures  on  the  fixed  axis  is  there- 
fore equal  to 

mg.  j^®  «+("^)  sm'ah  . 

(10)  A  rigid  body  is  in  motion,  a  point  of  the  body  being 
fixed  and  no  forces  acting  upon  it:  to  determine  the  relation 
between  the  moments  of  inertia  about  its  principal  axes  at  the 
fixed  point  in  order  that  the  angular  velocity  of  the  body  about 
its  instantaneous  axis  may  be  constant. 

If  -4,  By  C,  be  the  moments  of  inertia  about  the  three  prin- 
cipal axes,  and  a>^,  a>,,  o),,  the  angular  velocities  about  these 
axes,  then,  by  the  general  formulas  of  rotation,  no  forces  acting, 

Also,  a>  being  the  angular  velocity  about  the  instantaneous  axis, 
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and  therefore,  a>  being  supposed  to  be  constant, 

Eliminating  the  quantities 

dto^     dto^     doD^ 
H'   H'  'dt' 

between  the  equations  involving  them,  we  get,  as  the  required 
relation, 

(11)  A  cylinder  descends  down  a  plane,  the  inclination  of 
which  to  the  horizon  is  a,  unwrapping  a  fine  string  fixed  at  the 
highest  point  of  the  plane :  to  find  the  angle  through  which  the 
plane  must  be  depressed  in  order  that  a  sphere,  descending 
under  like  circumstances,  may  experience  the  same  acceleration. 

The  required  angle  of  depression  is  equal  to 


—  sin    ( —  sm  a ). 


(12)  A  uniform  rod  is  placed  in  a  given  position  with  its 
lower  end  upon  a  smooth  horizontal  plane :  supposing  a  hori- 
zontal force  to  be  continuallj  applied  at  its  lower  end  such  as  to 
cause  the  rod  to  descend  in  a  vertical  plane  with  a  given  uni- 
form angular  velocity,  to  find  the  velocity  of  the  lower  end  of 
the  rod  in  any  position. 

K  <»  =  the  angular  velocity,  0  =  the  inclination  of  the  rod  at 
any  time  to  the  horizon,  and  a  =  the  initial  value  of  d\  the 
velocity  of  the  lower  end  will  be  equal  to 


o)     ®  Vsm  Oj 


If  (tf  =  0,  the  lower  end  will  have  traversed  a  space  equal  to 
^gfootOL  at  the  end  of  a  time  L 

(13)    A  heavy  rod  is  suspended  firom  a  fixed  point  by  two 
inextensible  strings  jnthout  weight,  the  strings  and  the  rod 
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fonxung  an  equilateral  triangle ;  sapposing  either  of  the  strings 
to  be  cut,  to  determine  the  initial  tension  of  the  other. 

The  required  tension  is  equal  to 

V12 
11 

where  IF  is  the  weight  of  the  rod. 


'W, 


(14)  A  uniform  sphere^  moveable  about  a  fixed  point  in  its 
suriace,  rests  against  an  inclined  plane :  supposing  the  diameter 
which  passes  through  the  fixed  point  to  be  horizontal,  to  deter- 
mine whether,  if  the  plane  be  suddenly  removed,  the  pressure  on 
the  fixed  point  will  be  increased  or  diminished. 

The  pressure  will  be  increased  or  diminished  accordingly  as 
the  inclination  of  the  plane  was  less  or  greater  than  tan'*f . 

(15)  A  hemisphere  oscillates  about  a  horizontal  axis  which 
coincides  with  a  diameter  of  the  base :  to  compare  the  TnATiwniTn 
pressure  on  the  axis  with  the  weight  of  the  hemisphere,  the  base 
of  the  hemisphere  at  the  coiomencement  of  the  motion  being 
inclined  to  the  horizon  at  an  angle  of  60^. 

The  greatest  pressure  «  HI  ^  weight  of  hemisphere. 

(16)  A  cone,  moveable  about  a  fixed  horizontal  diameter  of 
its  base,  is  supported  with  its  axis  horizontal  by  a  vertical  string 
&stened  to  its  vertex :  supposing  the  string  to  be  cut,  to  compare 
the  initial  pressure  on  the  fixed  diameter  with  the  pressure  in 
the  former  case. 

If  a  be  the  vertical  angle  of  the  cone,  P  the  pressure  on  the 
horizontal  diameter  before  the  string  is  cut^  and  P  the  pressure 
after  it  is  cut,  then 

5  —  3  cos  a 


r=p. 


5  — cos  a 


(17)    A  homogeneous  sphere  is  suspended  by  a  fine  wire 

attached  to  a  fixed  point  at  its  upper  extremity :  the  sphere  is 

then  turned  round  by  the  hand  through  n  revolutions,  and  then 

let  go:  to  determine  the  motion  communicated  to  it  by  the 

w.  8.  27 
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untwisting  of  the  wire^  the  elasticity  of  toision  being  supposed 
proportional  to  the  angle. 

K  ^  be  the  trigonometrical  angle  through  which^  at  the  end 
of  any  time  t,  the  sphere  has  been  twisted  from  its  position  of 
rest ;  then,  p  denoting  the  density  of  the  sphere  and  /t  a  con- 
stant, the  whole  motion  is  expressed  by  the  equation 


6  =  2n7r  cos  • 


t 


(18)  A  uniform  rod,  not  acted  on  by  any  forces,  is  in  motion, 
its  ends  being  constrained  to  slide  along  two  fixed  rods  at  right 
angles  to  each  other  in  one  plane :  to  find  the  wrenching  force 
at  any  point. 

Let  AB  be  the  rod,  G  any  point  in  it,  0  the  intersection  of 
the  two  fixed  rods;  let  CH,  OK,  be  perpendiculars  from  C 
upon  OA,  OB,  respectively ;  let  «i  =  the  mass  of  AB.  Then 
the  angular  velocity  to  of  AB  will  be  invariable,  and  the  wrench- 
ing force  at  C  will  be  equal  to 

inm\  CH.  CK. 

Mackenzie  and  Walton;  Solutions  of  the  Cambridge 
Problems  fyr  1854. 

(19)  An  angular  velocity  having  been  impressed  upon  a 
heterogeneous  sphere,  about  an  axis,  perpendicular  to  the  vertical 
plane  which  contains  its  centre  of  gravity  O  and  its  geometrical 
centre  (7,  and  passing  through  O  (fig.  192),  it  is  then  placed 
upon  a  smooth  horizontal  plane ;  to  determine  the  magnitude  of 
the  impressed  angular  velocity  that  O  may  rise  into  a  point  in 
the  vertical  line  8CK  through  (7,  and  there  rest ;  the  initial 
magnitude  of  the  angle  between  CO  and  the  vertical  radius  C8 
being  given. 

Let  GG  =:c,  k  =  the  radius  of  gyration  about  O,  a  =  the  initial 
value  of  the  angle  OCSj  and  o)  =  the  required  angular  velocity ; 
then  <o  will  be  determined  by  the  equation 

{J^  +  (?  sin*  a)  tt)'  =  2cg  (1  +  cos  a). 

Euler ;  Nova  Acta  Acad.  Petrop.  1783 ;  p.  119. 
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(20)  A  chain,  ten  yards  long,  consisting  of  indefinitely  small 
equal  links,  being  laid  straight  on  a  perfectly  smooth  horizontal 
plane,  except  one  part,  a  yard  in  length,  which  hangs  down  per- 
pendicularly below  the  plane;  in  what  time  will  the  chain 
entirely  quit  the  plane  ? 

The  time  =  2.890663  seconds  nearly. 

Lady* 8  and  Gentleman  a  Diary ,  1758;  Diarian  Beposi- 
tory^  p.  683. 


Sect.  2.     Several  Bodies, 

(1)  A  wheel  and  axle  is  loaded  with  given  weights  Pand  Q^ 
(fig.  200),  which  are  not  in  equilibrium;  to  determine  their 
motion  and  the  tension  of  the  strings  by  which  the  weights  are 
suspended. 

Through  C,  the  centre  of  the  wheel  and  axle,  draw  the  hori- 
zontal line  AGB  meeting  the  strings  in  A  and  J?;  let  AG^a^ 
BC=a')  wi  =  the  mass  of  P,  w'  =  that  of  Qy  /A  =  that  of  the 
wheel  and  axle  together;  A;  =  the  radius  of  gyration  qf  the 
wheel  and  axle  about  their  conmion  axis;  AP^x^  BQ  =  x\ 
r=the  tension  of  AP,  2^  =  the  tension  of  BQ;  ^  =  the  angle 
through  which  the  wheel  and  axle  have  revolved  at  the  end  of 
the  time  t  about  their  common  axis. 

Then,  for  the  motion  of  P,  we  have 

d*x 
^W  =^'"  ^ W  5 

for  the  motion  of  Q, 

"»'§■'=«.>- r (2); 

and,  for  the  rotation  of  the  wheel  and  axle, 

fil?^=Ta^ra' (3). 

But,  firom  the  geometry,  it  is  clear  that 


dx       dd         dx'  ,  d3 

di^^di'        'dt^''^di'' 


27—2 
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hence,  from  (1)  and  (2), 

VM-^^mg-'T (4), 

-mV^  =  m>-5r (5). 

Substitating  the  valaes  of  T  and  T  from  (4)  and  (5)  in  the 
equation  (3),  we  get 

(wio*  +  TO  a**  +  Ai*^  --^-  ^g  {ma- ma!) (6) ; 

whence  d  is  immediately  obtained  in  tenns  oity  the  initial  yalnes 
of  6  and  -^  being  supposed  to  be  known. 

From  (4)  and  (6)  we  have 

and,  from  (5),  (6), 

mt        t      mciq  (ma  —  m'a) 
T  ^mg  +  — t        ,  fk ii- 

(2)  Two  equal  unifonn  rods  AO,  BG,  (fig.  201),  having  a 
compass  joint  at  (7,  are  laid  in  a  line  upon  a  horizontal  plane. 
A  string  GDP  having  a  given  weight  P  at  one  end  passes  over  a 
smooth  pin  D  above  the  plane,  and  has  its  other  end  fisistened  to  G 
which  is  vertically  beneath  the  pin;  to  determine  the  motion 
when  P  descends. 

Let  J^ (7= 2a  =^-8(7,  ^  GAB^d;  5  =  the  vertical  reaction  of 
the  plane  at  each  of  the  points  A  and  B;  T^  the  tension  of  the 
string;  ^= the  mutual  action  of  the  two  rods  at  the  joint,  which 
will  evidently  take  place  in  a  horizontal  line  parallel  to  AB; 
971  =  the  mass  of  each  of  the  rods,  /i  =  the  mass  of  the  weight  P. 
Let  G  be  the  centre  of  gravity  of  the  rod  AG;  draw  OH^  GEy 
at  right  angles  to  AB\  let  EH^  »,  GH—y^  A;  =  the  radius  of 
gyration  oi  AG  about  G, 
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Then,  for  the  motion  of  the  rod  A  G,  we  have,  resolving  forces 
horizontally, 

-w=^ <^)' 

resolving  vertically,  ^  T  being  the  force  exerted  hj  the  string  on 
each  rody 

m^^B  +  ^T'-fng (2); 

and  taking  moments  about  O^ 

mJf  ~^^  8a  sine +  iTacoB0'-Ba  cosd (3). 

Also,  for  the  motion  of  P,  the  increment  of  DP  being  double 
that  of  GHj 

2f.^^M^T. (4). 

Mnltipl  jing  the  equation  (2)  by  a  cos  0,  we  have 
ma  COB  0  (-^  +g\  =  {B  +  iT)  a  cos  6, 
and  therefore,  adding  this  equation  to  the  equation  (3), 

'"^  'M  ^''"^^^^Km  +^)  =  ^?i^^+  Tacos^; 
hence,  firom  (1)  and  (4), 

and  therefore,  since  a;  =  a  cos  d,  and  y  =  a  sin  d, 

-« w  ^^ _i. «.^  (^^  A  ^^^^     „•«  A  ^!cosf\  ,       ^ rf'sing 

mC  -jnr  +  nut  \  cos  u  — -p sm  u  — -p —  I  +2/Aa  cos  cf — -p — 

=  a^(f»— m)cos^y 
(nia*+ wi^ -^  +  2/iia*  cos  d — -^ — ^agijL  —  vii)  cos  ft 

Multiplying  both  sides  of  this  equation  1>7  2  ^ ,  and  inte« 
grating,  we  have,  since  -^  =  0  when  ^ = 0, 

JjJffL 

{mop  +  fnJf  +  2;w?  cos"^  ^  =  2ag  (ft  —  m)  sin  ^, 
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which  determines  the  angular  velocity  of  the  rods  for   any 
position. 

'The  value  of  -^  and  therefore  of  --^  being  known  in  terms  of 

^,  we  may  readily  obtain  the  values  of  R^  S,  and  T,  from  the 
equations  (1),  (2),  (4),  in  terms  of  the  same  angle. 

(3)  A  tube,  moveable  in  a  horizontal  plane  about  a  vertical 
axis,  is  charged  with  any  number  of  balls  at  assigned  intervals ; 
snp^sing  a  given  angdiar  velocity  to  be  coimnSicated  to  the 
tube,  it  is  required  to  determine  the  motion  of  the  tube  and  of 
the  balls. 

Let  a,  a,  a", . .  .be  the  initial  distances  of  the  balls  from  the  fixed 
axis^  and  r,  r ,  /',.••  their  distances  at  any  time  t  from  the  com- 
mencement of  ihe  motion.  Let  m,  m',  m",.**  be  the  masses  of  the 
balls,  fi  of  the  tube;  and  let  0  be  the  angle  through  which 
the  tube  has  revolved  at  the  end  of  the  time  t.  Let  R,  R,  R\... 
denote  the  mutual  actions  and  reactions  of  the  balls  and  the  tube. 
Then,  /^  denoting  the  moment  of  inertia  of  the  tube  about  the 
vertical  axis,  we  shall  have,  for  the  motion  of  the  tube, 

^ll^^^Rr•^•Er'  +  EV•^• (1). 

Also,  for  the  motion  of  the  balls,  w,  m\  m\ we  have 

-$  =  i2!,        -^=-ii!  (2), 


dt  r  '         '  •    df 


r 


•where  (ic,y),  (aj',y'),  (a;",y),..,are  the tectangular  co-ordinates  of 
the  balls  at  the  time  U 

Multiplying  the  former  and  the  latter  of  the  equations  (2)  by 
y  and  x  respectively,  and  subtracting  the  latter  from  the  former 
of  the  resulting  equations,  we  get 
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m 


aii&  therefore,  since  a;  =  rco8  5,  y=r8in^,  the  axis  of  x  being 
supposed  to  coincide  with  the  initial  position  of  the  tube,  we  may 
readily  obtain,  by  substitution, 

In  like  manner,  from  the  equations  of  (3),  (4),....  we  may  get 


Hence  firom  (1)  we  have 
integrating,  we  get 

dB 

but,  supposing  co  to  be  the  initial  value  of  ^  ,  we  have 
fjJ(^(D  =0—  (jwa*  +  ma^  +  m"a"^  +  . . .)  <» ; 

Again,  from  the  equations  (2),  we  have 

d^x       d^y 

and  thence,  sabstitating  for  x  and  y  their  values  in  r  and  &, 

d*r       dff' 

-w='df •••(«)• 

In  the  same  waj,  firom  (3),  we  maj  get 

^-•^ 
de~     df' 
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and  therefore,  eliminating  ^  between  these  two  equations, 

integrating  and  bearing  in  mind  that  both  -^  and  -^  are  initially 
eqnal  to  zero, 

^  di'^''  dt' 

and  therefore  —  »  -r  ; 

r       '/ 

integrating  again  we  have,  a,  o^,  being  the  initial  values  of  r^  r^, 

In  precisely  the  same  way  it  may  be  shewn  that 

f^'^^r,    f^''^  —  r, 

a  a 


^°  ,../    .. — T?" (^J- 


Hence  from  (5)  we  have 

From  (6)  and  (7)  we  obtam 

d}r  _    ,   \filf  -\-fMf'\'  mfa^  +  m"V^  + \^ 

Multiplying  both  sides  of  this  equation  by  2  -^ ,  integrating, 

dr 
and  bearing  in  mind  that  -^  =  0  when  r^a^  we  shall  easily 

see  that 

^  =  <»(^-^  -y (8). 

The  equations   (7)   and  (8)   will  give  us,  for  any  assigned 
distance  of  the  ball  m  from  the  axis  of  rotation,  the  ftngular 
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velocitj  of  the  tnbe  and  the  velocity  of  the  ball  m  within  it. 
If  between  (7)  and  (8)  we  eliminate  dt^  we  shall  obtain  the 
differential  equation  in  polar  co-ordinates  to  the  path  oi  m  in 
the  horizontal  plane  passing  through  the  axis  of  the  tnbe* 
Similar  results  may  evidently  be  obtained  for  the  other  balls 
with  which  the  tube  is  charged. 

Cob.    If  /i  =:  0,  the  equations  (7)  and  (8)  become 
and  therafoie,  elimmatmg  dt, 


integratingi  and  remembering  that  0  =  0  when  r^a^ 

&  =  COS^-,       -  =  C08^. 

r        r 
Again,  to  determine  the  relation  between  t  and  t^  we  have 

AMI  (|J»-.a")*  ^"^ 

and  therefore  -5  =  1  +  «>V. 

of 

Similar  relations  holding  good  for  the  other  balls,  we  have^ 
for  the  equations  to  their  paths, 

^■~J7  ""^/~ —  coscf; 

which  shew  that  they  all  move  in  straight  lines  at  right  angles 
to  the  initial  position  of  the  tube;  and  for  their  distances  fix)m 
the  axis  of  rotation  at  any  time, 

^     ^     ^^ 

Clairaut ;  MSm.  de  TAoad.  dea  Sciences  de  PartSy  1742^ 
p.  48.  Daniel  Bernoulli ;  M4m.  de  TAcad.  dea 
Sciencee  de  Berliny  1745^  p.  54.  Euler;  OpuecuUiy 
de  motu  carpomm  ttibis  mobiUbuB  tncHusarum,  p.  71. 
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(4)  A  heayy  paxticle  P  descends  down  a  smooth  inclined 
plane  BA^  (fig.  202),  fonning  the  upper  surface  of  a  solid 
BA  C,  which  is  capable  of  sliding  fireely  along  a  smooth  hori* 
zontal  plane  OAx ;  to  determine  the  motion  of  the  particle  and 
^f  the  body,  both  of  which  are  supposed  to  have  initially  no 
motion. 

Let  PM  be  at  right  angles  to  Oxy  and  let  B  be  the  point  in 
the  inclined  plane  which  the  particle  occupies  initially;  let  A 
be  supposed  to  coincide  with  0  at  the  commencement  of  the 
motion.  Let  OM^x,  PM^y,  OA^s,  AB^a,  BP^sT^ 
zBAG=ai  and  £  =  the  action  and  reaction  of  the  plane  and 
the  particle.  Then,  m  denoting  the  mass  of  the  particle  and  m^ 
of  the  body,  we  shall  have 

m--^  =:E  coQa—mg (1), 

w-^  =  —  5  sin  a (2), 

tnf  --^^B  sina (3). 

But  y  =  (a  —  «')  sm  a,  a?  =s«  +  («  —  O  cos  a ;  hence,  from  (1), 

m  sina  -p-  =mg  —  B  cosa (4), 

and,  from  (2), 

wi-^  — m  cosa-^  =  — ii  sina (5). 

Adding  together  (3)  and  (5),  we  have 

"  *  *  4^ 

/            ^\  d*8                    a  si'     ^  f^y. 

(«i  + w')-^  — «w  cos  a  -33-  =  0 (6). 

Multiplying  (3)  by  cosa  and  (4)  by   sina,  we  have,  adding 
together  the  resulting  equations^ 

wi'cosa-^  +m  sm*a  -ja^^  sma (7;. 

•Multiplying  (6)  by  sin*  a,  (7)  by  cos  a,  and  adding  together  the 

resulting  equations, 

d  8 
{rn  sin'  a  +  ^0  ^  =  ^^^  sin  a  cos  a ; 
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integrating  twice  with  respect  to  t,  and  beaiing  in  mind  that 

5  =  0  and  J  =  0  when  ^  =  0,  we  obtain 
at 

-     .msinacosa  ,o\ 

8  =  *gf i-j — ; — 7 [o). 

Again,  multiplying  (7)  by  m  +  m\  (6)  "by  m  cos  a,  and  sub- 
tracting the  latter  of  the  resulting  equations  from  the  former, 
we  have 

m  {m  sin'  a  +  m')  -^  =  wi^  sin  a  (w  +  m"), 

e?  V  __  g  sin  a  (?yi  +  wQ  ^ 

df  ~~   m  sin*  a  +  »»'   ' 

•  • 

ds 
integrating  twice,  and  recollecting  that  a  =  0  and  "^  =  ^  when 

t  =  0,  we  get 

/    ."a  (w  +  mO.  sina  ,^v 

*^     m  sm  a  +  w 

The  equation  (8)  gives  the  position  of  the  moveable  inclined 
plane,  and  (9)  the  place  of  the  particle  on  the  plane  at  any  time. 

Again,  by  (3), 

P_    m'    d^s  _  mmfg  cos  a 

""  sin  a  ^  ""  «i  sin*  a  +  w" 

which  gives  the  value  (rf  the  mutual  pressure  of  the  particle  and 
the  plane ;  the  value  of  which,  therefore,  is  invariable. 

John  Bernoulli;  Comment.  Acad,  Petrcp.  1730,  p.  11. 
Opera,  Tom.  ill.  p.  365.  Euler ;  Opuscula,  de  motu 
corporum  tuins  mobilibua  induaorumy  p.  28. 

(5)  A  heavy  particle  is  placed  within  a  thin  tube  APB, 
(fig.  203);  situated  in  a  vertical  plane,  which  passes  through 
a  horizontal  line  0E\  the  tube  is  attached  rigidly  to  a  body 
ABC,  the  lower  surface  of  which  is  flat,  and  in  contact  with 
a  smooth  horizontal  plane,  along  which  it  is  able  to  slide  freely ; 
supposing  the  particle  and  the  body  to  be  initially  at  rest,  to  find 
their  subsequent  motions. 

Let  A  be  the  point  of  the  tube  which  the  particle  occupies 
initially,  and  0  the  initial  position  of  the  point  B  of  the  body ;  let 
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05  =  *,  the  length -4P  of  the  tube*/;  OJf=  a?,  PJf=y,  where 
PM  is  vertical;  ^  =  the  inclination  to  the  horizon  of  an  element 
of  the  tube  at  P;  m^  the  mass  of  the  particle  and  m' » the 
mass  of  thebody ;  jB=:the  action  and  reaction  of  the  tube  and 
the  particle.    Then,  for  the  motion  of  the  particle,  we  have 

m-^^^Rwi^ (1)9 

m-^-Rco&^^mg (2); 

and,  for  the  motion  of  the  body, 

dU 
m'-^-Rem^ (3). 

Again,  from  the  geometry  it  is  evident  that 

dx^^ds'-cos^da' (4), 

and  c?y  s  —  sin  ^  da' (5). 

From  (1)  and  (3)  we  have 

d^x  .     ,d^s     ^ 

integrating,  we  get 

dx  ^     ,d8     ^ 

'^di'^'^di'^^'^ 

where  C7 is  an  arbitrary  constant;  and  therefore,  by  (4), 

(m  +  i»)^  — wicos^  S"~    ' 

but,  by  the  conditions  of  the  problem,  ^5  =  0,  and  -5  =  0  simul- 
taneously, and  therefore  (7=:  0 ;  hence 

(m  +  mO^-wcos^^^O (6). 

Again,  from  (2)  and  (3), 

m  COS  9  -gf  —  m  sm  ^  -^  =  nt^  sm  9. 

and  therefore,  by  (5), 

,        ,  <f*«  .        '    ^  d  f  .    ,  d8\  .    , 

m  C08  9-Ti-4-msm^-^(sm9  -^ls=inysin9; 
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^B         m      d  (       ,  ds" 


but,  from  (6),       ^•  =  _^3^(co8^^); 
hence  we  have 


f» 


^co8^|(co8^^)  +  8in^^(8m^^)=y8in^. 


Multiplj  both  sides  of  this  equation  hy  2  --^^  and  integrate ;  then 


971 


(w  sin*^  +  m)  -^  =  2^  (w»  +  w')  I  sin ^  £&', 


f  =  (2^(^ 


I  sin  ^  (&'   I 


(7); 


from  this  equation,  when  the  fonn  of  the  tube  and  therefore  the 
relation  between  ^  and  ff  is  known^  we  may  determine  the  rela- 
tion between  ft  and  U 

Again,  for  the  determination  of  the  relation  between  8  and  t^ 
we  have,  from  (6)  and  (7), 


ds^(    2g 
dt 

the  integral  I  sin  ^da'^  which  enters  into  these  formula,  must 

eyidentlj  be  so  taken  as  to  yanish  when  /  =  0. 

Clairaut ;  Mimoirea  de  TAcadSmie  dea  Scienoea  daFairia^ 
1742,  p.  41.  Euler;  Cptucukiy  de  motu  carporum 
tubia  mobilibua  incbiaarumy  p.  48. 

(6)  A  smooth  groove  ALA%  (fig.  204),  is  carved  in  a  vertical 
plime  in  the  body  A  OBA\  which  is  placed  upon  a  smooth  hori- 
zontal plane,  along  which  it  is  able  to  slide  freelj ;  to  find  the 
form  of  the  groove  that  a  heavy  particle  may  oscillate  in  it  tan- 
tochronously,  the  time  of  an  oscillation  being  given. 

Let  L  be  the  lowest  point  of  the  groove,  LM  a  vertical  line 
through  Zr,  meeting  a  horizontal  line  PM  through  the  place  P 
of  the  particle  at  any  time  t]  let  PJf  =  x\  ML  =  y',  arc  iP=  a\ 


430  MOTION  OP  RiaiD  BODIES. 

Then  by  the  equation  (7)  of  the  preceding  problem,  putting  —  ds* 
in  plax^e  of  ds',  and  retaining  in  other  reapects  the  same  notation, 
we  have 

I—  JBitiif)  ds'  \ 
m  sin-c^  +  mj  ' 

but  -  Isin^  A'  =  A:-y', 

if  k  be  the  initial  value  of  y' ;  hence 

and  therefore,  if  t  be  the  time  of  half  an  oscillation, 

ds' 


T  =  — 


{(^("^-"•■)'* (•)■ 


{2g  {m  +  m' 

a  quantity  which,  by  the  nature  of  the  problem,  must  be  inde- 
pendent of  k :  hence 

ds' 


h 


^(rn^  +  ^'py' 


(*-y') 

muat  be  of  zero  dimensions  in  y'  and  k;  and  therefore 

Ay'      /  .  dy"*  .     A* 

(ifc-y)*v  <^       / 

must  evidently  be  of  —  1  dimensions  in  Tc  and  y' :  but  it  is  clear 
that 

does  not  involve  k ;  hence  this  expression  must  be  of  —  J  di- 
mennoD.  m  ,',  «.d  theiAie,  a  kemg  «>in.  eOD>taat  qiumtity. 


^("•1^+ "•)'  =  # «. 
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tn  -\-  711 


rfy-'y" 


dx  _  M  4  w'\ i  /2a  —  y'\i 


a« 


where  2a  = ? ;  integrating,  we  get  for  the  equation  to  the 

m  +  wi  o        «/        o 


curve, 


which  is  an  elongated  cycloid,  which  may  be  constructed  from 
the  ordinary  cycloid  by  increasing  the  distance  of  each  point  of 

the  curve  from  the  axis  in  the  ratio  of  (w  +m')^  to  m' . 
Again,  from  (1)  and  (2),  we  have 

o. r       dy' 


{2^(m  +  W)}»l    (%'-y'*)^ 


TTtt 


whence  a*  =  -^  {m4-«*'), 

and  therefore         2a  = ^  =  "^>     a  =  ^. 

fn  -^  m        IT  IT 

Hence  (3)  may  be  written 

'■=(^)'((^^'-»')'^$™"-^}- 

Euler;   Opascula^  de  motu  corporum  tvhia  mobilibus 
incbisorum,  p.  51. 

(7)  A  heavy  particle  P  descends  down  a  smooth  inclined 
plane  CAy  (fig,  205),  forming  the  upper  surface  of  a  body 
GAE  which  is  capable  of  sliding  freely  down  a.  smooth  inclined 
plane  OB^  with  which  its  lower  flat  surface  is  in  contact;  to 
determine  the  motion  of  the  particle  and  of  the  body,  both  of 


X 


438  MOTION  OF  RiaiD  BODIES* 

whicli  are  supposed  to  be  initiaUj  at  rest,  and  the  pressure  of 
the  particle  on  the  bodj. 

Let  0  be  the  initial  position  of  the  particle  on  the  bodj,  and 
Othe  initial  position  of  the  pointed  of  the  body;  let  diBAG^a; 
i:OJ5:F  =  )9,  J2F  being  horizontal;  OA^a,  CP=«',,B  =  the 
required  pressure;  m  =  the  mass  of  the  particle,  m'  •=  that  of  the 
body ;  t  =  the  time  from  the  commencement  of  the  motion.    Then 

_  1    ^  (m  +  mp  sin)9  +  m  cos  tt  sin  (a  —  fi) 
*"~*^  wsin*a  +  m'  * 

^     1  ^(w  +  mOsinacosiS 

p_  ^w^yco8ttcos/9 
m  sm  a  +  m 

Euler;  Ibid,  p.  d5,. 

(8)  Any  number  of  heavy  particles,  P,  P*,  P',  ...,  (fig.  206), 
are  descending  down  a  smooth  inclined  plane  BA^  forming  the 
upper  surface  of  a  body  BA  G  capable  of  sliding  fieely  along  a 
smooth  horizontal  plane  OJEy  with  which  its  lower  flat  surfisuse 
is  in  contact;  to  determine  the  motion  of  the  particles  and  of 
the  body,  and  the  pressures  which  they  exert  upon  the  body. 

Let  By  2?,  JB",  ...  be  the  pressures,  and  m,  m',  m", ...  the 
masses  of  the  particles  P,  Fy  F'j  ...;  let  0A^8,  BP=s, 
BP^Sy  BP' ^a'j  ...,  0  being  a  fixed  point  in  the  line  OE^ 
and  B  on  the  inclined  plane  BA\  ^BAC^a;  Jf  =  the  mass  of 
the  body.    Then 

(^■hi»^  +  m"H-..Osinacosa    .    .       p 
^  =  *^^Jf+(m  +  w'  +  m'^  + )sin«a^'^*^^' 

-    ^{M+m-\'m'+m''-\- )sina  ,  , 

*  =  *^^if+(m-h«i'  +  «i'^+ )sin*a"*'^^"*"^' 

^{M+m  +  fnf  +  m''+ )sina  .  ^,,  ,  ^^ 

*^"=*^^if+(m  +  «i'  +  m''+ )sin«a  +  ''^"*"^' 


•  •  • 


• 


R_B_B'_ %cosa 

m     m      m  M+{m  +  m-{-m  +...)sina 
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The  quantities  A^  J?,  a,  h,  a',  h\  ...  are  arbitrary  constants,  to 
be  determined  from  the  initial  cirenmstanoes  of  the  motion. 

Enler ;  Ibid.  p.  40. 

(9)  If  a  chain  of  considerable  length  be  suspended  from  the 
top  of  a  tower  and  then  let  j&Jl,  to  find  the  Telocity  at  any  time. 

Let  X  =  the  length  and  v  =  the  Telocity  of  the  portion  of  the 
chain  which  is  at  any  time  in  motion,  a  »  the  initial  Talue  of  rr, 
and  r  »  the  radius  of  the  earth :  then 


t^^a^^ioggi^). 


(10)  A  thill  hollow  ring,  the  plane  of  which  is  Tertica},  and 
which  contains  a  bead,  is  placed  upon  a  smooth  horizontal  plane: 
to  find  the  period  of  the  bead's  oscillation,  supposing  it  to  haTC 
been  placed  initially  near  the  lowest  point  of  the  ring. 

If  a  bci  the  mdius  of  th^  ring,  /i  its  mass,  an^  ^  the  mass  of 
the  b^,  it  will  o^ciUate  isochropously  with  ^  perfect  pendulum 
the  length  of  which  is  equal  to 


m  +  fA 

Mackenzie  and  Walton ;  Sohuians  of  the  Cambridge 
Problems  jbr  1854. 

(11)  A  circular  board  lies  on  a  smooth  table :  in  the  board  is 
carred  a  circular  concentric  grooTC  of  radius  a  \  a  massiTC  mole- 
cule is  projected  along  this  grooTC  with  a  velocity  v ;  to  deter- 
mine the  horizontal  pressure  between  the  board  and  molecule. 

The  required  pressure  is  constant  and  equal  to 

'       a 

where  M  is  the  harmonic  mean  between  the  masses  of  the  board 
and  the  molecide. 


w.  s.  28 
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CHAPTER  IX. 

MOTION  OP  RIGID  BODIES. 

Sect.  1.     Single  Body. 

(1)  A  CYLINDER  descends  down  a  perfectly  rough  inclined 
plane  by  the  action  of  gravity,  its  axis  being  horizontal;  to 
determine  the  motion  of  the  cylinder  and  the  friction  at  any 
time  of  its  descent. 

Let  O  (fig.  207)  be  the  centre  of  gravity  of  the  cylinder  at 
any  instant  of  its  descent;  OA  the  course  of  the  point  of 
contact  H  of  the  circular  section  of  the  cylinder  through  O 
down  the  inclined  plane ;  let  0J7=  x,  a^  the  angle  of  inclination 
of  OA  to  the  horizon^  ^=sthe  whole  angle  through  which  the 
cylinder  has  revolved  about  its  centre  of  gravity  in  moving 
from  0  to  H;  a  =  the  radius  of  the  cylinder^  k  =  iU  radius 
of  gyration  about  its  axis.  Let  F  denote  the  friction  of  the 
plane  on  the  cylinder,  which,  from  the  signification  of  perfect 
roughness,  is  supposed  to  be  sufficient  to  prevent  sliding,  and 
m  the  mass  of  the  cylinder. 

Then  for  the  motion  of  the  cylinder  we  have,  resolving  forces 
parallel  to  OA, 

m'^:=^mgsina-'F. (1); 

and,  taking  moments  about  O, 

ml(?'^=:Fa (2). 

But,  since  F  is  sufficiently  great  to  secure  perfect  rolling,  wc 
must  evidently  have  x  =  a0;  and  therefore,  by  (2), 

mJf  —js  =  Fa* ; 
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hence  from  (1)  we  get 

mcf  -^  =  marg  sin  a  —  wiAr  -^  , 

or,  since  If  =  \of^  3  -^  =  2^  sin  a ; 

and  therefore,  integrating  twice,  and  supposing  -^  =  ^  when  E 

is  at  0,  we  have 

X  =  J  (jr^  sin  a, 

and  therefore  <J  =  2^^ (8) ; 

3a 

hence  we  have  also,  from  (2)  and  (3), 

(2)  A  globe  descends  from  instantaneous  rest  down  the  sur- 
face of  a  perfectly  rough  hemispherical  bowl,  the  centre  of  the 
globe  always  remaining  in  the  same  vertical  plane ;  to  determine 
the  velocity  of  the  globe  at  any  position  of  its  descent. 

Let  ABA'  (fig.  208)  be  the  vertical  section  of  the  bowl  made 
by  the  plane  in  which  the  centre  C  of  the  globe  is  always 
situated,  0  being  the  centre  of  the  bowl  and  OA  a  horizontal 
radius.  Let  M  be  the  point  in  which  the  globe  touches  the  bowl 
at  any  time  of  its  motion,  B  being  the  initial  position  of  Jf.  Draw 
the  i»dii  OB^  OCM;  and  let  C  G  he  the  circular  arc  described 
by  the  centre  of  gravity  of  the  globe.  Let  a.A0M=6j 
^AOB=:a,  G'C=^8,  a  =  the  radius  of  the  globe,  r=: the  radius 
of  the  bowl,  ^  =  the  angle  which  the  globe  has  described  about 
its  centre  of  gravity  in  the  motion  from  jB  to  Jf,  m  =  the  mass  of 
the  globe;  ^=the  friction  of  the  bowl  upon  the  globe  at  the 
point  My  which  is  supposed  to  be  sufficiently  great  to  prevent  all 
sliding. 

Then  for  the  motion  of  the  centre  of  gravity  of  the  globe, 
which  will  not  be  affected  by  our  supposing  all  the  impressed 
forces  to  be  applied  at  C  in  their*  proper  directions, 

28—2 


486  MOTIOlf  Qf  BieiD  S0PIB8. 

m-^^  —  F-^-mg  cofltf (1)  ; 

and,  for  the  motion  of  the  globe  about  its  centre  of  gravity, 

ml^^^Fa (2). 

From  the  points  B  and  Mj  draw  two  indefinite  straight  lines 
Bkff  and  MkT^  tangents  to  the  section  of  the  hemispherical 
bowl ;  along  Bff  measmie  a  length  Bm  eqnal  tp  the  circtdfu:  arc 
BM\  then,  if  we  were  to  conceive  the  globe  to  roll  from  B  along 
the  length  Bmy  and  then  Bm  to  be  applied  along  BMbo  as  to  coin- 
cide with  it,  mB  being,  as  soon  as  m  coincides  with  Jf,  a  tangent 
both  to  the  circle  AMA*  and  to  the  globe ;  it  is  evid^t  that  tb^ 
globe  wonld  have  revolved  about  its  centre  through  the  same 
angle  as  by  its  actual  motion  of  rolling  down  the  arc  BM. 
Now  by  rolling  along  Bm  it  would  have  reyolved  about  its  centre 

through  an  angle  —  =  —  =  -  (^  — a) ;  and,  by  the  transference 

of  4i»  to  if,  it  would  have  revolved  through  an  angle  equal 
to  ^BkM^^BOM^B'-aLy  in  an  opposite  direction.  Hence 
we  see  that  the  whole  actual  angle  through  which  the  globe 
revolves  about  its  centre  in  its  actual  motion  from  J?  to  Jf,  is 

equid  to C^  —  a)  =  f* 

Hience,  putting  for  ^  its  value  in  (2),  we  have 

f  (r-^)f  =  ^« , (8). 

Again,  it  is  dear  from  the  geometry  tiiat «  s  {r  —  {^  (0  —  a),  and 
tbevefore,  from  (1), 

d*0 
m{rr'a)-^^-Ff'n^Qq^0.,,,.. , (4). 

Elinunating  jP  between  (3)  and  (4),  we  obtain 

m  (r  -  a)  -^  +  -^  (^  -  «)  ^  =  wy  cos  ^, 


( 


1 + ^)  (♦■-«)  -Tj?  =y  COS  e, 


^  ^'    '''  de 
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or^  alnod  If  is  equal  to  f  ^^^ 

"M^W^ ' ^  ^ ' 

mttlliplying  l>y  2  -^ ,  and  integtatihg, 

dy  _  ^  ,  lOy  sin  g 
bat|  when  d  »  a,  -ttt  is  equal  to  zero ;  hence 


at 


»-«+fi^. 


j  : ,      -  rf^     lOflT  (sm  d  —  sm  a) 

and  therefore  -53  =     ^  ^^  . r : 

or  7(r  — a) 

whence  S*^  7    (^  —  <*) (sin  ^  —  sina) ; 

and  therefore  also^  if  ^  =  the  arc  BM^ 

da"^      ^d£^     l(^g  (sin  g  -  sin  g) 
de^^d?"  7{r^a) 

For  the  magnitude  of  the  friction  at  any  time,  we  have,  from  (3), 

=  ^^    u ,  by  the  ec[totion  (5), 

(3)  A  heterogeneous  sphere  rolls  along  a  perfectly  tough 
horizontal  plane,  its  rotatory  motion  taking  place  always  about 
an  instantaneous  axis  normal  to  the  vertical  plane  which  passes 
through  its  geometdtol  centre  and  its  centre  of  gravity;  to 
determine  its  angular  velocity  for  any  position  in  its  path. 

Let  C  (fig.  209)  be  the  geometrical  centre  a&d  O  the  centre 
of  gravity  of  the  sphere  at  any  time ;  8  the  point  of  contact  of 
the  vertical  section  of  the  sphere  containing  C  and  O  with  the 
horizontal  plane ;  08E  the  rectilinear  locus  of  the  points  of  cm- 
tact;  CGA  a  radius  of  the  sphete;  GMy  08,  perpendiculars 
upon  the  plane. 
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Let  F  denote  the  friction  of  the  plane  at  any  time  npoii  the 
sphere^  estimated  in  the  direction  EO^  and  R  the  vertical  reaction 
of  the  plane;  let  m=:the  mass  of  the  sphere;  A;ssthe  radius  of 
gyration  about  an  axis  through  G  at  right  angles  to  the  yertical 
section  containing  (7  and  (?;   OM^x,  OM=^y^  C8^  OA=^a^ 

Then  for  the  motion  of  the  sphere  we  have,  resolving  forces 
parallel  to  OE^ 

-§=-^-- w; 

resolving  forces  vertically, 

w-^  =  ^-^ (2); 

and,  taking  moments  about  the  centre  of  gravity, 

mJi^  -^^Fy-Bcsmtfi (3). 

Now,  since  the  friction  is  supposed  to  be  sufficiently  rough  to 
prevent  all  sliding,  we  have  firom  the  geometry, 

a?  +  c  sin  ^  =  5  +  a^, 

b  being  the  value  of  x  when  ^  =  0 ;  and  therefore 

dx       cUb  ,  dd> 

Again,  firom  the  geometiy, 

y=sa  —  c  cos  ^, 
and  theiefore 

Hence,  firom  (1), 

^=  -  «i  |(a  -c  cos  ^)  -^  +  c sin^^ , 
and,  from  (2), 
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Substitating  these  expressions  for  JS  and  ^in  (3),  we  get 
A?-^  =  — j(a  — c  cos^)-^  +  c  sin^-^wa  — c  cos^) 

—  c  sin ^  (c  sin  <f>  -^  +  c  cos ^  -^  +^ j , 

and,  by  simplification, 

(a"  +  A*  H-c*  -  2ac  cos  ^)  -^  +  ac8in^^:=-cgr8in^; 

multiplying  by  2  ^ ,  and  integrating, 

(a"  +  A?  +  c^  — 2aocos^) -^=  C+2cg  cos^. 

Let  t  =  0  when  ^  ==  0,  and  let  co  be  the  initial  angular  velocity 

about  G;  then 

(a"  +  i"  +  c*- 2ac) «"  =  C  +  2cg, 
and  therefore 

(a»  +  c*+ A?- 2accos^)  ^==  {(a "-€)"  +  &■}«"- 2(gr(l  -  cos  ^), 

which  gives  the  angular  velocity  about  O  at  any  time  in  terms 
of  the  whole  angle  described. 

Euler;  Nova  Acta  Acad.  Petrop.  1783;  p.  119. 

(4)  A  pendulum  of  any  figure  is  firmly  attached  to  a  solid 
circular  cylinder  as  an  axis;  this  axis  is  placed  horizontally 
within  a  hollow  circular  horizontal  cylinder  of  larger  diameter, 
and  of  which  the  surface  is  perfectly  rough;  in  the  hollow 
cylinder  there  is  a  sUt,  through  which  the  pendulum  hangs;  ' 
supposing  the  initial  position  of  the  pendulum  to  be  very  nearly 
a  position  of  equilibrium,  to  find  the  length  of  an  isochronous 
simple  pendulum. 

Let  g  (fig.  210)  denote  the  position  of  the  centre  of  gravity  of 
the  pendulum  and  its  axis,  regarded  as  one  mass,  at  any  instant 
of  the  small  motions ;  let  0,  c,  denote  the  centres  of  the  circular 
sections  of  the  hollow  and  the  solid  cylinders  made  by  a  vertical 
plane  through  g\  let  gp  meet  at  right  angles  the  vertical  line 
OApy  which  cuts  in  A  the  circular  section  MANoi  the  hollow 
cylinder;' join  Oc  and  produce  the  line  to  a,  which  will  be  the 
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point  of  contact  of  the  sections  of  the  solid  and  the  hollow  cylin- 
ders ;  let  6  be  the  point  of  contact  of  the  section  'of  the  solid 
cylinder  in  its  lowest  position  with  that  of  the  hollow  one,  so 
that  the  arc  Aa  will  be  equal  to  the  arc  ea.  Let  Op=^Xf 
gp^j/i  ce^ca^by  A0=^  Oa=^a;  ^^^cfO  made  by  pro- 
ducing eg  to  meet  Op  produced;  zAOa^Oj  cg^c^  zec/*=/9; 
971  =  the  mass  of  the  pendulum  and  its  axis  together,  k  =  the 
radius  of  gyration  about  g  of  the  pendulum  and  axis  regarded  as 
one  majss,  B  =  the  pressure  of  the  hollow  upon  the  solid  cylinder, 
Fss  the  fidction  of  the  hollow  cylinder  upon  the  solid  one  in  the 
direction  of  a  tangent  to  the  arc  aN. 

Then  for  the  motion  of  the  system  we  have,  resolving  forces 

vertically, 

fPx 
m'^^mg  —  Bco&O'-FBhiOi 

resolving  forces  horizontally, 

m-^=:-JB8md  +  Fcos$j 
and,  taking  moments  about  g, 

mif^=^'-Sc  sin  {0  +  ^)  +F{c  cos  (^  +  ^)  -J}. 

Now,  0  and  if>  being  by  the  hypothesis  small  angles,  we  may 
neglect  their  second  and  higher  powers  in  the  equations,  and  We 
get 

m  -Tgr  =  wy^  —  5  —  F9, 

mi?^^-Be(0 +  (!>)  + Fic-b). 

Eliminating  JB  and  F  between  these  throe  equations,  we  shall 
finally  obtain,  as  &r  as  the  first  order  of  small  qiuntities, 

J^^  +  eg{0  +  <l>)'{^+9e){c-i) (1). 
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Btit,  from  the  geometry,  it  is  clt^ar  that 

y=s(a  — J)sm^  — c  sm<f>^(a^b)  ^  — o^  nearly, 

and  t&eiefore,  patting  for  Wevilj  a  —  b  =  e, 

de~^  eie'^W' 
hence  the  equation  (1)  become 

(*'  +  «?-c6)^-«(c-ft)^+cy^  +  «yd=0 (2). 

NoW|  since  there  is  no  sliding,  we  may  shew^  by  precisely  the 
same  method  as  in  the  case  of  problem  (2),  that 

^  +  )8  being  evidently  the  whole  angle  described  by  the.  solid 
cylinder  about  its  axis  in  rolling  from  a  to  A.  Hence,  from  (2), 
we  haye 

let  S{V+ce)        V^^ff(V  +  ce) 

^^^  '^'^'W  '  *^^  ^^^  equation  becomes 

Hence,  if  I  denote  the  length  of  a  perfect  pendulum  iso- 
chronous with  the  period  of  ^,  and  therefore  of  '^y  we  shall  haye 

y  +  ce        "       6«  +  c(a-&)        " 
Euler ;  Acta  Acad.  Petrcp.  1780 ;  P.  1J ;  p.  164. 

(5)  At  the  extremities  A  and  J?  of  a  uniform  beam  AJB, 
(fig.  211),  are  two  small  rings,  capable  of  sliding  along  the  hori- 
zontal and  vertical  rods  Ox^  Oy ;  the  friction  between  the  ends 
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of  the  beam  and  the  rods  is  equal  to  the  normal  pressure  on 
each ;  to  determine  the  motion  of  the  beam. 

Let  O  be  the  centre  of  gravity  of  the  beam ;  draw  G^jBT  verti- 
cal; letOir=a?,  aH=^y,AG-:^Ba=^a,^BAO^0;  let 5,5, 
be  the  normal  reactions  of  the  rods  Ox,  Oy,  and  therefore  £,  8y 
the  frictions  along  xO,  Oy\  let  m  s=  the  mass  of  the  beam, 
k  =  the  radius  of  gyration  about  O. 

Then,  for  the  motion  of  the  beam, 

»» ^  =  ^--B • • ••••••  (1)» 

m^  =  5+B-^ (2), 

^^^^{S''R)aco^0^'{S^'R)ami0 (3). 

Substitutmg  the  values  of  5— -B  and  8+R  from  (1)  and  (2) 
in  the  equation  (3),  we  get 

jf-^  =  acoB0^  +  (g+-^)a^n0 (4). 

__  y,      dx  •    /I  dv 

But  a?  =  a  cos  ^,     ^  ='""'*  *^^  ^  ^  » 

^  =  ^acosd^-asmd-^; 

and  y  =  asin^,    |=acos(?g, 

^  «  —  a  sm  ^  ^  H-a  cos ^ -n . 

Substituting  these  values  of  -^ ,   -^,  in  the  equation  (4), 
we  have  d^      dV 

,  •  d^0     .        m  dff  /, 

or,  changing  the  independent  variable  from  t  to  0, 

dH 
^d9  ^   at  .    ^ 

d£t     dB^ 
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.V* 


multiplying  both  sides  of  the  equation  by  2e*' ',  we  obtain 

til* 


integrating,  ^, 

^a-=  (7+2ayje*'    sin^cW (5). 

Now,  integrating  by  parts,  we  shall  get 

I  e*^  sm  (f  <w  =  TT— j-j -^-Tj- sin  P  —  cos  pj- e"^   ; 
hence,  from  (5), 

Since  o'  =  SA?,  we  have 

dS 
Suppose  that  a,  w,  are  simultaneous  values  oid,  -j-;  then 


«fc«»f  =  ^  { C  +  (6  sin  a  -  cos  a)  «fc} ; 


hence 


««»^_««.«,«=^{(6  8intf-co8^«««-(6  8ina-cosa)e^}, 

rft     .  old 

which  determines  the  angular  velocily  of  the  beam  at  every 
position  in  its  descent. 

(6)  To  determine  the  motion  of  a  cylinder  upon  a  perfectly 
rough  plane  of  indefinite  extent,  which,  having  been  initially 
horizontal,  has  a  imiform  motion  downwards  about  a  fixed  hori- 
zontal axis  within  itself,  to  which  the  line  of  contact  of  the 
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cylinder  and  plan^  is  always  parallel,  and  with  which  it  initi- 
ally coincides. 

Let  a  vertical  plane  at  Hght  angled  to  (hb  axis  of  reyolntiony 
and  passing  through  the  centre  of  gravity  0  of  the  cylinder,  cut 
the  revolving  plane  at  any  instant  of  the  motion  in  the  line  OAy 
(fig.  212) ;  let  Ox  be  the  initial  position  of  OA ;  draw  OM^  CN, 
at  right  angles  to  Oxj  dA;  let  OM^x,  CM^y^  ON^r, 
GN^a,  o>  =  the  angular  velocity  of  OA  about  0,  ^AOxs=mt^ 
k^the  radius  of  gyration  of  the  cylinder  about  its  axis,  £=  the 
normal  reaction  of  the  plane  in  the  direction  NC^  T=  the  tan- 
gential  reaction  along  NO^  ^ssthe  angle  through  which  the 
cylinder  has  revolved  about  its  centre  of  gravity  itt  the  end  of 
the  time  ^,  m  =  the  mass  of  the  cylinder. 

Then,  for  the  motion  of  the  cylinder,  we  have 

M-^  =  Jlsinco^*-  rcosoi^ ;•»;.. ..(1), 

i»-^  =  «i5r-.5cosi»<—  Tsihfio^ (2), 

wJt"^  =  Ta ; (a). 

Again,  the  angle  through  which  the  cylinder  would  revolve 
about  (7,  by  tolling  along  Ox  through  a  space  r,  would  be  -^  and 
that  due  to  the  motion  of  Ox  into  the  position  OA  would  be  o»< ; 
hence  -  +  e»<  is  the  angle  through  which  it  has  actually  revolved 
at  the  end  of  the  time  t ;  or 

0  =  -  +  «< (4)- 

Vtom  the  equations  (l)  iasid  (2),  we  hav6 

d^x               d\     B 
sm  we -^  —  cos 0)^ -1^  as ^coso><...... (5) ; 


m 


and)  from  (1),  (2),  <8), 


d^x     .      d^a  ifff^ 

cos  not  -gf  +  sm  mt  -^^9  sm  0)^ -gr ; 
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but,  from  (4),  we  get  ^^^ "^^ 

hence        cOBco^-^  +  smo)^-^  =^8ma)<  — t  ^3 (6). 

From  the  geometry  it  is  dear  that 

x=:r  cos 0t  +  asiamtj      y  =  9*  sin o»^  —  a  cos o>^ ; 

differentiating  these  expressions  twice  with  respect  to  ty  we 
shall  get 

d^x  d^r  ,        dr        m  «  • 

-^  =coso><-p  —  2i»sma)^-^  — «Vcosa)<  — a«'sm«<, 

(i*V       •        ^V     ^  dr       m     •  « 

-^  s  am  a>t  -^  +  2«  cos  a)<  -^  —  cdV  am  iot  +  aa>*  cos  not : 

substituting  these  expressions  for  -^  ,  -^  y  in  the  equations  (5) 
and  (6),  we  obtain 

3e»^  +  ai»»=:ycos»<-- (7), 

and  — V-  ^  — a)V=:^sm««. (8). 

Since  e^  a  2^,  the  equation  (8)  becomes 

^-.J(»V«J^Bin«<; 

the  integral  of  this  equaiion  is 

where  a)'=(f)*a),   and  (7,  (7',  are  arbitrary  constants.    If  we 

djBtennine  C  and  C  from  the  conditions  that  r  ss  0,  -r- » 0, 
initially,  we  shall  have 

r= -^.sina><+ -i^,  (6-"-e-'0i 

which  determines  the  position  of  the  cylinder  at  any  time  before 
it  detaches  itself  from  the  revolving  plane :  differentiating  with 
respect  to  ty 
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hence^  from  (7),  we  obtain 

E 
m 


—  ss^p  cosa><  —  aa)'4-  |^C0B«<  — -^  (6*''  +  €"*'') 
=  f  ^  COS  ei)<  -  ««■  -  ^  (6-'' +  €-^'0> 

0 

which  gives  the  value  of  JR  for  any  time  of  the  motion  of  the 
cylinder  upon  the  plane:  when  JS=0,  or  when  the  cylinder 
leaves  the  plane, 

9g  cos  mt  =  5aa>"  +  2g  (f^  +  €"^'0j 

an  equation  which  fixes  the  epoch  of  the  separation. 

(7)  A  sphere  is  projected  directly  down  an  inclined  plane 
with  a  motion  both  of  translation  and  of  rotation ;  the  motion  of 
rotation  is  the  same  in  point  of  direction  as  that  which  would 
correspond  to  perfect  downward  rolling,  but  greater  in  magni* 
tude :  to  determine  the  motion  of  the  sphere,  having  given  the 
coefficients  both  of  statical  and  of  dynamical  friction  between 
the  sphere  and  the  inclined  plane. 

Let  OA  (fig.  213)  be  the  inclined  plane,  G  the  position  of  the 
sphere's  centre,  and  M  its  point  of  contact  with  OA  at  the  end 
of  a  time  t  from  the  beginning  of  the  motion^  Let  fju^ihe 
coefficient  of  dynamical  friction  between  the  sphere  and  the 
plane,  assthe  radius  of  the  sphere,  Oif^s,  ^=the  angle 
through  which  the  sphere  has  revolved  at  the  end  of  the  time  t 
about  its  centre  of  gravity,  JR  ^  the  normal  reaction  of  the  plane, 
9nathe  mass  of  the  sphere,  a  =  the  inclination  of  the  plane  to 
the  horizon. 

Then,  for  the  motion  of  the  sphere,  we  have 

w  ^=:»i^sma  +  ^ (1), 

w*"-^  =  -/*aB (2): 
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but,  since  C  has  no  motion  at  right  angles  to  the  plane,  we  have 
also  R^mgoo^oL)  hence,  from  (1), 

^=5r(8ma  +  A*co8a) (3), 

and,  from  (2), 

**-^  =  -Awycosa (4). 

Integrating  the  equation  (3)  with  respect  to  <,  and  denoting  the 
initial  value  of  -^  by  c,  we  get 

^=^<(sina  +  f*cosa)+c (5) ; 

similarly  from  (4),  a>  denoting  the  initial  value  of  ^ , 


#  =  .-^ecos« (6). 


cU  k 

As  soon  as,  by  the  increase  of  <,  -^  becomes  equal  to  a  ^ , 

the  motion  will  change  its  character,  and  our  present  equations 
will  cease  to  be  applicable.     This  event  will  take  place  when 

^e(sma  +  A^cosa)  +c=saai—    .^  cos  a, 

or  <  =  — .  t  ,  ,A.^ — — -^ — ; — ^e"  suppose. 

I^g  (a'  +  at)  cos  a  +  Ar^  sm  a  ^^ 

For  all  values  of  t  not  greater  than  i,  we  have  from  (5)  and 
(6),  8  and  ^  being  considered  to  be  initially  zero, 

B  =  i^gf  (^in  a  +  /icos  a)  +  ct^ 
^sstot"  'Tg,   COS  a ; 

the  values  of  s  and  ^  at  the  end  of  the  first  period  of  the  motion 
will  be  obtained  from  these  expressions  by  substituting  f  in 
place  of  t. 

When  -jr  becomes  equal  *<>  a^,  there  evidently  exists  at 


448  KOTIOK  OF  siaiD  BppiES^ 

that  ina^nt  no  slicing  between  the  pjiane  and  the  spheie ;  ^ptd 
Aerefoi;,  before  d^^amical  friction  can  again  come  into,  play,  the 
statical  friction  betw^^i  the  sphere  and  the  plane  mnst  be  oyer- 
come.  First,  let  vs  suppose  that  the  statical  friction  is  sufficientljr 
great  to  secure  perfect  rolling ;  and  let  F  denote  the  tangential 
reaction  of  the  plane  against  the  descent  of  the  sphere.  The 
equations  of  motion  will  be, 

m^=««^sina-^ ^^^ 

^§  =  ai^ (2). 

AlsOy  there  being  no  sliding^  it  is  dear  that 

hence  from  (2)  there  is 

and  therefore,  from  (1]|, 

{a^  +  Jtf)-^^a^gBma (3); 

and  therefore,  also, 

{cf  +  l^^^agsma (4). 

Integrating,  we  get  from  (3)  and  (4), 

di'^  o^  +  A^  *"*''^' 
d<l>_affBma 

where  c',  m\  are  the  values  of  -^ ,  ^  ?  at  the  end  of  the  first 

stage  of  the  motion,  the  time  being  now  reckoned  from  the 
commencement  of  the  second  period :  c'  is  clearly  equal  to  aa>'. 
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Integratmg  again,  we  get 

ti'y  if/y  being  the  yaines  of  <(>,  s,  at  the  end  of  the  first  period. 
.  I  jp    mJ^  d^^     vnJfg  sin  a 

which  is  the  value  of  the  statical  friction  necessary  to  secure 
perfect,  rolling  in  the  second  stage  of  the  motion. 

If  the  StSticaT  Inction  te  less  than  this,  dynamical  fiiction  will 
arise,  and  will  evidentlj  exert  itself  wp  the  plane.  Hence,  for 
the  motion,    • 

-^^g  (sin  a  - /A  COS  a) (A), 

le-^^iuxg^o^d (B). 

It  maj  be  easily  ascertained  that  the  coefficient  of  ^  in  the 

d*8  .  . 

expression  for  -p  is  positive;  for  the    coefficient  of  friction 

necessary  for  perfect  rolling 

F         F         ytang 
""  JB  ~"  mg  cos  a      a*  +  i*  ' 

andy  since  fi  is  less  than  this  by  hypol!hesis,  we  have 

I? 
fi^  -r  -!•  tan  a,  and  therefore  fi  ^  tan  a,  fi  cos  a  ^  sin  a. 
a  -|-  At 

From  (A)  and  (B)  we  have 

—  sigt  (sin  a  —  ^  cos  a)  +  cfy 

It  may  be  readily  seen  that  -j:^  ^-j.  iiever  becomes  zero  in 
w.  s.  29 


^     da 
dt 
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the  second  stage  of  the  motion,  but  is  always  positive ;  for,  bear- 
ing in  mind  that  &  =  cuo'j 

ds         dd>  /  .  a^         \ 

hence  the  sphere  will  always  rotate  too  slowlj,  in  comparison 
with  the  velocity  of  translation,  to  correspond  to  perfect  rolling. 
If  8  denote  the  space  through  which  the  sphere  descends 
along  the  plane  in  the  second  stage  of  the  motion,  in  conse- 
quence of  sliding, 

da         dS         /  .  a'  +  it^ 

t^^^gf  [sin  a  — f*  cos  a  —73 — )• 

Euler;  Ada  Acad.  Petrop.  P.  11.  p.  131 ;  1781. 

(8)  A  sphere,  revolving  about  a  horizontal  axis,  is  placed 
upon  an  imperfectly  rough  plane  inclined  to  the  horizon  at  an 
angle  tan'^,  where  fi  is  the  coefficient  of  dynamical  friction,  the 
direction  of  the  sphere'^  rotation  being  opposite  to  that  which 
would  correspond  to  perfect  downward  rolling ;  td  determine  the 
motion  of  the  sphere. 

The  notation  remaining  the  same  as  in  the  preceding  problem, 
we  shall  have,  for  the  motion  of  the  sphere, 

d^8  _ 

m  ^  =  ni^  sm  a  -  f*fi, 

but  £  ss  m^  cos  a ;  hence  we  have 

-^  —  g  (sin  a  —  /i  cos  a)  =  0,  by  hypothesis ; 

and           ^^^      /^cosg 
"^^  df P • 


< 
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Ihtegrating  with  respect  to  iy  we  get 

da 
where  G,   G\  are  axbitraiy  constants;  but,  initially,  ^  =  0, 

^  =  fi>:  and  therefore  C7  =  0,  (7'  =  a);  hence 

ds     ^        dd>  iiagt 

In  the  preceding  investigation  we  have  supposed  the  friction 
of  the  plane  upon  the  sphere  to  act  upwards ;  this  will  cease  to 

be  the  case  when  "^  +  «  ^  >  or>  since  -^  =  0,  when  ^  becomes 
zero.    Hence  we  see  that,  for  a  time  equal  to 

fuiff  cos  a ' 

the  centre  of  the  sphere  will  remain  stationary,  and  that  at  the 
end  of  this  time  the  angular  velocity  of  the  sphere  will  become 
zero. 

Before  proceeding  to  investigate  the  nature  of  the  motion 
after  the  end  of  the  stationary  period  of  the  centre  of  the 
sphere,  it  will  be  necessary  to  determine  the  amount  of  upward 
friction  requisite  to  cause  the  sphere  subsequently  to  assume  a 
motion  of  perfect  rolling.  The  coefficient  of  friction  requisite 
for  this  purpose,  (see  the  preceding  problem,)  is  equal  to 

J^  tana 

But  /i  is  equal  to  tan  a,  and  therefore  exceeds  the  requisite 
magnitude.  The  sphere  will  then  proceed  subsequently  to  roll 
down  the  plane  without  sliding ;  and  the  space  described  by  its 
centre,  at  the  end  of  a  time  t  from  the  termination  of  its  star 
tionary  interval,  will  be  equal  to 

^a^gf  sin  a 
a»  +  4*     ' 

29—2 
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whicli,  since  If  =  fo*,  is  eqtud  to  -figf  sin  a*    AIbo,  patting  fifr  If 

its  value,  the  stationary  interval  will  have  for  its  value  - — : — . 
'  "^  bg  sin  a 

Euler;  Acta  Acad.  Fetrcp.  P.  ii.  p.  131 ;  1781- 

'  (9)  A  homogeneous  sphere  attracted  towards  a  given  centre 
of  force  varying  directlj  as  the  distance,  is  projected  with  a 
given  velocity  along  a  plane  passing  through  that  centre,  friction 
being  such  as  to  prevent  all  sliding;  to  determine  the  path 
described  by  the  sphere. 

Let  0,  (fig.  214);  the  centre  of  force,  be  taken  as  the  origin  of 
co-ordinates,  and  let  Oxy  Oy^  which  are  at  right  angles  to  each 
other  and  in  the  plane  along  w^ich  the  sphere  rolls,  be  taken  as 
the  co-ordinate  axes.  Let  C  be  the  centre  of  the  sphere  at  any  time 
of  its  motion,  P  its  point  of  contact  with  the  plane  xOy)  join 
GO  J  CFy  and  draw  PJlf  parallel  toyO;  draw  also  Oz  at  right  angles 
to  the  plane  xOy.  Let  OG=r^  CP—Cy  OM^x,  PM^y^  f»  = 
the  mass  of  the  sphere,  ft  =  the  attraction  of  the  central  force  upon 
a  unit  of  mass  collected  at  a  point  at  a  unit  of  distance;  let  X,  Y, 
denote  the  friction  of  the  plane  on  the  sphere,  estimated  parallel 
to  Oxy  Oy ;  let  «',  w",  be  the  angular  velocities  of  the  sphere 
at  any  time  about  diameters  parallel  to  Oxy  Oy,  estimated  in  the 
directions  indicated  by  the  arrows  in  the  planes  yOzy  zOx;  let 
k  » the  radius  of  gyration  of  the  sphere  about  a  diameter. 

It  may  be  readily  ascertained  that  the  attraction  on  the  whole 

sphere  will  be  equal  to  a  force  fjwir  in  the  directioh  CO,  and  the 

resolved  parts  of  this  force  parallel  to  Ox,  Oy,  are  evidently 

^fsmxy  —fjunty.    Hence,  for  the  motion  of  the  sphere,  we  have 

d^x 
f»-^  =X— /wna: (1), 

«»  ^  =  Y-f^y (2), 

mJf^^^cY .'....(3), 

mJc'^^^cX (4).» 

at 


If  m',  m",  «'",  denote  the  aDgular  Telocities  of  »  rigid  bodj  about  three 
lines  through  its  centre  of  inertia,  parallel  to  the  axes  of  x,  y,  i,  respeedToly,  and 
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But,  since  the  friction  is  sufficiently  great  to  preveat  all  slidingi 
it  is  clear  that 

dx  dy 

«  • 

hence,  from  (3)  and  (4),  we  get 

y._     mif  ^y^        y mif  d*x 


=  -/«?» 


and  therefore,  from  (1),  (2)^ 

<?    de 
e^-ie  d\ 

or,  since  A?  =  f  c*, 

W  —  T^'      rf^""'  7  ^' 
the  integrals  of  these  equations  are 

a;s=-4sin(X<  +  €), 
y  =  ul'  sin  (Xi  +  e'), 

Mn  denote  an  element  of  the  mass,  then  (See  Pratt's  JUeehameal  PkUosapky,  First 
Edit.  p.  428), 

(«"•«  _  „"»)  2  (ia, .  yg)  +  /«'"  «'  -  ^')  2  (dm .  «y ) 

-«"«'"2(am.;j«)+^2{a«.(y«+««)}  =  ^ 

where  X  denotes  the  moment  of  the  forees  abont  the  first  of  the  three  ftndght  linea. 

Similar  equations,  mutatis  mvtandU,  will  bold  in  relation  to  the  axes  of  y  and  m.    If 
the  bodj  be  a  homogeneous  sphere,  as  in  the  present  problem, 

S(dn».yz)»0,    2(am.«y)»0,    ^(im^xz)c»0,    S(dm.y*)-S(aM.4i*)«>09 

and  therefore,  adopting  the  notation  of  the  text, 

X  b«ng  equal  to  cF.    Similarly 

da" 
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'A,  A' J  e,  e',  being  arbitraiy  constantB,  and  X  denoting  f -~  j  . 
Let  a,  hy  be  the  initial  Talues  of  x^y^  and  a,  ^,  of  -^ ,  -^;  then 

a?  s  a  000  (>i)  +  -  sin  (X/), 

y  =  &  COS  (>i)  +  ^  sin  (Xi). 

From  the  last  twQ  equations  we  have, 

fix  —  ay^  {afi  —  Ja)  cos  (Xi), 

and  X  (fee  — ay)  = —  (o^-fca)  sin  (X<). 

Squaring  the  last  two  equations  and  adding^  we  obtain,  for  the 
equation  to  the  path  of  the  sphere, 

08a?  y  ay)*  +  X*  (&C  -  ay)*  =  (a/8  -  Ja)\ 

Thus  we  see  that  the  sphere  will  describe  an  ellipse  the  centre 
of  which  coincides  with  the  origin  of  co-ordinates. 

(10)  A  wheel,  of  given  radius  a,  the  centre  of  gravity  of 
which  is  at  a  distance  c  from  its  centre,  rolls  on  a  perfectly 
rough  horizontal  plane ;  to  find  the  velocity  of  the  centre,  when 
the  centre  of  gravity  is  vertically  below  it,  in  order  that,  when 
it  is  vertically  above  the  centre,  the  normal  pressure  on  the 
plane  may  be  zero :  to  determine  also  the  friction  in  these  two 
positions  of  the  centre  of  gravity,  and  the  normal  pressure  when 
the  centre  of  gravity  is  vertically  below  the  centre. 

Let  k  denote  the  radius  of  gjrration  about  the  centre  of 
gravity,  v  the  required  velocity  of  the  centre ;  F  the  friction, 
when  the  centre  of  gravity  is  lowest,  and  F,  when  it  is 
highest ;  R  the  normal  pressure  when  the  centre  of  gravity  is 
lowest:  then 

._a^g   4c'-f  (a  +  c)'-fy        ^_         «,_ 
^'=^^-(a-c)«+**- 
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For  a  complete  discussion  of  the  Boiling  motion  of  a  cylinder 
on  a  rough  plane  and  other  interesting  problems,  the  student  is 
referred  to  a  memoir  by  the  Rev.  Heniy  Moselej,  in  the  PAtfo- 
aaphtcal  Tranaactiona  of  London;  Part  2,  for  1851. 

(11)  A  sphere  is  projected  obliquely  up  a  perfectly  rough 
inclined  plane :  to  find  the  equation  to  the  path  of  the  point  of 
contact  between  the  sphere  and  plane. 

Let  a  =  the  inclination  of  the  plane  to  the  horizon,  F^^the 
yelocity  of  projection,  /9  — the  inclination  of  the  direction  of 
projection  to  the  horizontal  line  Ox  in  the  inclined  plane  through 
the  point  0  of  projection;  let  Oy  be  drawn  up  the  inclined 
plane  at  right  angles  to  Ox. 

Then  the  equation  to  the  path  of  the  point  of  contact  will  be 

.      Q     6    g^  sin  a 

y  =  ic  tan  p  —  r-r  ,  T7= 5^. 

^  14    Pcos'/8 


Sect.  2.     Several  Bodies. 

(1)  A  cylinder  rolls  down  a  perfectly  rough  inclined  plane, 
while  a  string  coils  round  it  which  unwinds  from  an  equal  cylinder 
reYolying  about  its  axis  which  is  fixed,  the  position  of  the  latter 
cylinder  being  such  that  the  string  is  paraHel'  to  the  plane ;  to 
find  the  accelerative  force  of  descent,  the  tension  of  the  string, 
and  the  friction  of  the  inclined  plane. 

Let  0  (fig.  215)  be  the  centre  of  gravity  of  the  descending 
cylinder  at  any  time  of  its  motion  down  the  plane  BA,  if  being 
its  point  of  contact  with  the  plane ;  let  0  be  the  centre  of  gravity 
of  the  other  cylinder ;  join  CO.  Let  GO  =  a?  at  any  time  t]  a  = 
the  radius  of  each  of  the  cylinders,  a  =  the  inclination  of  the 
plane  BA  to  the  horizon,  T=^  the  tension  of  the  uncoiled  string, 
F—  the  friction  of  the  inclined  plane  exerted  upon  the  cylinder 
0  at  if  in  the  direction  MB\  m=  the  mass  of  each  of  the 
cylinders,  and  k  =  the  radius  of  gyration  of  each  about  its 
axis ;  let  &,  ffy  denote  the  angles  through  which  the  cylinders. 
0,  (7,  have  revolved  about  their  axes  at  the  end  of  Ihe  time  f. 
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Then,  &r  the  motion  of  the  cylinder  0,  we  have 


m 


W 


^mg^ina-F-T. (1), 


mif^^{F^T)  a (2)  ; 

and,  for  the  motion  of  the  cylinder  (7, 

mk'^^Ta , (3). 

Multipljing  the  equations  (1)  and  (3)  by  a  and  2  respectively^ 
and  adding  the  resulting  equations  to  (2),  we  get 

but,  from  the  geometry,  it  is  evident  that 

8^6  _d^x  d'ff  _d^x 

d*x 
he^ice  we  have        {cf  +  bif)  -^  =  o?^  sin  a, 

or,  since  2Jf  =  o?y 

d^x     « 
^=^5r8ma. 

Again,  fix>m  (3), 

Lastly,  from  (2),    F^  T+^~^T+^ma^ 

«=  T+  im-^  ^  \mg  sin  a  +  \mg  sin  a 

B  ^mg  sin  a* 

(2)  A  string,  the  free  end  of  which  hangs  throogh  a  ring  and 
has  a  weight  attached  to  it,  is  wouid  about  a  circular  section  of 
a  cylinder,  made  by  a  vertical  plane  passing  through  the  ring  and 
through  the  centre  of  gravity  of  the  cylinder ;  the  cylinder  rests 
upon  a  rough  horizontal  plane,  and  its  diameter  is  equal  to  the 
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altitude  of  the  ring  above  this  plane :  to  detennine  the  motion  of 
the  weight  and  of  the  cylinder,  which  are  supposed  to  be  initially 
in  a  state  of  instantaneous  rest. 

Let  jR  (fig.  216)  be  the  position  of  the  ring ;  NBP  the  free 
portion  of  the  string  meeting  in  the  point  0  the  locus  OMA  of 
the  point  Min  which  the  circular  section  of  the  cylinder  touches 
the  plane  at  any  time ;  C  the  position  at  any  time  of  the  centre 
of  gravily  of  the  cylinder.  Let  a  =  the  radius  of  the  cylinder, 
OP=i/y  0M=  fic,  ^  =  the  angle  through  which  the  cylinder  has 
revolved  about  its  axis  at  the  end  of  the  time  <,  jF'=the  action  of 
the  plane  on  the  cylinder  estimated  in  the  direction  AO,  m  =  the 
mass  of  the  cylinder,  A;  =  its  radius  of  gyration  about  its  axis, 
m  =  the  mass  of  P,  T^  the  tension  of  the  string. 

Then,  for  the  motion  of  the  weight,  we  have 

m'^=m>-r. (1); 

and  for  the  motion  of  the  cylinder,  both  in  respect  to  translation 
and  to  rotation, 

-§— ^-^- (^)' 


^^=  23k^a (3). 


Now,  since  the  horizontal  plane  along  which  the  cylinder 
moves  may  be  either  perfectly  or  imperfectly  rough,  we  shall 
have  to  consider  two  cases  of  the  motion.  We  will  first 
suppose  the  plane  to  be  perfectly  rough,  that  is,  to  be  suffi- 
ciently rough  to  prevent  all  sliding. 

Since  the  cylinder  rolls  without  sliding,  we  must  evidently 
have  da?  =  —  acUf) ;  and  therefore,  by  (8), 

^^^•"^  -7wAj»^=2V-.^a« (4); 

also,  firom  (2), 

-ma"§-  Tc^  +  Fcf (5), 

and  therefore,  adding  together  these  last  two  equations, 
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-m(a»  +  if)^=2ra« (6); 

and  therefore,  by  (1), 

but,  if  I  denote  the  original  length  of  the  firee  string,  it  is  clear 

that 

,        .      d^x     d^y       d*4>        d*x       d^y        ^d^x 

hence  we  have 

{4mV  +  m(a'  +  ^}^«-2«i'aV (7); 

integrating,  and  bearing  in  mind  that  -7-  ^^  0  when  t^O^ 
integrating  again,  and  taking  c  for  the  initial  value  of  x, 


7/r 


ifrCagt 


We  may  easily  get  also 

-7-  2#»V^^ 

and  therefore, 'since  a^^x-^-y  —  l^ 


m'agt 


d^x 


Also,  from  (4)  and  (5), 

2i?'a«  =  -m(a«-A>)^, 

and  consequently,  from  (7), 

„_     rnait  (g*  —  If)  g 
4i»V  +  i»(a"+V)' 
Also,  from  (6),  we  have 

2a"  rf^* 

otot"^  (g*  +  y) 

~.4mV  +  « (a*  +  &*) ' 
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We  will  now  proceed  to  the  consideration  of  the  case  when 
the  friction  of  the  plane  is  not  sufficient  to  prevent  sliding :  and 
since  the  Talne  which  we  obtained  for  jP,  the  friction  necessary 
to  prevent  sliding,  is  positive,  therefore  this  force  would  act 
during  the  whole  motion  in  the  direction  A  0,  which  shews  that, 
if  the  action  of  the  plane  on  the  cylinder  be  not  sufficient  to 
secure  perfect  rolling,  the  dynamical  friction  will  be  exerted  in 
the  direction  AO.  Let  fi  denote  the  coefficient  of  dynamical 
friction;  then,  putting  fumg  instead  of  jP  in  the  equations  (2)  and 
(3),  we  have 

from  these  two  equations,  together  with  the  equation  (1),  and 
the  appropriate  geometrical  relations,  we  may  easily  shew  that 

In  a  memoir  by  Fuss,  from  which  this  problem  has  been  ex- 
tracted, is  discussed  the  more  general  case  when  the  cylinder 
descends  down  an  inclined  plane,  and  the  ring  is  replaced  by  a 
pulley  of  considerable  inertia. 

Fuss ;  Nova  Acta  Acad.  Petrop.  1787  ;  p.  176. 

■  •         • 
(3)  A  cylinder  rolls,  without  sliding,  down  a  moveable  inclined 

plane,  which  rests  on  a  perfectly  smooth  horizontal  surface ;  to 

determine  the  motion  of  the  plane  and  of  the  cylinder. 

* 

The  axis  of  the  cylinder  is  supposed  to  be  horizontal,  and  a 
vertical  plane,  at  right  angles  to  the  axis,  to  contain  the  centre 
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of  gravity  0  (fig.  217)  of  the  cjlincler  and  the  centre  of  gravity 
of  the  inclined  plane:  let  Ox  be  the  intersection  of  this  vertical 
plane  with  the  smooth  surface  which  supports  the  indined  plane 
AB.  Draw  CM  at  right  angles  to  Ox.  Let  jB  be  the  mutual 
normal  action  and  reaction  of  the  cylinder  and  mclined  plane 
F  the  action  of  the  plane  on  the  cylinder  along  AB\  let  m  =  the 
mass  of  the  cylinder,  mif  ^  its  moment  of  inertia  about  its  axis ; 
m  =  the  mass  of  the  inclined  plane ;  OM^  Xj  CM=  y,  OA  ^  x' ; 
6  3=  the  angle  through  which  the  cylinder  has  revolved  about  its 
axis  at  the  end  of  the  time  t;  a  =  the  inclination  oiAB  to  Ox^ 
a  ~  the  radius  of  the  cylinder. 

Then,  for  the  motion  of  the  cylinder,  we  have 

d^x 
w-^  =  — -Bsina  +  jPoosa (1), 


m 


£!j?= 


^  —Bcosa  +  Fsma  —  mg (2), 

»«^§»^« (3); 


and,  for  the  motion  of  the  inclined  plane, 


m'-^^-Bsina  — i^cosa (4). 


From  the  equations  (1)  and  (4),  we  get 


d^x  ,     .d'af     ^ 

'^W'^'^'W^^ ^^^- 

Again,  from  the  geometry,  we  see  that 

y  cos  a  «  a  +  (a?  —  a?')  sin  a ; 

hence  cosa-^-sma  (^^-^j, 

and  therefore,  by  (5), 

w  cosa-^  =  (m  +  mQsma-^ (6). 

Also,  since  no  sliding  takes  plaoe  between  the  qrlinder  and 
the  plane,  it  is  clear  that 

dx     dxt  d0 
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and  therefore  a  cos  «  -13  =  -rr  ""  "^  J 

hence,  by  the  aid  of  (5),  we  have 


macoaa'-js  =—  (m  +  mr)  -^ (7). 


Again,  from  (1)  and  (2), 


m  cos  a  -^  -f  in  Bin  a  ^  =  F—  m^  sin  a, 
and  therefore,  by  (3), 

a  cos  a  -^  +  a  sin  a  -^  =  ic  -^  —  ag  sm  a : 

substituting  in  this  equation  the  expressions  for  -^  and  -^ 

given  in  (6)  and  (7),  we  obtain 

d!^x 
{mV  cos*  a  +  (w  +  wiO  (a'  sin*  a  +  i')}  ^  =  —  m'cfg  sin  a  cos  a : 

rf*a: 
which  gives  the  value  of  -p- ,  which  it  appears  therefore  is  con- 
stant during  the  whole  motion ;  the  values  of  -p- ,  -^ ,   ^  , 

may  now  be  readily  obtained  by  the  aid  of  the  equations 

(5),  (6),  (7),   and  will  be  constant  during  the  whole  motion, 

Tj.       .       ,,         ,  ^d'^x     d\     d^e     d'af 

Knowing  the  values  of  -^ ,  --^  ,   -^  ,  -^  ,  we  may  mime- 

diately  obtain  the  values  of  a?,  y,  5,  af^  in  terms  of  <,  if  we  have 

given  the  initial  values  of  a?,  a?',  -^ ,   -7- .     The  values  of  R  and 

jPmay  also  be  readily  obtained  from  the  equations  (1),  (2),  (3),  (4). 

(4)  A  bullet  is  fired  with  a  given  velocity  into  a  body  in  a 
direction  passing  through  the  centre  of  gravily  of  the  body ;  the 
body  is  initially  at  rest  and  is  capable  of  free  motion,  not  being 
under  the  action  of  any  forces ;  to  determine  the  velocities  of  the 
bullet  and  of  the  body  when  the  bullet  has  traversed  any  space 
within  the  body ;  the  resistance  of  the  body  to  the  motion  of  the 
bullet  being  supposed  to  be  a  constant  force. 
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Let  k  denote  the  constant  Tetaiding  force,  m  the  mass  of  the 
bullet,  II  of  the  body,  /9  the  initial  velocity  of  the  bullet ;  then  if 
u  and  V  denote  the  velocities  of  the  ballet  and  of  the  body  when 
the  bullet  has  traversed  a  space  x  within  the  body, 


tt  = 


m  +  ffr     ^ 
Camus;  Mim,  de  VAcad,  des  Sciences  de  Parte,  1738,  p.  147. 


(    468    ) 


CHAPTER  X. 


DYNAMICAL  PBINCIPLE8. 


Sect.  1.     F&  Viva. 

The  term  Vis  Viva  was  first  introduced  into  the  language  of 
Mechanics  bj  Leibnitz,  in  a  memoir  published  in  the  Acta 
JEmditorum  for  the  year  1695,  entitled  Specimen  dynamicum 
pro  admirandis  naiurcB  legible  circa  carporum  vires  et  mutuaa 
actiones  detegendia  et  ad  suae  cauaaa  revocandis  :  it  was  intended 
by  its  author  to  signify  the  force  of  a  bodj  in  actual  motion, 
called  otherwise  its  Vis  Motrix  or  Moving  Force,  as  distin- 
guished from  the  statical  pressure  of  a  bodj,  which  has  merely 
a  tendency  to  motion,  against  a  fixed  obstacle ;  the  statical  force 
of  a  body  he  designated  by  the  appellation  of  Vis  Mortua. 
Leibnitz  contended,  in  opposition  to  the  received  doctrine  of 
the  Cartesians,  that  the  proper  measure  of  the  Vis  Viva  or 
Moving  Force  of  a  body,  is  the  product  of  its  mass  into  the 
square  of  its  velocily,  the  measure  adopted  by  the  disciples 
of  Descartes  having  been  the  same  as  that  of  the  Quantity  of 
Motion,  namely,  the  product  of  the  mass  and  the  first  power  of 
the  velocity.  This  contrariely  of  opinion  in  respect  to  the 
estimation  of  Moving  Force,  gave  rise  to  one  of  the  most 
memorable  controversies  in  the  annals  of  philosophy;  almost 
all  the  mathematicians  of  Europe  ultimately  arranging  ^them* 
selves  as  partizans,  either  of  the  Cartesian  or  of  the  Leibnitzian 
doctrine.  Among  the  adherents  of  Leibnitz  may  be  mentioned 
John  and  Daniel  Bernoulli,  Poleni,  Wolff,  'sGhravesande,  Camus, 
Muschenbroek,  Papin,  Hermann,  Bulfinger,  Koenig,  and  even- 
tually Madame  du  Chfttelet;  while  in  the  opposite  ranks  may 
be  named  Madaurin,  Clarke,  Stirling,  .Desaguliers,  Catalan, 
Robins,  Mairan,  and  Voltaire.    The  Vis  Motrix,  or,  as  Leibnitz 
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exjvessed  it,  the  Vis  Viva  of  a  moving  body  was  regarded  as 
a  power  inherent  in  the  bodj,  by  which  it  is  able  to  encounter 
a  certain  amount  of  resistance  before  losing  the  whole  of  its 
Telocity:  the  question  itBduced  itself,  therefore,  to  the  deter- 
mination of  an  appropriate  measure  of  this  amount  of  resistance, 
to  which  the  Moving  Force  was  supposed  to  be  proportionaL 
Leibnitz  regarded  the  product  of  the  mass  of  the  body  and  the 
space  through  which  it  must  move,  under  the  action  of  a  ^ven 
retarding  force,  to  lose  the  whole  of  its  velocily,  as  the  correct 
measure  of  the  whole  resistance  expended  in  the  destruction  of 
its  motion,  and  therefore  as  a  proper  representative  of  the  Vis 
Motrix  OT  Vis  Viva  of  the  body.  Now,  by  the  theory  of  uniform 
acceleration^  fnf?  —  2mfi^  m  being  the  mass  of  the  body,  and  s 
the  space  which  it  must  describe,  under  the  action  of  a  constant 
retarding  force  f,  to  lose  the  whole  of  its  velocity  vi  hence  it  is 
evident  that,  according  to  the  doctrine  of  Leibnitz,  mv*  will 
represent  the  body's  Vis  Viva.  On  thie  other  hand,  the  Cartesians 
estimated  the  whole  resistance  necessary  for  the  destruction  of  the 
body's  velocity  by  the  product  of  the  mass  of  the  body  and  the 
whole  time  of  the  action  of  the  given  retarding  force;  and  there- 
fore, by  the  formula  mv  =  mft,  it  would  follow  that  mv  is  the 
proper  measure  of  the  Vis  Motrix,  or,  in  the  language  of  Leibnitz, 
of  the  Vis  Viva  of  the  body.  The  memorable  controversy  of  the 
Vis  Viva,  after  raging  for  the  space  of  about  thirty  years,  was 
finally  set  to  rest  by  the  luminous  observations  of  D' Alembert  in 
the  preface  to  his  Dynamique,  who  declared  the  whole  dispute 
to  be  a  mere  question  of  terms,  and  as  having  no  possible 
connection  with  the  fundamental  principles  of  Mechanics.  Since 
the  publication  of  D'Alembert's  work,  the  term  Vis  Viva  has 
been  used  to  signify  merely  the  algebraical  product  of  the  mass 
of  a  moving  body  and  the  square  of  its  velocity,  while  the  words 
Moving  Force  have  been  universally  employed,  agreeably  to  the 
definition  given  by  Newton  in  the  iVtnc^na,  in  the  signification 
of  the  product  of  the  mass  of  a  body  and  the  accelerating  force 
to  which  it  is  conceived  to  be  subject,  no  physical  theory  what- 
ever in  regard  to  the  absolute  nature  of  force  being  supposed  to 
be  involved  in  these  definitions.    For  additional  information 


I 


DYKAHICAL  PRINCIPLES.  465 

respecting  the  controversy  of  the  Vis  Viva,  the  reader  is  referr^ 
to  Montacla's  Histoire  dee  MathemcUiqueSy  Tom.  ill. ;  Hutton^s 
Mathematical  Dictionary  under  the  word  Force ;  and  WhewelFs 
History  of  the  Inductive  Sciences. 

The  Principle  of  the  Conservation  of  Vis  Viva  is  compre- 
hended in  the  following  proposition :  If  a  system  of  particles, 
any  number  of  which  are  rigidly  connected  together,  move  from 
one  position  to  another,  either  with  or  without  constraint^  under  the 
action  of  finite  accelerating  forces,  external  or  internal;  the 
change  of  the  vis  viva  of  the  whole  system  will  be  independent  of 
the  actions  of  the  particles  arising  from  their  mutual  connections  j 
and  will  be  equal  to  the  sum  of  the  changes  which  would  be  expC" 
rienced  by  the  vires  vivce  of  the  particles,  were  each  to  move  uncon" 
ncctedly  from  its  original  to  its  new  position  through  a  thin  smooth 
fixed  tube,  under  the  action  of  the  very  accelerating  forces  to  which 
it  is  subject  in  the  actual  state  of  the  motion.  This  Principle 
immediately  famishes  us  with  a  first  integral  of  the  differential 
equations  of  motion,  which  is  firequently  of  great  use ;  especially 
if  the  co-ordinates  of  the  position  of  the  moving  system  involve 
only  one  independent  variable,  as  in  the  problem  of  the  Centre 
of  Oscillation,  when  the  Principle  is  sufficient  for  the  complete 
determination  of  the  motion. 

The  Principle  employed  by  Huyghens^  as  the  basis  of  his 
investigations  on  the  problem  of  the  Centre  of  Oscillation,  con- 
stitutes under  an  indirect  form  a  particular  instance  of  the 
Principle  of  the  Conservation  of  Vis  Viva.  John  Bernoulli", 
however,  was  the  first  who  enunciated  the  theory  of  the  Conser- 
vation of  Vis  Viva,  a  name  which  he  gave  to  the  Principle,  as  a 
general  law  of  nature,  from  which  he  deduced  that  of  Huyghens 
as  a  particular  case.  Daniel  Bernoulli'  afterwards  extended  the 
application  of  the  Principle  to  the  motion  of  ))odies  subject  to 

^  Si  pendttlimi  h  plnrttnis  ponderibu  compontnm,  atqne  h  qniete  dtiuimiiD, 
ptftem  qnameanque  osciUAtionit  integf  coafeoerit»  atqoe  hide  poiro  intolHgantar 
pondera  ejus  siognla,  relicto  commnni  Tinoalo,  celeritatea  acqniiitu  tnnoiB  coa- 
Tertere,  ao  qnonsque  poBsant  ascendere ;  boo  facto,  centrum  gravitatii  ex  omnibus 
compoaitaB,  ad  eandem  altitndinero  revennm  erit,  quam  ante  inoeptam  oedllationem 
obtinebat.    JBorolog,  Oscillator,  p.  126. 

'  Opera,  pissim. 

'  Mhnoirek  de  tAeadimie  dei  Sciences  de  Berlin,  1748. 

W.  8.  30 
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mutual  attraction,  or  solicited  towards  fixed  centres  by  forces 
vaiying  as  anj  functions  of  the  distances.  A  demonstration  of 
the  Principle  in  particular  cases  was  first  given  by  D'Alembert* 
by  the  aid  of  his  general  Principle  of  Dynamics,  the  same 
method  of  proof  being,  it  was  evident,  of  general  application. 

(1)  A  uniform  rod  AB  (fig.  218)  moves  in  a  vertical  plane, 
within  a  hemisphere  ;  to  determine  its  angular  velocily  in  any  of 
its  positions,  its  initial  position  being  one  of  instantaneous  rest 

Let  0  be  the. centre  of  the  sphere;  O  the  middle  point  of 
ABy  which  will  be  its  centre  of  gravity ;  OH  a  perpendicular 
firom  O  upon  the  horizontal  radius  through  0,  which  is  in  the 
plane  of  the  rod's  motion;  let  OG^c,  AG  =  BG^a,  ^  =  the 
radius  of  gyration  about  G ;  OH—  x,  GH^y,  and  0  =  the  angle 
of  inclination  of  AB  to  the  horizon  at  any  time  t  Then,  by  the 
Principle  of  the  Conservation  of  Vis  Viva,  m  being  the  mass  of 
the  rod, 

let  h  be  the  initial  value  of  y ;  then,  since  "^  >  ;^  >  "^  >  *** 
initially  zero,  we  have  0  =  (7  +  2mgh ; 

But  firom  the  geometry  it  is  plain  that 

a;  =  c  sin  d,      y  =  c  cos  d, 

,  dx  ^d0         dy  »    /%d0 

whence  -.ccos^^,      ^  =  _c8m<?^j 

we  have,  therefore, 

dff^ 
{(?  +  W)-^  =  2cff  (cos  0  —  cos  a), 

a  being  the  initial  value  of  0 ;  hence,  putting  for  ft?  its  value 
J  a*,  we  have,  for  the  angular  velocity  of  the  rod  in  any  of  its 
positions, 

*  DraiU  de  Dynamique,  Seoonde  PariU,  chap.  nr.  p.  352. 
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(2)  A  rod  PQ  (fig.  219)  is  kept  in  a  vertical  position  by 
means  of  two  small  rings  A  and  A ;  its  lower  end  P  is  sup- 
ported on  an  inclined  plane  BC,  which  is  at  liberty  to  move 
freely  on  a  horizontal  plane ;  to  determine  the  motion  of  the  rod 
and  the  plane. 

Produce  QP  to  meet  the  horizontal  plane  in  the  point  0 ;  let 
OP==y,  OB=x,  at  any  time  of  the  motion ;  h  =  the  initial  value 
of  y,  a  =  the  inclination  of  the  inclined  plane  to  the  vertical, 
m  —  the  mass  of  the  rod,  m!  ==  the  mass  of  the  inclined  plane. 

Then,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 

m'^  +  m^  =  G-2gmy; 

but,  supposing  the  rod  and  the  plane  to  be  initially  in  a  state  of 

instantaneous  rest, 

0-G-'2gmh; 

hence  '^'dl^^df^ ^^^  (* "" y)  5 

but,  from  the  geometry, 

hence  we  have 

{wf  tan*  a  +  m)  -^  =  2mg  (A  —  y) , 

(wi' tan'  a  +  w)* ^—.  =  -  (27w)*  dt, 

(A-y)* 

the  negative  sign  being  taken,  because  y  decreases  as  t  increases : 
therefore,  by  integration, 

2  (w' tan* a  +  m)*  (A -y)*  ==  (7+ (27»y)* ^• 

but  y  =  A  when  <  =  0 ;  and  therefore  (7=0;  hence 

2  (»i'tan*a  +  wi)  (A  — y)  =  mgfy 

and  therefore,  for  the  value  of  y  at  any  instant  of  the  motion, 


y  =  A- 


wi-f  m'tan'a' 

30—2 
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and  therefore,  for  the  value  of  x, 

,  ^  \mqftxn.(i 

x^h  taua — ^  .^  .^ — r~- 

m  4-  w  tan  a 

(3)  AB  (fig.  220)  is  a  uniform  beam,  capable  of  moTing 
freely  about  a  hinge  A ;  the  extremity  B  resta  upoo  an  inclined 
plane  CE,  which  forma  the  upper  sur&ce  of  a  body  EOD ;  the 
body  rests  with  a  flat  base  upon  a  smooth  horizontal  plane 
passing  through  Ay  the  vertical  plane  which  contains  AB  being 
supposed  to  cut  the  plane  surface  of  the  body  CED  at  right 
angles,  and  to  pass  through  its  centre  of  gravity :  to  determine 
the  motion  of  the  beam  and  the  body. 

Let  G  be  the  centre  of  gravity  of  AB ;  draw  OH  at  right 
angles  to  the  straight  line  ACjD;  let  my  m\  denote  the  masses 
of  the  beam  and  of  the  body ;  let  AH^Xy  OH^jfy  ^  BAG^O, 
jL  EGD  =  a,  -4  (7  =s  ic',  i  =  the  radius  of  gyration  of  AB  about  0. 
Then,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 

but  from  the  geometry  we  see  that 

2a 
2;=:a  cos^,      y=^a%mOy      af^—, —  sin(a  — &) (1); 

^  sma       ^  ^ 

hence  we  have 

w  (a"  +  A*)  ^  -f   .  ,    w'cos*  (a  —  ^)  ;^  =  C'—  2mga  sin  d, 

[m {cf+l^  sin*a  +  4«iVcos*  (a  — tf)}  -^rssin'a  {G^2mgawi0)\ 

let  /8  be  the  value  of  0  when  -=-  =  0 ;  then 

at 

0  =  sin*a  {G-^^mga  sin/S), 
and  therefore  we  get 

{m{cf+  K)  siu'a  +  4mVcos*  («  -  ^)}  -^  =  2may  sin"a  (sin/S— smtf), 
which  gives  the  value  of  -^  for  any  assigned  value  of  0\  whence, 
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by  the  aid  of  the  equations  (1),  we  may  obtain  the  valaes  of 

//»)•         n/U         OJ0[f 

-^ ,  -# ,   -^  ,  for  any  position  of  the  beam. 

(4)  A  miiform  lever  AGB^  (fig.  221),  of  which  the  arms  AG 
and  BC  are  at  right  angles  to  each  other,  rests  in  equilibrium 
when  AG i&  inclined  at  a  given.angle  to  the  horizon;  if  AG  be 
raised  to  a  horizontal  position,  G  being  fixed,  to  find  the  angle 
through  which  it  will  fall. 

Let  GA  as  2ay  GB  =«  2a',  m ^  the  mass  of  AGyw!^  the  mass 
o{  BG;  let  (9,  ^,  be  the  inclinations  of  GAy  GBy  to  the  horizon, 
at  any  time  of  the  motion. 

Then  the  vis  viva  of  the  lever  will  be  equal  to 

2fnaff  sin  ^  +  2mWff  Bmff+G; 

but,  when  ^  =  0  and  therefore  ^  =s  Jtt,  the  vis  viva  is  equal  to 

zero;  hence 

0  =  2m  a  g  +  G; 

hence  the  vis  viva  for  any  position  of  the  lever  is  equal  to 

'  2fnag  sin  tf  +  2m!  a  g  sin  ^  —  2m*  a  g. 

Now,  when  the  value  of  ^  is  a  maximum,  the  vis  viva  will  again 
become  zero ;  hence,  for  the  required  value  of  0, 

masin^  +  mVsin^asmV (1). 

Let  /8,  /S*,  be  the  values  of  tf,  ff^  for  the  equilibrium  of  the 

lever;  then 

m/i  cos^  =s m'a  COSTS' ; 

hence  firom  (1)  there  is 

COS  )3'  sin  ^  +  cos)9^in  ff  »  cos^, 

or,  since  /S*  =  Jtt  —  ^,     ^  =  ^tt  —  ^, 

sin^  sin ^  +  cos ^ cos  0  ss  cos /8,    cos  (^  —  /8)  =»  cos )8 ; 

and  therefore  0  »  2/3,  the  angle  through  which  GA  Mis. 

(5)  To  determine  the  motion  of  a  pendulum,  the  axis  of  which 
is  a  cylinder  resting  upon  two  perfectly  rough  planes  which  coin-* 
cide  with  the  same  horizontal  plane,  the  cylindrical  axis  being 
thus  capable  of  rolling  along  the  planes. 
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Let  C  (fig.  222)  be  the  centre  of  a  yertical  section  of  the 
cylindrical  axis  made  by  a  plane  containing  the  centre  of  grayity 
of  the  pendulum ;  C  may  be  regarded  as  the  centre  of  gravity 
of  the  axis.  Let  G  be  the  centre  of  gravity  of  the  pendulum 
and  cylinder  together,  and  mJ^  their  moment  of  inertia  about  a 
horizontal  line  through  O  parallel  to  the  axis^  m  denoting  the 
sum  of  their  masses.  Let  OH}yQ  drawn  at  right  angles  to  the 
horizontal  plane  along  which  the  axis  rolls ;  let  0  be  the  point 
of  contact  of  the  section  G  of  the  axis  with  this  plane  at  any  time 
of  the  motion,  A  being  the  position  of  0  corresponding  to  the 
equilibrium  of  the  system.  Let  CO  =  Cy  CG^^a^  i.  GGK=^^ 
Cff"  being  a  vertical  line,  AH=^  x,  GIt=y, 

Then  the  vis  viva  of  the  system  at  the  time  t  due  to  the  mo- 

•^  +  7^  J  J  ^^^  *^®  "^8  viva  due  to  rotation 

about  G  will  be  mA?  -^ ;  hence  the  whole  vis  viva  of  the  system 
will  be  equal  to 

also  the  sum  of  the  products  of  the  mass  of  each  molecule  of  the 
system  into  the  vertical  space  through  which  it  has  descended, 
will  be  equal  to  my  together  with  some  constant  quantity  de- 
pending upon  the  initial  circumstances  of  the  system.  Hence, 
by  the  Principle  of  Conservation  of  Vis  Viva, 

but  from  the  geometry  it  is  epddent  that 

a;  =  a  sin  ^  —  c^,     y  =  ^  cos  ^  ""  ^> 
and  therefore 

dx     ,  A       \dS         dy  *    ^  ^ 

hence  we  have 

(a*  +  c^  + A?  -  2ac  cos^)  ^  =  C  +  2^  (a  cos  ^  -  c) ; 


m 
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let  a  be  the  maximum  value  of  ^^  then 

0  =  (7'  +  2^  (a  cos  a  -  c), 
and  therefore 

{a^  +  if  +  Jt?  —  2ac  cos  <f>)  -^  =  2ffa  (cos  ^  —  cos  a), 

which  gives  the  angular  velocity  of  the  pendulum  for  eveiy 
position  which  it  assumes  during  its  motion. 

For  the  period  of  a  semi-oscillation  we  have 

j,^ll\a'  +  <?  +  J^-^accp>)^  ^ ^jj^ 

(2c^)j«         (cos  ^- cos  a)* 

This  integration  cannot  be  effected  except,  which  we  will  sup- 
pose to  be  the  case,  the  amplitude  of  the  pendulum's  oscillation 
i8  very  small. 

Assume  then        sin  ^  =r  5,      sin  ~  =  i ; 
whence  cos  ^  =«  1  —  2  sin"  2  =  1  —  2^^, 

cos  a  =.  1  -  2  sin*  ^  ==  1  -  2b\ 

1  ,.       iads  isds  2d8 

and  wp  =  -3 — -r  = 


8"^^       (l-COS*^)*       (1-0*" 

Hence,  from  (1), 

"(2aj7)*J.  (2J»-2«^*  *(l-«^*' 

and  therefore,  patting  (a  —  c)*  +  A?  =  h*, 

j,^_i_   r jk*  +  iac tl^* ds _ 

but,  8  being  a  small  quantity,  we  have,  neglecting  small  quanti* 
ties  of  orders  higher  than  the  second, 
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and  theiefaie 


^-— ^=*(l  +  -2i^^)    nearly: 


hence 


(1-^ 


iri        ««'  (4ac  +  *•) 


2  (ay)*  Sh  (ay)»      ' 

and  therefore  the  period  of  a  complete  oscillation  is  equal  to 


{ag)^  4A  (ay)* 

Enler  has  discussed  this  problem,  starting  with  the  general 
equations  of  motion,  and  investigated  the  pressure  on  the  plane  at 
any  time,  as  well  as  the  horizontal  action  of  the  plane  upon  the 
cylinder  which  shall  be  sufficient  to  prevent  sliding. 

Euler ;  Nova  Acta  Acad.  Petrop.  1788 ;  p.  145. 

(6)  Two  equal  particles  are  attached  to  the  extremities  A^  A\ 
(fig.  223);  of  a  straight  lever  AC  A'  having  equal  arms  without 
weight,  and  are  each  attracted  to  a  centre  of  force  in  O  which 
varies  inversely  as  the  cube  of  the  distance ;  CO  is  vertical  and 
equal  to  OA  or  CA' ;  supposing  the  lever  to  be  placed  originally 
in  a  given  position,  to  find  the  time  of  its  becoming  vertical. 

Let  CO  =  CA==a;  OA  =  r  and  OA'  =  /  at  any  time  of  the 
motion ;  /,  A  CO  =  ^ ;  w  »■  the  mass  of  each  of  the  particles,  /*  = 
the  attraction  of  the  force  in  0  upon  a  imit  of  matter  collected  in 
a  point  at  a  unit  of  distance ;  a  »  the  initial  value  of  6. 

Then  the  vis  viva  of  the  two  particles  together  will  be,  at  any 
time  L  2mcf-f^i  hence 
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and  therefore 

Now  from  the  geometry  we  have 

7^  =  2a"  (1  -C08^,       /■  =  2a'  (1  +cos  ^  ; 

hence  2<f^^:^{j^^-V—^  +  C 

or     2a'\l  — coB^     1+costf/ 


a'  sm 


d 


but  when  ^  =  a,  •;^  =  <>  i  hence 


and  t!|xei^Te 


a   sm  a 


,rfy  _       /i       sin*  a— sin*  tf 
df^  of  sin*  a        ain'^ 


hence,  ^  being  negative  because  ^  decreases  with  the  increase 

2\i  ,        AuOdd       _      dt 


© 


(sin*  o  -  sin*  ^*        "«»  « 


2\J  ,         rfcosd        _    <ft 


© 


(cos*  tf- COS*  a)*     sin*' 
integrating  we  get 

-)  a' log  {cos  ^+ (cos"  tf- COS*  a)*}  = -4- +0; 


©' 


sm  a 


but  ^  s=  a  when  <  =  0 ;  hence  C^  ( —  j  a*  log  cos  a;  and  therefore 


/2\i  , ,      cos  g-t-  (oo8*g  -  cos*  g) 
\ji)  ^     °  cos  a 


«-^i        t 


sm  a 


When  ./ICJ.'  becomes  vertical^  &bO,  and  we  have  for  the 
required  value  of  t^ 

.     /3\J  t   •      1      1  +  sina     /2\i  ,  .      ,     ^     v  +  2a 
«  =  ^J  a*smalog-^^j^»^j  a*smalogtan -^j— . 
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(7)  BFO  (fig,  224)  is  a  heavy  body  of  any  fonn,  of  which  C 
is  the  centre  of  gravity;  an  inextensible  string  attached  to  a 
fixed  point  E  is  wound  about  the  circumference  of  a  circle 
ALHy  having  C  for  its  centre,  and  representing  an  axis ;  EA  is 
vertical ;  to  determine  the  velocity  of  C  when  the  body  has 
descended  from  rest  through  a  given  altitude^  under  the  action 
of  gravity,  by  the  uncoiling  of  the  string. 

Let  a  be  the  radius  of  the  axis,  k  the  radius  of  gyration  of  the 
body  about  C\  v  the  velocity  acquired  by  Oj  after  descending 
through  a  space  x.    Then 

.220^ 

This  problem  is  one  of  the  *  Theoremata  Selecta,'  given  by 
John  Bernoulli,  ^  pro  conservatiane  vtrium  vtvarum  denumatranda 
et  experimentia  confirmanda,^ 

Comment.  Acad.  Petrop.  1727,  p.  200.     Opera^  Tom.  in, 
p.  127. 

(8)  A  particle  A  (fig.  225)  descends  down  the  curve  CKA^ 
drawing  a  particle  B  up  the  curve  CLE  by  means  of  a  string 
passing  over  the  point  C\  to  determine  the  velocities  of  the 
particles  after  moving  firom  rest  through  any  corresponding 
spaces. 

Let  m,  m',  be  the  masses  of  A,  B^  respectively ;  t;,  v\  their 
velocities  after  moving  through  vertical  spaces  equal  to  y^  y  \ 
then,  (&,  (&',  denoting  elements  of  the  two  curves, 

d^  d^ 

John  Bernoulli ;  Ad.  Erudii.  Lips.  1 735.  Mai.  p.  210  ; 
Opera,  Tom.  ill.  p.  257.  Hermann ;  Mhnoires  de 
St.  Pitersbourg,  Tom.  ii.  D'Alembert;  TraM  de 
Dynamique,  p.  123 ;   Seconde  Edition. 

(9)  A  uniform  straight  plank  rests  with  its  middle  point  upon 
a  rough  horizontal  cylinder^  their  directions  being  perpendicular 
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to  each  other :  supposing  the  plank  to  be  slightly  displaced,  so 
as  to  remain  always  in  contact  with  the  cylinder  without  sliding, 
to  determine  the  period  of  one  oscillation. 

If  2a  =  the  length  of  the  plank,  and  r  =  the  radius  of  the  circle, 
the  time  of  an  oscillation  is  equal  to 


ira 


i^ffr) 


r 


(10)  Two  equal  weights  P,  P,  are  tied  to  the  ends  of  a  fine 
string  which  passes  over  two  pulleys  without  mass  in  a  horizontal 
line :  supposing  a  weight  W,  less  than  2P,  to  be  fixed  to  the 
middle  point  of  the  horizontal  portion  of  the  string,  to  determine 
how  far  it  will  descend. 

K  a  =  the  distance  between  the  two  pulleys,  PF  will  fall  through 
a  space  equal  to 

^2PWa 
4P"- JP' 

(11)  A  solid  cylinder  is  freely  moveable  about  its  axis,  which 
is  fixed  horizontally,  and  weights  TF,  W'y  are  hung  at  the  ends 
of  a  string  wound  round  it:  after  W^  has  descended  from  rest 
for  t  seconds,  it  is  suddenly  cut  off,  and  the  system  comes  to 
rest  in  t  seconds  more:  to  find  the  weight  of  the  cylinder. 

The  weight  of  the  cylinder  is  equal  to 

4TF' 

(12)  A  thin  uniform  smooth  tube  is  balancing  horizontally 
about  its  middle  point,  which  is  fixed :  a  uniform  rod,  such  as 
just  to  fit  the  bore  of  the  tube,  is  placed  end  to  end  in  a  line  with 
the  tube,  and  then  shot  into  it  with  such  a  horizontal  velocity 
that  its  middle  point  shall  only  just  reach  that  of  the  tube :  sup- 
posing the  velocity  of  projection  to  be  known,  to  find  the  angular 
velocity  of  the  tube  and  rod  at  the  moment  of  the  coincidence  of 
their  middle  points. 
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If  o  be  the  velocity  of  the  rod's  projection^  m  the  mass  of  the 
rod,  m  that  of  the  tube,  2a,  2a  y  their  respective  lengthfl,  and  a 
the  required  angular  velocity  ;  then 


09    ss 


ma^  -h  mV 


Sect.  2.     Fw  Viva  and  the  Conservation  of  the  Motion  of  the 

Centre  of  Oravity, 

The  Principle  of  the  Conservation  of  the  Motion  of  the  Centre 
of  Ghravity,  under  its  most  general  form,  asserts  that,  the  motion 
of  the  centre  of  gravity  of  a  free  system  of  bodies  disposed  rdor 
tivdy  to  each  other  in  any  conceivable  numner,  is  always  the  same 
as  if  the  bodies  were  all  united  in  the  centre  of  gravity^  and  at 
the  same  time  each  of  them  toere  animated  by  the  same  accelerating 
forces  as  in  their  actual  state.  The  discovery  of  the  Principle  is 
due  to  Newton  \  by  whom  it  received  a  demonstration  in  the 
particular  case  where  the  system  is  subject  to  no  external  force, 
when  the  centre  of  gravity  will  either  remain  at  rest  or  move  in 
a  straight  line  with  a  uniform  velocity.  D'Alembert'  afterwards 
extended  the  Principle  to  the  case  where  each  body  is  supposed 
to  be  solicited  by  a  constant  accelerating  force  acting  in  pimillel 
lines,  or  directed  towards  a  fixed  point  and  varying  as  the  dis- 
tance. Finally,  Lagrange'  expressed  the  Principle  under  its 
most  general  form  for  every  law  of  force  to  which  the  bodies 
can  be  subject. 

(1)  A  smooth  groove  KAL  (fig.  226)  is  carved  in  a  vertical 
plane  in  the  body  KBCL,  which  is  placed  upon  a  smooth  hori- 
zontal plane,  along  which  it  is  able  to  slide  freely ;  to  find  the 
form  of  the  groove  that  a  heavy  particle,  placed  within  it,  may 
oscillate  in  it  tautochronously,  the  time  of  an  oscillation  being 
given. 

Let  P  be  the  place  of  the  particle  in  the  groove  at  any  time ; 
draw  PN  vertically  to  meet  the  horizontal  plane  in  N^  which 

'  Prinoipia;  Axiomata  tine  Leges  Matus,  Cor.  4. 

*  Traite  de  DynaaUque,  Secande  Pariie,  Chap.  ii. 

*  JHUimiqve  AmalfHque,  Tom.  i.  p.  357,  ke. 
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will  lie  ID  the  line  OE  formed  b j  the  intersection  of  a  vertical 
plane  through  the  groove  with  the  horizontal  plane.  Let  A  be 
the  lowest  point  of  the  groove,  draw  AM  horizontally,  AA  ver- 
tically. Let  0  be  a  fixed  point  in  OE-,  let  OA  =  a?',  ON^.x^, 
PN=y^y  AM—x,  PM=y;  let  Aj^,  Aj,  be  the  initial  values  of  y^, 
y;  let  9n  3=  the  mass  of  the  particle^  m*  =  the  mass  of  the  body. 

Then,  by  the  Principle  of  the  Conservation  of  the  Motion  of 
the  Centre  of  Gravity,  since  no  forces  act  npon  the  particle  and 
body  parallel  to  OE, 

,dx   .       dx.  , 

"*-5^  +  '»-^  =  * (')• 

Also,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 

But,  firom  the  geometij,  it  is  evident  that 

^  _  ^'     ^ 

dt~  dt^  dt W» 

and  k,-y,  =  k-y,       ^  =  ^ (4). 

From  (1)  and  (3)  we  have 

dx^  _^     Tii     dx          dx  ^         m      dx  .  . 

dt  "^  m  +  w!li'        W         m  +  w'  5? ^^' 

Hence,  from  (2),  (4),  (5),  we  see  that 

m!      daf     dif  ,, 

and  therefore,  if  r  denote  the  time  of  a  semi-oscillation, 

(    m       da?       \i 

,.    •  fk±i^., (.,. 


This  value  of  r  must  be  independent  of  2;  in  order  that  the 
particle  may  oscillate  tautochronously,  and  therefore  we  tnust 
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(, 


haYCi  it  being  neoesmy  that  the  ooeflBdent  of  dE^r  be  of  —1 
dimeDsioDB  in  y  and  Jc^ 

m       da?     |M_?^  /m\ 

.^r+^'  ^  ^  V  "y* ^  ^' 

where  a  is  a  constant  quantity ;  henoe 

dx  ^/m-^-  m\i  /a  —  y\i 

and  tha«fore,  hy  mtegmtion. 

But,  from  (6)  and  (7), 

T  -  -  —  f— ^^^'^  =  —       a=^ 
(2i^)*J*(%-y*)*      (25^)*'  '^' 

and  therefore  from  (8)  we  get,  for  the  equation  to  the  groore, 

Clairaut ;  MSmairea  de  VAcad^mie  dea  Sciences  de  PartSy 
1742,  p.  41.  Euler;  Opuscula,  de  motu  corporwrn 
tvbis  mohilihus  incluaarum,  p.  48. 

(2)  A  thin  spherical  shell,  the  radius  of  which  is  a,  rests 
upon  a  smooth  horizontal  plane ;  a  particle  of  the  same  mass  as 
the  shell,  is  placed  at  the  lowest  point  of  its  internal  surfiEUse, 
which  is  smooth :  to  determine  to  what  height  the  particle  will 
ascend,  supposing  the  shell  to  be  projected  with  a  horizontal 

velocity  2  {ga)K 

The  particle  will  ascend  just  as  high  as  the  centre  of  the  shell, 
and  then  descend. 

Sect.  3.     Vta  Viva  and  the  Gonserwxtion  of  Areas. 

The  Principle  of  the  Conservation  of  Areas  asserts,  that  if  a 
system  of  particles  be  subject  only  to  mutual  actions^  the  sum  of 
ike  products  of  the  mass  of  each  particle  into  the  profecHon  {on 
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any  proponed  plane)  of  the  area  described  by  its  radius  vector, 
round  any  assigned  pnnt^  is  proportional  to  the  time.  The  same 
principle  holds  good  also  if  the  system  be  subject  to  external 
forces,  provided  that  they  be  such  that  the  algebraical  sum  of 
their  moments  about  a  line  through  the  assigned  point  at  right 
angles  to  the  proposed  plane  be  zero.  This  principle,  which  is 
in  fact  a  generalization  of  Newton's  theorem  respecting  the 
areas  described  by  a  single  body  about  a  centre  of  force,  was 
discovered,  about  the  same  time,  by  £uler\  Daniel  Bernoulli^ 
and  D'Arcy';  the  enunciation  of  the  Principle  given  by  Euler 
and  Bernoulli  being  expressed  under  a  form  somewhat  different 
from  that  given  by  D'Arcy,  under  which  it  is  now  generally 
expressed.  The  discovery  of  the  Principle  was  suggested  to 
these  three  mathematicians  by  the  consideration  of  the  problem 
of  the  motion  of  several  bodies  within  a  tube  of  given  form, 
moving  about  a  fixed  point. 

(1)  P,  n,  (fig.  227),  are  two  material  particles  attached  to  an 
inflexible  straight  line  POII,  moveable  in  a  horizontal  plane 
about  a  fixed  point  0 ;  the  particle  11  is  fixed  to  the  inflexible 
line,  while  the  particle  P  is  capable  of  sliding  along  it ;  to  de- 
termine the  path  described  by  P,  corresponding  to  any  initial 
velocities  of  the  particles. 

Let  OE  be  an  immoveable  straight  line  passing  through  0 ;  let 
PO^r,  nO  =  a,  w  =  the  mass  of  P,  /4  =  the  mass  of  11,  ^  POE 
=  0.  Then,  by  the  Principle  of  the  Conservation  of  Areas,  since 
the  only  force  to  which  the  moving  system  is  subject  is  the 
reaction  of  the  fixed  point  0,  we  have 

{m^  +  ^^^^C (1), 

where  G  is  some  constant  quantity. 

Again,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 


m 


far'       •aCrX  %<Jf^      n* 


*  OpuMCvdOy  d/B  motu  oorporum  tubis  mobUibus  indiuantm,  p.  4S>  1746. 
'  Mimoiru  de  VAeadimie  dea  Scieneet  de  Bertin,  1745,  p.  54. 
'  Mhwirti  de  tAeadimie  de$  ScUmcet  dB  Paris,  1747,  p.  848. 
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m^+{m>  +  (M^)^^C' (2), 

C  'being  a  congtant  quantity. 
Eliminating  dt  between  (1)  and  (2),  we  obtain 


m 


g  =  |g;  («!.'  + M-*)  -  l}  («n»^  +  M«0, 


which  is  the  differential  equation  to  P'b  path. 

In  order  to  determine  C  and  C,  suppose  that  b^  oi,  u,  are  the 

initial  values  of  r,  ^  ,   -^,  respectively.    Then,  from  (1), 

{mb*  +  /4a*)  0)  =  (7, 
which  determines  C;  and,  from  (2), 

which  determines  C\ 

Clairaut;  MSm.  de  VAcad,  des  Sciences  de  PariB,  1742, 
p.  22.  D'Arcy:  MSm.  de  TAcad,  dee  Sciences  de 
Parisj  1747,  p.  351.  D' Alembert ;  TraiU  de  Dy- 
namiquey  p.  104,  seoonde  edit. 

(2)  A  straight  rod  PQ^  (fig.  228),  subject  to  the  condition  of 
always  passing  through  a  small  fixed  ring  at  0,  is  in  motion 
on  a  horizontal  plane;  to  determine  the  path  of  its  centre  of 
gravity  O. 

At  any  time  t  of  the  motion,  let  OG=ry  ^OOE^Oj  OE 
being  a  fixed  line  in  the  plane.  Let  m  be  the  mass  of  an 
element  of  the  rod  at  any  distance  p  from  0^  and  let  /bt  be  the 
mass  of  the  whole  rod. 

Then,  by  the  Principle  of  the  Conservation  of  Areas,  the 
only  force  which  acts  on  the  rod  being  the  reaction  of  the  ring. 
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k  being  the  radius  of  gyration  of  the  rod  about  its  centre  of 
gravity,  and  G  a  constant  quantity. 

Again,  by  the  Principle  of  the  Conservation  of  Vis  Viva,  the 
ring  being  considered  perfectly  smooth, 

dv           ,  ^      --.  d(r  .  V 

=  ^^  +  /*(^  +  A^-^^- (2), 

C  being  a  constant  quantity. 
Eliminating  dt  between  (1)  and  (2),  we  have 


dff 


=  {^' ('^  +  ^)  - 1|  (r*  +  A^ (3). 


Suppose  that  a,  «,  a>,  are  the  initiad  values  of  r,  -^- ,  -=-  , 

dt      at 

respectively;  then,  by  (1)  and  (2), 
hence  the  equation  (3)  becomes 

which  is  the  differential  equation  to  the  path  of  O, 

Clairaut ;  M^moirea  de  VAcad,  des  Sciences  de  Paria, 
1742,  p.  38-41. 

(3)  Two  equal  particles  P,  P,  (fig.  229),  are  attached  to  the 
extremities  of  a  rod  PP]  the  middle  point  0  oi  the  rod  is 
fixed ;  the  rod  is  able  to  move  in  every  direction  about  0 ;  to 
determine  the  motion  of  the  particles  corresponding  to  any 
initial  circumstances,  the  weight  of  the  rod  being  neglected. 

Through  the  point  0  draw  a  straight  line  A  OB;  with  0  as 
a  centre  and  radius  equal  to   OP,  describe  the  two  indefinite 
w.  s.  31 
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circular  arcs  APk^  Al,  the  latter  of  which  is  supposed  to  Ije 
within  an  assigned  plane.  Let  OP=a,  z^OP=^,  zkAl=^0; 
m  =  the  mass  of  each  of  the  particles.  Then,  t  denoting  the 
corresponding  time,  we  shall  have,  by  the  Principle  of  the  Con- 
servation of  Vis  Viva,  whether  the  particles  be  subject  to  the 
action  of  gravity  or  not, 


w(f+»..tg).c. 


d(l>   ,    .  , ,  cW  „  * 

Cy  c,  being  constant  quantities. 
Again,  by  the  Principle  of  the  Conservation  of  Areas,  we  have 

2ma*  sin'^  -^  a=  O,, 

or  •8in"<^-^  =  c, (2), 

(7,,  C|,  being  constants. 

dO 

Eliminating  -^  between  the  equations  (1)  and  (2)  we  get 

and  therefore        sin  ^  J^  =  (c  sin*  ^  —  c*)  *  eft, 

(c  —  c^  —  c  cos'  ^)*  eft  =  —  rf  cos  ^ ; 

integrating,  and  adding  an  arbitrary  constant  c,, 

1       _.  c^cosA  ,^. 

<  +  C.  =  ^C08'- ^ (3), 

cos  <^  =  (-^-i:^  cos  {c*  (<  +  cj} (4) 

Suppose  that  when  ^  =  0,  ^  =  /8,  ^  =  o>j    ^~*^''  *^®^ 

c  a=  0)'*  +  0)"  sin'/9,     from  (1) ; 
Cj  s:  a>  sin'^,  from  (2) ; 
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and  therefore,  from  (3), 

1  ..  (a)'*  +  a>'8in»i8)ico8i8 

'     (6)'»  +  a>»  8in»)3)^  (0)"+ 0)'  sin«)3  cos'/S)* ' 

The  value  of  cos  ^  being  given  by  (4),  we  may  then,  by  the 
aid  of  (2),  get  an  expression  for  d  in  terms  of  t 

(4)  A  spherical  shell,  the  interior  radius  of  which  is  the 
nf^  of  the  exterior,  is  filled  with  fluid  of  the  same  density  with 
itself ;  to  compare  the  space  through  which  it  would  roll  from 
rest  in  a  given  time  down  a  perfectly  rough  inclined  plane, 
with  that  which  would  be  described  by  a  solid  sphere  of  the 
same  size  and  weight  rolling  down  the  same  plane. 

Let  m,  m,  denote  the  masses  of  the  shell  and  fluid  respec- 
tively ;  a,  a\  the  exterior  and  interior  radii ;  4,  f^,  the  radii  of 
gyration  of  the  shell  and  fluid  about  a  diameter  of  the  sphere ; 
a  the  inclination  of  the  plane  to  the  horizon ;  0,  ff,  the  angles 
through  which  the  shell  and  fluid  have  revolved  about  their 
common  centre  of  gravity  from  the  beginning  of  the  motion ; 
X  the  space  described  by  the  centre  of  the  sphere. 

Then,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 
but,  since  the  resultant  of  all  the  forces  which  act  on  the  fluid* 

■ 

sphere  passes  through  its  centre  of  gravity,  we  have,  by  the 
Principle  of  the  Conservation  of  Areas, 

at 
hence,  from  these  two  equations, 

^iw^^  df)  "^^'^"^  C"  -^  2  {m  -{■  m')  ffx  sina; 
but,  since  the  sphere  rolls,  we  have  x=^a0;   hence,   putting 

(jm*  +  mJf)  -^  =  C'a*  +  ^^ujfgx  sin  a ; 

31—2 
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differentiating  with  respect  to  <,  and  dividing  by  2  -r- , 

(jia^  +  TiiJ^)  ^-  =  /ia'^  sin  a (1). 

Now,       m1f  =  ^iui^-  I  w a'*  =  f  (/Aa" -  ma**)  ; 

but  f»'=T  anda'  =  -;  hence 
n  n 

#» 
Substituting  this  value  of  mJf  in  (1),  we  obtain 

(7n*  -  2) -^  =  Sn"^  sin  a ; 

integrating,  and  bearing  in  mind  that  -3-  ==  0,  a;  =  0,  when  ^  =  0, 

at 

we  get 

(7n*  —  2)  a?  =  I  rfgf  sin  a. 

In  the  case  of  the  solid  sphere,  we  shall  obtain  in  a  similar 

manner, 

7a?'  =  ^gf  sin  a, 

X  denoting  the  space  through  which  it  has  rolled  along  the 
plane  at  the  end  of  the  time  t 


If  n  =  2,  we  have 


X      7n*-2' 

a?_112 
x' ""  111  • 

Lady  8  and  Gentleman  8  Diary y  1842,  p.  51. 


(5)  The  particle  m  (fig.  230)  is  connected  with  the  particlcB 
w'  and  m"  by  means  of  two  fine  inextensible  strings m Om\  m Om\ 
passing  through  a  small  smooth  ring  at  0 ;  m,  m,  m\  all  lie  on 
a  smooth  horizontal  plane  passing  through  0 ;  to  determine  the 
tensions  of  the  two  strings  and  the  motions  of  the  particles,  sup- 
posing the  particles  to  have  received  any  initial  impulses  such 
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as,  at  least  at  the  commencement  of  the  motion,  to  keep  the 
strings  at  fnll  stretch. 

Draw  through  0  a  straight  line  OA  in  the  plane  of  the  motions ; 
let  Om=r,  Om'=r',  Om"=r",  4mOA=0,  Am'OA=&,  ini' 0A^&\ 
at  any  time  t\  T=^  the  tension  of  the  string  mOm\  and  r"=  that 
of  the  string  mOm", 

Then,  since  the  only  forces  which  act  upon  the  particles  pass 
through  Oj  we  have,  by  a  formula  in  the  theory  of  Central 
Forces, 


de 

=  r 

dt 

'in 

de 

dff'* 

de 

rpn 

} 

d\ 

=  r 

dff 

r+ 

mil 

(1). 


d^  dJ^  m 

But,  the  strings  being  supposed  to  be  kept  at  full  stretch,  we  have 

I       '  '  .       n  n  tc\\  . 

T-^-r^^c^     r  +  r  —c, (2); 

where  (/,  (f%  denote  the  lengths  of  the  strings  mOm%  mOm"\  and 
therefore 

de'^  df"^'     de^  de  "^' 

hence,  by  the  first  and  third  of  the  formulas  (1), 

r    r+T"     dff    ,d0'^  ,^, 

w-^-^r-=^^+^^ ^^^\ 

and,  by  the  second  and  third. 

Again,  since  the  only  forces  which  act  upon  the  three  particles 
pass  through  the  point  0,  we  have,  by  the  Principle  of  the  Con- 
servation of  Areas, 

"^  dt      ""'       "^   dt""^'      "^     dt      "^^ ^^^' 

where  e,  e^,  ^\  are  invariable  quantities :  hence,  firom  (3)  and  (4), 
we  have 


486 


DTNAMICAL  PRINCIPLES* 


IZ?  "^        ^         ~  *^"'']^  ' 


T"     T  +  T"     ^ 


Jft 


—    + 

m 


—  3  +  -"» J 


from  these  two  equations  we  may  readily  ascertain  that 


w 


T"     we*     (w  +  m)  e 


"1 


(m  +  m'  +  w")— ^=  -g-  + 


m 


."8 


me 


(w+w+wj — — — =  — Hi —  + '::78"  +  ^''8~  > 

w  T  r  r 


^  ••••••  ^6^  f 


which  give  the  values  of  the  tensions  of  the  two  strings  inChn^ 
m  Om'%  and  of  the  double  string  0/w.  It  is  important  to  observe  that 
these  values  for  the  tensions  hold  good  only  so  long  as  both  the 
strings  are  at  full  stretch;  if  either  of  the  strings  become  slack 
at  any  epoch  of  the  motion,  these  formulae  will  no  longer  apply; 
this  will  be  evident  when  it  is  considered  that  in  obtaining  them 
we  made  use  of  the  equations  (2)  which  are  grounded  on  the 
supposition  that  the  strings  are  at  full  stretch.  The  formulae 
themselves  will  indicate  the  epoch  at  which  their  inapplicability 
may  commence  by  giving  a  zero  value  for  either  T'  or  T'\ 

Again,  by  the  Principle  of  Vis  Viva, 


-(• 


+  m'{7^ 


df  ' 


^+•""0 


d&2    ^ 


yc 


where  C  is  some  constant  quantity :   hence,  obserring  that,  by 

,  ,   rfr'        dr      <Zr" 
the  equations  (*'*)>  "^  =  ~  ^  =  "^ »  '^^  6®* 


d£^ 

de 


mi*  -TT  +  wiV* 


de^ 
de 


d»^ 
de 


+  to'V  ^  +  (m  +  to' +  m")  ^  =  G, 


df 


and  therefore,  by  the  equations  (5), 

and  thence,  by  the  equations  (2),  putting  «t  + »»'  +  »t"  =  /», 


m^ 


f*  +  (c'  -  r)«  ■*"  (c"  -  r)'  ■''  V  dff~ 


=  G. 


(8), 
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which  is  the  differential  equation  to  the  path  of  tw.  Similarly 
may  be  obtained  the  differential  equations  to  the  paths  of  m  and 
m.  These  equations  will  evidently  cease  to  define  the  paths  of 
the  particles  if  at  any  time  either  of  the  strings  become  slack,  or 
either  T  or  jT"  become  zero.  K  either  of  the  strings  become 
slack  at  any  time,  then  we  shall  have  to  investigate  the  motions 
of  the  two  particles  whose  connecting  string  is  riot  slack,  the  par- 
ticle which  belongs  to  the  loose  string  moving  along  for  a  time 
without  constraint.  From  the  equation  (7)  it  is  evident  that  none 
of  the  quantities  r,  r,  r",  can  ever  become  zero ;  or  that  the 
particles,  so  long  as  the  strings  are  tight,  will  none  of  them 
arrive  at  the  point  0, 

Suppose  that  o),  <»',  o/\  a,  )8,  are  the  initial  values  ^^  "^ » "^  » 
llT '  ^'  7^ '   then,  firom  the  equations  (5), 

e  =  a^(o,       e'  =  (c'  -  a)  V,       ^'  =  (cf'  -  a)  V  ; 

which  give  the  values  of  «,  e',  ef'i  and  then,  from  (8), 

G=maW  +  w'  (c'  -  a)'c«'*  +  m''  (c''  -  of  to'"*  +  fJiff. 

If  instead  of  attaching  two  particles  m',  mf\  to  w,  we  had 
attached  any  number  of  them,  the  problem  would  have  been 
essentially  of  no  greater  difficulty. 

Riccati;   Comment,  Banon,  Tom.  V.  P.  I.  p.  150;  anno  1767. 

(6)  The  bob  of  a  pendulum  is  a  hollow  sphere,  smooth  inter- 
nally, which  can  be  filled  with  a  fluid  or  with  a  solid  sphere, 
fixed  to  the  bob,  of  the  same  density  as  the  fluid :  to  find  the 
length  of  the  equivalent  simple  pendulum,  (1)  when  the  cavity 
is  filled  with  the  solid,  (2)  when  it  is  filled  with  the  fluid,  the 
rod  and  cavity  being  supposed  to  be  rigid  and  without  weight. 

Let  mJ(?  =  the  moment  of  inertia  of  the  solid  or  fluid  sphere 
about  a  diameter,  a  =  the  distance  of  the  centre  of  the  sphere  from 
the  point  of  suspension,  r  a=  the  radius  of  the  sphere,  0  =  the  in- 
clination of  the  rod  to  the  vertical  at  an^  time  t,  and  a)  =  the 
angular  velocity  of  the  sphere  about  a  diameter  parallel  to  the 
axis  of  suspension. 
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Then,  by  the  Principle  of  the  Conaervation  of  Vis  Viva,  we 
have 

mcf  -js,  +  w^w'  =  ^mga  cos  6  +  C. 
Now,  in  the  case  of  the  solid  sphere,  o)  =  -^  ,  and  therefore 

{c?  +  J^  -^  —  ^ag  (cos  d  —  cos  p)y 

/3  being  the  value  of  0  when  ^  —  0. 

In  the  case  of  the  fluid  sphere,  by  the  Principle  of  the  CSoiwer- 
vation  of  Areas,  a>  =  a  constant^  and  therefore 

a*  -^  =  2aff  (cos  0  —  cos  /3). 

Hence,  in  the  former  case,  the  length  of  the  equivalent  pendu- 
lum is  equal  to 

a'  +  Ai"  2r' 

a  5a 

and,  in  the  latter,  to  a. 

(7)  Two  particles  P,  P%  (fig.  231),  are  connected  together  by 
a  rigid  rod  without  inertia,  which  passes  through  a  small  smooth 
ring  at  0 ;  the  rod  rests  upon  a  horizontal  plane :  supposing  any 
impulse  whatever  to  have  been  communicated  to  the  particles,  to 
find  the  paths  which  they  will  describe. 

Let  OE  be  a  fixed  line  in  the  plane  of  the  motion ;  let  0P=  r, 

PP^^l;  let  a,  a',  be  the  initial  values  of  OP,  OP";  m,  m'y  the 

masses  of  P,  P';  let  ^  POE^  0;  tet  q>,  fi,  be  the  initial  values  of 

dd     dr 

-77-,   -^ .   Then  the  di£ferential  equation  to  P's  path  will  be 

df^ 

{mr*  +  w'(/-r)'}{^[wr«  +  m'(Z-r)']-l}  =  (m  +  w')  ^, 

^here  ^^      (m  +  mQ  ^+ (ma'-f  m-cQa)'. 

{ma*  +  m'a'*)"  cj*  ' 

and  similarly  tor  the  path  of  P". 

Clairaut ;  Mfm.  Accui.  Paris,  1742,  p.  38.     D'Arcy  ; 
lb.  1747,  p.  352. 


.am 
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(8)  A  particle  is  projected  horizontally  along  the  internal 
surface  of  a  fixed  hemisphere  the  axis  of  which  is  vertical  and 
vertex  downwards :  having  given  the  point  of  projection,  to  de- 
termine the  velocity  that  the  particle  may  ascend  exactly  to  the 
rim  of  the  hemisphere. 

If  o  =  the  radius  of  the  sphere,  and  fi  =  the  inclination  to  the 
vertical  of  the  particle's  initial  distance  from  the  sphere's  centre, 
the  required  velocity  is  equal  to 


t 


(9)  A  cone  is  revolving  round  its  axis  with  a  given  angular 
velocity,  when  the  length  of  the  axis  begins  to  be  diminished 
uniformly,  and  the  vertical  angle  to  be  increased  so  that  the 
volume  of  the  cone  remains  unchanged:  to  determine  the  angular 
velocity  of  the  cone  at  the  end  of  any  time  and  the  number  of 
revolutions  it  will  make  before  the  motion  ceases. 

Let  (o  =  the  initial  angular  velocity,  h  =  the  initial  length,  and 
t?  =  the  velocity  of  decrease  of  the  axis  of  the  cone;  then  the 
angidar  velocity,  at  the  end  of  a  time  t,  will  be  equal  to 


»('-3. 


and  the  required  number  of  revolutions  is  equal  to 

bco 

(10)  One  extremity  of  a  string  is  attached  to  a  ring  (supposed 
to  have  no  weight)  which  slides  along  a  vertical  axis,  and  the 
other  is  attached  to  a  particle  of  equal  mass  which  moves  on  a 
horizontal  plane :  the  particle  is  projected  in  a  direction  perpen- 
dicular to  the  plane  which  passes  through  the  string  and  axis : 
to  find  the  position  of  the  string  when  it  has  revolved  through  a 
horizontal  angle  of  90°. 

The  string  will  be  horizontal,  whatever  be  the  initial  velocity 
of  the  particle  or  position  of  the  ring. 

(11)  A  screw  of  Archimedes  is  capable  of  turning  fireely  round 
its  axis,  which  is  fixed  in  a  vertical  position ;  a  heavy  particle  is 
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placed  at  the  top  of  the  tube  and  runs  down  through  it:  to  deter- 
mine the  whole  angular  velocity  communicated  to  the  screw. 

Let  h  =  the  height  of  the  screw,  a  =  the  radius  of  the  cylinder, 
a  =  the  angle  which  an  indefinitely  small  element  of  the  screw 
makes  with  the  vertical,  g)  =  the  required  angular  velocity:  then, 
w,  m%  representing  the  masses  of  the  screw  and  particle  respec- 
tively, 

2m^gh  


#«•  — 


a*  {in  +  m') .  {(1  +  sin*  a)  w  +  sin*  a .  m'} ' 


(12)  Four  equal  particles,  exercising  no  attraction  on  each 
other,  move  in  an  ellipse  under  the  action  of  a  central  force  in 
the  centre:  at  the  commencement  of  the  motion  they  were  situ- 
ated at  the  extremities  of  the  major  and  minor  axes  2a  and  2^ ; 
if  at  any  time  they  become  suddenly  connected  with  each  other 
so  as  to  form  a  rigid  system,  to  find  the  angular  velocity  of  the 
system  about  the  centre  of  the  ellipse. 

If  ft  s=  the  absolute  force  in  the  centre,  the  system  will  move 
about  the  centre  with  a  constant  angular  velocity  equal  to 

2abfi^ 


2' 


O'Brien  and  Ellis ;  Solutions  of  the  Senate-Houae 
Problems  Jbr  1844. 
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CHAPTER  XI. 

COEXISTENCE  OF  SMALL  OSCILLATIONS. 

Conceive  that  a  particle  or  a  system  of  particles,  subject  to  cer- 
tain fixed  laws  of  geometrical  connection  or  constraint,  be  slightly 
but  generally  deranged  from  a  position  of  stable  equilibrium, 
the  invariable  elements  of  the  geometry  being  supposed  to  be 
free  from  particular  relations.  Then,  if  in  the  geometrical  equa- 
tions there  be  n  independent  variables,  the  motion  of  each 
member  of  the  system  may  be  represented  by  the  composition 
of  n  primary  oscillations  of  diflFerent  periods,  the  periods  of  the 
n  oscillations  of  any  two  members  of  the  system  being  coexistent, 
while  their  amplitudes  will  generally  be  different.  When  the 
periods  of  the  n  elementary  oscillations  are  commensurable,  the 
whole  system  will  return  to  its  original  state  after  an  interval 
equal  to  the  least  common  multiple  of  these  periods ;  as  in  the 
case  of  vibrating  cords  and  vibrating  surfaces.  This  general 
property  of  sympathetic  vibrations  has  been  entitled  the  Princi- 
ple of  the  Coexistence  of  small  Oscillations  or  Vibrations. 

Should  the  original  derangement  of  the  system  from  its  posi- 
tion of  ejquilibrium,  instead  of  being  perfectly  general,  be  effected 
by  peculiar  adaptation,  we  may  reduce  the  n  elementary  oscilla- 
tions to  any  smaller  number  we  may  please. 

If  the  fixed  geometrical  elements  of  the  system  be  not,  as  we 
have  supposed,  free  from  particular  relations,  and  if  it  receive  a 
perfectly  general  derangement,  there  will  as  before  arise  in  the 
system  altogether  n  classes  of  oscillations  ;  under  these  circum- 
stances however  a  peculiarity  occasionally  presents  itself,  viz. 
that,  although  as  we  have  supposed  the  original  derangement  be 
quite  general,  yet  into  the  motion  of  no  single  member  of  the 
system  will  all  the  elementary  oscillations  enter ;  this  case  will 
then  constitute  a  failure  of  the  Principle  of  the  Coexistence  of 
small  Oscillations. 
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The  Principle  of  Coexistent  Oscillations  was  first  laid  down 
by  Daniel  Bernoulli,  who  has  written  several  memoirs  on  the 
subject  in  the  St.  Petersburgh  Transactions.  See  particularly 
Nov.  Comment,  Petrop,  Vol.  xix.  p.  281.  The  student  is  referred 
also  to  Lagrange,  MScam'que  Analytigue^  Tom.  I.  p.  347,  and  to 
Poisson,  TraM  de  MScamque,  Tom.  Ii.  p.  426,  where  he  will  find 
investigations  of  the  Principle  based  on  the  first  principles  of 
Mechanics. 

(1)  To  determine  the  nature  of  the  oscillations  of  a  material 
particle  within  the  surface  of  an  ellipsoid,  in  the  neighbourhood 
of  the  lower  extremity  of  a  vertical  axis. 

Let  2a,  2J,  denote  the  lengths  of  the  two  horizontal  axes  of  the 
ellipsoid,  2c  representing  the  length  of  the  vertical  one ;  and  let 
the  co-ordinate  axes  be  so  chosen  that  a,  b,  may  be  parallel  to 
the  axes  of  x,  y,  and  that  c  may  coincide  with  the  axis  of  z. 

Then,  by  D'Alembert's  Principle  combined  with  the  Principle 
of  Virtual  Velocities,  we  have  for  the  motion  of  the  particle, 

$^+S»^-(S-*)^-» <«. 

where  ic,  y,  «,  denote  the  co-ordinates  of  the  particle  at  any  time 
t,  and  Sxy  8y,  Sz,  the  increments  of  x,  y,  z,  in  passing  to  any 
point  of  the  surface  very  near  to  the  position  of  the  particle. 

Again,  by  the  equation  to  the  ellipsoid,  we  have 

and  therefore,  neglecting  powers  of  the  small  quantities  beyond 
the  second, 
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hence,  from  (1),  neglecting  the  products  and  powers,  beyond  the 
first,  of  small  quantities  in  the  coefficients  of  Sx^  hy^  we  get 

^hx+^hy  +  '^xZx  +  'f,yhy^0\ 

andtherefore     (§  +  |.)  S.+ ^-.f^.)  Sy  =  0. 

Ejquating  to  zero  the  coefficients  of  &b,  ty,  which  are  indepen- 
dent of  each  other,  we  get 

df^  a*""-^ : ^^'' 

f  +  |3^  =  0 («)• 

The  integral  of  the  equation  (2)  is 

^  =  ^sin{^^+€J 

and  that  of  (3)  is    y  =  7  sin  |^  <  +  ?| ; 

where  )8, 7,  €,  f,  are  arbitrary  constants,  which  may  be  determined 
from  the  initial  values  of  a;,y,  -^,  -^.  It  may  be  observed  that 
the  oscillation  of  the  particle  depends  upon  two  simple  oscilla- 
tions  of  which . , r,  are  the  periods:  the  number  of  inde- 

{cg)\  (^)* 

pendent  simple  oscillations  being  the  same  as  the  number  of 
independent  variables  in  the  geometrical  equation  to  which  the 
position  of  the  particle  is  subject. 

Poisson  :   TraiU  de  MScantquey  Tom.  11.  p.  439. 

(2)  A  uniform  rod  -4J5,  (fig.  232),  which  is  .connected  by  a 
string  OA  with  a  fixed  point  0,  having  been  slightly  displaced 
from  its  position  of  equilibrium ;  to  investigate  the  nature  of  its 
small  oscillations. 

Draw  vertically  the  indefinite  straight  line  Ox ;  take  P  any 
point  in  AB^  draw  PM  at  right  angles  to  Oxj  and  produce  BA 
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to  meet  Ox  in  C.  Let  -4J5  =  2a,  OM=x,  PM  =  y,  AP^Sy 
OA  =  l,  j:AOx  =  d,  JiBCx^<f>. 

Then  for  the  motion  of  the  rod  we  have,  by  D'Alembert*s 
Principle  combined  with  the  Principle  of  Virtual  Velocities, 

ri'*(s-^)H+r{*s'^-'>- ("■ 

where  dx,  dy,  denote  the  small  spaces  described  bj  the  element 
da  of  the  rod  in  the  time  dt,  parallel  to  the  co-ordinate  axes ; 
hxy  Sy,  denoting  the  resolved  parts  of  its  virtual  velocity. 

Now,  from  Jhe  geometry,  we  have 

x^l  cos  0  +  8  cos  ^,    ^  =  Z  sin  0  +  «  sin  ^ ; 

and  therefore,  our  object  being  to  transform  the  equation  (1) 
into  an  equation  involving  6,  ^,  instead  of  x^  y,  and  to  retain 
small  quantities  only  as  far  as  the  first  order  in  the  coefficients 
h6y  S0,  of  the  new  equation,  we  have  approximately 

a;=?(l-i^)+«(l-i^'),        y^W  +  s<f>j 
Sx ^ '  W S0 - 8(f) B^,  8y  =  Be+«S^, 

df        '  d^         df         df 

hence,  substituting  these  values  of  x,  y, in  the  equation  (1), 

we  have 

flffds  {W  80  +  s<}>B<f>)]+fU(l^  +  s^^j{lSd  +  »&^)|  =  0. 
Equating  to  zero  the  coefficient  of  S0,  we  get 

and  therefore  ^-^3 +«-;j^ +^^  =  ^ (^)  ; 

and,  equating  to  zero  the  coefficient  of  B^,  we  obtain 

and  therefore  I  -^  +ta-^  +  ^^  =  0 (3). 
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9 

In  order  to  integrate  the  equations  (2)  and  (3),  assume 
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^^asinj^^y^  +  cl,      ^  =  i8sinj(2y<  +  €l; 

substituting  these  expressions  for  0  in  (2),  and  dividing  by 

,  we  get 

or   afi^Oiip  —  J) (4); 


sin  ^  I  ^     t  +  € 


la     aS 
P       P 


+  )9  =  0,       or   )8  (3/>  -  4a)  =  3fa. 


(6). 


and  substituting  in  (3),  we  get,  in  the  same  way, 

la     Aa/3 
P       3p 

Eliminating  a  and  fi  between  the  two  equations  (4)  and  (5), 
we  obtain 

^EZL^^JL         or   3p«-(4a  +  3Z)p  +  aZ=0. 
a  p  —  I 

Let  the  two  values  of  p  deducible  from  this  quadratic  be 
denoted  by  w,  m  :  then  the  motion  of  the  rod  will  be  com- 
pletely determined  by  the  equations 


0  =  asm\(S^]^t  +  € 


.m, 


■  +  a^  sin 


M© 


i 


t  +  ^ 


(6). 


In  these  two  equations  there  are  six  arbitrary  constants,  a,  a, 
/3j  /3',  €y  €  ;  they  are  not  however  all  of  them  independent  of 
each  other;  in  fact,  by  (4),  since  a  and  a'  correspond  respec- 
tively to  the  values  m  and  m  of  the  quantity  p,  we  have. 

hence,  from  (7),  we  see  that 

.^  =  ^(—0  BinjQWe}  +  f  («.'  -  0  sin  {(f,)^  +  e'} (8). 

The  four  constants  a,  a\  6,  c',  involved  in  the  two  equations 
(7)  and  (8),  may  be  determined  if  we  have  given  the  initial  cir- 

cumstances  of  the  rod,  or  the  initial  values  of  ^,  ^ ,  ^,  ^ . 
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If  o'  =  0,  ^  =  0,  then  we  have 


5  =  asin- 


,},         ♦./3.k{g)',  +  .}, 


2''-l     •  -  • ""' 


and  the  oscillations  of  0  and  <f>  will  evidently  be  regular  and 
isochronous,  the  time  of  vibration  being  equal  to  w  f  —  j  . 

If  a',  /S',  be  not  equal  to  zero,  the  oscillations  of  d  and  fp  will 
be  compounded  of  two  simple  and  isochronous  vibrations. 

Suppose  that  at  two  different  times  f,  f\  the  values  of  0  and 
of  -7-  are  the  same.     This  will  manifestly  be  the  case  if 

J..  roM 


X,  X',  being  any  integers ;  hence 

and  therefore  \nr  =  Xm', 

or  m,  m'y  must  be  to  each  other  as  two  square  numbers. 

It  will  be  observed  that,  in  agreement  with  the  general  theory 
of  the  Coexistence  of  small  Oscillations,'  the  number  of  inde- 
pendent oscillations  of  0  and  ^  is  two,  which  is  the  F^ame  as  the 
number  of  the  independent  geometrical  variables. 

The  following  is  another  method  of  solving  this  problem. 

Let  Q  (fig.  233)  be  the  position  of  the  centre  of  gravity  of 
the  rod  at  any  time  t ;  draw  GH  at  right  angles  to  the  vertical 
line  Ox ;  let  w  =  the  mass  of  the  rod,  mk?  =  its  moment  of  inertia 
about  O,  2'=  the  tension  of  the  string  AO,  OH=x,  GH=^y, 
Then,  the  rest  of  the  notation  being  the  same  as  before,  we 
have,  for  the  motion  of  the  rod, 

m  -T-j  =w?^—  Tcosd (1), 
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m^^^Tmie (2), 

ml^^ ar8in(^-^) (3). 

Eliminating  T  between  (1)  and  (2),  and  omitting  small  quan- 
tities of  higher  orders  than  the  first,  we  have 

^■^96-^ w; 

and,  eliminating  T  between  (1)  and  (3),  we  get  in  the  same 
manner 

*•  ^^  +  «i?  (<^-  ^  =  0 (5). 

Bnt  y  =  a  sin  ^  +  ?  sin  tf  =  a^  +  W,    nearly ; 

hence  (4)  becomes 

and,  putting  for  Jf  its  value  J  a*  in  (5),  we  have 

The  last  two  equations  are  equivalent  to  the  equations  (2) 
and  (3)  in  the  former  investigation. 

Daniel  Bernoulli ;  Navi  Comment  Petrcp,  1773,  Tom.  XVIIT. 
p.  247.    Euler ;  lb.  p.  268. 

(3)  A  pendulum  of  any  figure  is  firmly  attached  to  a  solid 
circular  cylinder  as  an  axis ;  this  axis  is  supported  in  a  hori- 
zontal position  at  its  two  extremities,  which  rest  within  two 
hollow  circular  cylinders  placed  horizontally  and  of  the  same 
dimensions ;  to  investigate  the  small  oscillations  of  the  pendulum 
corresponding  to  any  initial  state  of  displacement  and  motion, 
the  surfaces  in  contact  being  considered  perfectly  smooth. 

Let  G  (fig.  234)  be  the  centre  of  gravity  of  the  pendulum  and 

its  axis,  regarded  as  one  mass,  at  any  time  of  the  motion ;  let  the 

plane  of  the  paper  represent  the  vertical  plane  through  O,  which 

cuts  the  axis  of  the  solid  cylinder  at  right  angles  in  the  point  (7. 

w.  s.  32 
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Let  the  circular  arc  MAN  be  the  common  intersection  of  the 
two  concave  cylinders  with  the  plane  of  the  paper,  when  pro- 
duced to  meet  it.  From  0,  the  centre  of  the  arc  MAN,  draw 
OAx  vertically ;  GH  at  right  angles  to  Ox ;  produce  GC  to 
meet  Ox  in  K;  join  OC,  and  produce  it  to  a,  which  will  be  the 
point  of  contact  between  MAN  and  the  circular  section  of  the 
solid  cylinder  made  by  the  plane  of  the  paper.  Let  OH=Xj 
GH^y,  AO^a,  Ca^b,  i  AKG  :=  ff>,  ^COx^O,  CG  =  e] 
m  =  the  mass  of  the  pendulum  and  its  axis  together ;  k  =  their 
radius  of  gyration  about  O;  B^  the  reaction  of  the  hollow 
cylinders  against  the  axis  of  the  pendulum. 

Then,  for  the  motion  of  the  pendulum,  we  have 

d^x 
7»  -^  =^7nff  —  B  COA0 (1), 

m  ^  =  -iZsind (2), 

wA*^  =  -i?csin(^-d) (3). 

From  (1)  and  (2)  we  get,  as  far  as  small  quantities  of  the  first 
order, 

W^3»-^ (4); 

and,  from  (1)  and  (3),  to  the  same  degree  of  approximation^ 

i?^  +  «7(^-^)  =  0 (5). 

Now,  from  the  geometry, 

y  =  (a  —  ft)  sin  ^  +  c  sin  <f> 
=  (a  —  ft)  d  -h  c<^,         nearly : 
hence  from  (4)  we  obtain 

{a-h)^+c'^+ge  =  (i... (6). 

Assume       (?  =  asinJ(2j  t  +  e\,      ^=y8  sin  |(^j  <+e[: 


499 


(7), 
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then  from  (5)  we  may  get 

fi  {cr  —  i?)  =  acr 

and,  from  (6),  o^  =  a  {r  -  (a  -  J)}, 

and  therefore,  eliminating  a  and  13, 

{cr''T^){r-'a-\-b)=  <?r. 

Let  the  two  roots  of  this  quadratic  in  r  be  denoted  by  m  and 
m  ]  then,  for  the  general  values  of  6  and  ^,  we  have 


d  =  a  sin 


.(£)*'+ 4  ■'"'^^fe^-' 4 (')• 


^=/3sin{(£) 


I 


«  +  €>  +)S'8in- 


\g_\^ 


Ml' 


t  H-e' 


}■ 


(9). 


From  (7)  we  have,  /8,  /S',  being,  the  values  of  ^,  and  a,  a', 
those  of  a,  corresponding  to  the  values  m,  m\  of  r, 


/3  = 


acm 


hence,  from  (9),  we  have 


^  = 


cm'-J^' 


.        dcm 

q>=^ 77  sm 

^      cm  —  HT 


In  the  equations  (8)  and  (10)   there  are  four  arbitrary  con- 
stants, a,  a',  €,  e',  which  may  be  determined  if  we  have  given 

the  initial  values  of  tf,  A,  -7- ,  -~  . 

'/     dt-dt 

If  0^  =  0,  /S'-O,  we  have 

and  the  oscillations  of  0  and  ^  will  be  regular  and  isochronous, 
the  time  of  vibration  being  tt  f  —  j  , 

If  a'  and  P  have  finite  values,  the  oscillations  of  0  and  ^  will 
be  compounded  of  two  simple  isochronous  oscillations. 

Euler;  Aeta  Acad.  Petrop.  1780,  P.  II.  p.  133. 

32—2 
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(4)  A  string  AEFB  (fig.  235)  is  attached  to  two  fixed  points 
A,  B,  in  the  same  '  horizontal  line.  From  Ey  F,  points  so 
chosen  that  AEy  EF^  FB,  are  all  equal,  two  masses  are  sus- 
pended by  strings  EMj  FN,  of  different  lengths,  the  masses 
being  equal.  Supposing  the  system  to  be  slightly  deranged 
from  its  position  of  equilibrium^  to  investigate  the  nature  of  its 
small  oscillations. 

At  any  time  t  let  EM^  FNy  make  angles  if>,  ^\  with  the 
vertical.  Let  AE,  EFy  BFy  make  angles  a  +  «,  «',  a  —  w", 
with  the  horizon,  the  values  of  these  angles  being  a,  0,  a,  for  the 
position  of  equilibrium.  Draw  Mniy  Nn,  horizontally  to  meet  the 
vertical  line  Amn  in  the  points  m,  n.  Let  AE=  EF=  FB^a^ 
EM^h,  FN=^k'y  Am^Xy  Mm^j/y  An^afy  Nn=^y\ 

By  D*Alembert*s  Principle  and  the  Principle  of  Virtual  Velo- 
cities, we  have,  for  the  motion  of  the  system. 

Our  object  is  now  to  express  x,  y,  of,  y\  in  terms  of  a>,  ^  ^', 
and  to  substitute  their  values  in  this  equation.  This  computation 
must  be  effected  as  far  as  small  quantities  of  the  second  order. 

By  the  geometry  it  is  plain  that 

a  cos  (a  +  w)  +  a  cos  «'  +  a  cos  (a  —  w")  =  2a  cos  a  +  a, 
and  therefore 
cosa  (1— i<tt")— sin  ouoH-l— Jw^+cos  a  (1— Ja)"*)H-sina.«"=  2oo8a+l ; 

whence 

cos  a .  CD*  +  2  sin  a  •  (»  +  e»'*  +  cos  a .  (»'''  —  2  sin  a .  e»"  =  0. ...  (2). 

Again,  by  the  geometry, 

a  sin  (a  -h  «)  =  a  sin  oi'  +  a  sin  (a  —  w"), 
and  therefore 

sin  a  (1  —  \of)  +  cos  a .  6>  =  »'  +  sin  a  (1  —  J«"^  —  cos  a . »" ; 

whence 

2  co6cc.o>  — sina.a>*  =  2a>'  — sina.o)"*  — 2  cosa  .»" (3). 
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Now,  as  far  as  the  first  order  of  small  quantities,  we  have, 

from  (2), 

2  sin  a  .  CD  =  2  sin  a  .  ti/\ 

and  therefore  «>''  =  © ; 

and  from  (3)  we  have 

2  cos  a  •  a>  =  2a>'  —  2  cos  a  •  a>"  =  2(»'  —  2  cos  a  •  on, 

and  therefore  a>'  =s  2  cos  a  •  a>. 

Substituting  these  values  of  (»',  o",  in  the  terms  of  the  second 
order  in  (2)  and  (3),  we  get 

(2  cos  a  +  4  cos*  a)  »"  +  2  sin  a .  ©  —  2  sin  a .  «"  =  0, 

and  cos  a  •  a»  =  <»'  —  cos  a .  e»" : 

from  these  last  two  equations  we  see  that 

(2  cos*a+4  cos"a)  a)*+2  sin  a  cos  a.«— 2sina.ft)'+2  sina  cos  a.Q>= 0, 

and  therefore 

,     .  .  cos*a  +  2  cos' a    ,  ,.^ 

©  =  2  cos  a.  tt)  H 5 ft) (4). 

sma  ^  ' 

Again,  as  far  as  our  approximation  requires, 

a;  =  asin(a+&>)+A;cos^=:asina(l— i&>*)+acosa.ft>+^(l--i^')9 
So;  =  ^  a  sin  a  a>&o  +  er  cos  aSoa^kif)  S^, 


=  a  cos  a 


de     "^^^""^df' 

y  =  a  cos  (a  +  ft))  +  A;  sin  ^  x=  a  cos  a  (1  —  Jft)')  —  a  sin  a .  o>  +  fe^, 
Sy  =s  —  a  sin  a  So)  +  ^  S^, 

a:'  =  a  sin  (a  +  o))  —  a  sin  fli'  +  k'  cos  ^' 

=  a  sin  a  (1  -  Jo)*)  +  a  cos  a . «  -  oo)'  +  /fe'  (1  -  J^") 

sin'a+2cos*aH-4cos'a    ,    ,,,^     .  ,-. 

—  asma— acosa.a>— a --; o>+A;  (1— i<p  ), 

2sma  ^       ^^ 

ty  (4)  ; 

fi,  5  sin*a  +  2  cos*a  +  4  cos'a     ^        71^.5^.. 

da?  =  —  a  cos  a  00)  —  a  ■    . o)  oo)  -^  A:  o  00 , 

sm  a  T-  1- » 

<?«'  rf'ft) 

-^  =  -acosa-3^; 
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y'  =  a  cos  (a  +  0))  rf-  a  cos  o)'  +  H  sin  ^ 

=  a  cosa(l  —\of)  —a  sina.w +a(l  — J«'*)  +Ar'^', 
3y  s  £'S^' -.  a  sin  a  SoDy ' 


sin  a 


rf» 


0) 


€«»• 


Hence,  bj  the  equation  (1),, there  is 
2a"cos*a-p-&»+Ay^S^  +  5ra 5 ii>Soi 


sin  a 


=  0. 


+ gk'if>h<p>'  +  fa  sin  a  -^  -  i  -^ j  (a  sin  a  Sw  -  AS^) 

+  /i'  ^-asina  -^  Ws^' -  a  sin  a  &») 

Hence,  equating  to  zero  the  coefficients  of  the  independent 
quantities  8^^  B<pi\  &»,  we  get 


i^-a 


d^ 


Id  -^  -  a  sin  a  ^  +  ^^'  =  0 


2a-^-48ina^-*'sina^+^ 


sina 


o>  =  0. 


(5), 

(6), 
(7). 


Eliminating  -7?  and  —^  between  (5),  (6),  (7),  we  get 


2asinaco8'a-^  +5r{(2+4cos'a)a>+sin"a.^+sin*a.^']=0 (8). 

Let  r  denote  the  length  of  a  pendulum,  isochronous  with  one 
of  the  elementary  oscillations,  and  assume  accordingly 


Then,  from  (5),  (6),  (8),  we  have 

{k  —r)F  =  a  sin  a.fl, 
IJc'  -r)F'  =  asaxa..a„ 
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-  2a  sin  a  cos*  a  -  O  +  (2  +  4  cos*  a)  O  +  sin* a .  i?'+  sin*  a .  i?*  ==  0  ; 

and,  by  eliminating  the  constants  Fy  Fy  O,  we  have  a  cubic 
equation  in  r, 

2  sin  a  cos*  a     sin*  a  .  flin'  a     2  +  4  cos*  a 


=  0, 


(9). 


r  r  —  lc     r^ld  a 

Let  ly  l\  V,  be  the  three  roots  of  this  equation  ;   then,  for  the 
complete  solution  of  the  problem,  we  have  , 

i 


e»'=2  cosa.Q»; 


|+n'8m|(|y<+e' 


+  a"em\{X]^t+e" 


^  =  j;  on  Id)**  +  «|  +  ^.  ain  |(|)*«  +  ej  +  F,  sin  .{(^)S  +  «"| , 
f  =  i^;  sin  {(fft  +  e\  +  F;  sin  1(^1)*  <  +  ej  +  F;  si 


sin 

This  problem  may  be  solved  also  in  the  following,  mi^yier, 
which  is  Euler's  method  of  considering  it. 

Let  P,  Qj  be  the  tensions  of  the  strings  EM^  FNy  and  m  the 
mass  of  each  of  the  bodies. 

Then,  for  the  motion  of  the  bodies,  we  have,  approximately, 


m 


df 


=  mg  —  Pcos  ^  =  mg  —  P* 


m 


d*^ 


de 


P  sin  <^  =  —  mg^ 


«_' 


<Px 


m  -jj=mff— Qcoa^'  =  mg— Q 


df 


m 


^'=._ 


de 


Q  iin^' IB  — mg<l>'. 


(1), 
(2), 
(3), 

(4); 


these  four  equations  being  true  as  far  as  the  first  order  of  small 
quantities. 

Let  T  denote  the  tension  of  the  string  EF;  then,  since  the 
three  tensions  acting  upon  the  point  E  must  be  in  equilibrium, 
there  is 

r_        sin  {^  +  i^TT  +  a  +  <»}        _  cos  (g  H-  a>  4-  ^) 
P ~  sin  {^ir  —  (a  +  «)  +  Jir  —  ©'}""  sin  (a  +  w  +  »)  * 
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Similarlj,  for  the  tensions  at  F,  we  have 

Q  _  sin  (a  —  <o"  —  «') 
T^co8(a-(»"-f)' 

,  ^  _  sin  (g  —  a>"—  a>')  cos  (a  +  a>  +  ^) 

nence         ^  —       7  y?     t7\   *    /  ■  ,       i     rr  • 

F     cos  (a  —  o)  —  ^ )  sin  (a  +  0)  H-  o) ) 

Hence,  as  fieur  as  small  quantities  of  the  first  order, 

Q  {sin  a  +  cos  a  (»  +  «'))  {cos  a  +  sin  a  (w"  +  ^')} 

=  P  {sin  a  —  cos  a  (ft)'  +  ft)")}  {cos  a  —  sin  a  (o)  +  ^)}, 

and  therefore 

Q  {sin  a  cos  a  +  sin'a  (ft)"  +  ^')  +  cos'a  (ft)  +  ft)')}] 
«  P  {sin  a  COS  a  —  sm'a  (ft)  +  9)  —  cos'a  (ft)  +  ft)  )}) 

Now,  by  the  geometry, 

cos  (a  +  ft))  +  cos  ft)'  +  cos  (a  —  »")  —  2  cos  a  + 1, 
and  therefore,  as  far  as  the  first  order  of  small  quantities, 

—  sin  a .  ft)  +  sin  a . »"  =  0, 

«'  =  <» (6). 

Also,  by  the  geometry, 

sin  (a  +  ft))  =  sin  w  +  sin  (a  —  ft)"), 
cos  a .  ft)  =  «)'  —  ft)"  cos  a  =  ft)'  —  ft)  cos  a, 

ft)'  =  2ft)cosa (7). 

Hence  by  (5),  (6),  (7),  we  have 

Q  {sin  a  cos  a  +  sin'a  (ft)  +  j>)  +  cos*a  (1  +  2  cos  a)  00}         .  . 
s=  P  {sin  a  cos  a  —  sin*a  (ft)  +  ^)  —  cos*a  (1  +  2  cos  a)  oo] 

Eliminating  P  and  Q  between  (1)^  (3),  and  (8),  we  have,  as  fan 
as  small  quantities  of  the  first  order, 

-if^-jja,  ]  8inacosa=— ^{(2  +  4co8'a)ft)+sin"a.^+sin"a.^'}..(9). 

But    a;  s  a  sin  (a  +  ft))  +  A;  cos  ^  =  a  cos  a .  ft)  4-  •••, 

y  =s  a  cos  (a  +  ft))  +  A;  sin  ^  ac  —  a  sin  a  •  ft)  +  fe^  +  ...» 
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a;'  =  a8iii  (a  +  «)  —  aBinctt'  +  i'coB^'^acosa.ft)  — W  +  ..* 

=s  —  a  cos  a  .01 H- ..., 
y  =  a  COB  (a  +  co)  +  a  cos  CD'+A;'8m^'=— a  sina.© +i'^'+... ; 
hence,  by  (9), 

2a  sin  a  C08*a  -^  +  ^  {(2  +  4  cos* a)  ©  +  ^  sin'a  +  ^'  sin' a}  =  0 : 

and,  by  (2)  and  (4), 

k  -^  -  a  sin  a  -^  +  5^9  =  0, 

which  are  the  same  three  linear  equations  as  (5),  (6),  (8),  in  the 
former  solution. 

If  j;  be  equal  to  k'y  the  cubic  equation  (9)  of  the  former 
solution  will  degenerate  into  a  quadratic,  and  the  rariationis  of 
«*>  i>9  4>%  '^ll  110  longer  be  expressible  by  the  composition  of  the 
same  elementary  yibrations.  This  will  be  an  instance  of  the 
failure  of  the  Principle  of  the  Coexistence  of  small  Oscillations. 

Euler ;  Act.  Acad.  Petrcp.  1779,  P.  II.  p.  95. 

(5)  A  heavy  hollow  circular  ring  is  suspended  by  a  point  in 
its  circumference,  and  a  heavy  particle  is  placed  inside  it :  they 
are  both  made  to  oscillate  through  a  small  extent  from  their 
positions  of  equilibrium,  in  the  plane  of  the  ring ;  to  determine  the 
number  and  periods  of  the  coexistent  oscillations  of  the  system. 

If  a  denote  the  radius  of  the  ring,  and  M,  m,  the  masses  of  the 
ring  and  particle  respectively,  there  will  be  in  the  system  two 
coexistent  oscillations  the  periods  of  which  are 


(6)  A  thin  hemispherical  bowl  rocks  on  a  horizontal  plane 
sufficiently  rough  to  prevent  sliding,  and  has  attached  to  its 
centre  a  fine  string,  of  half  the  length  of  the  radius,  with  a  par- 
ticle of  equal  mass  with  itself  at  the  free  extremity ;  to  determine 
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the  number  and  the  periods  of  the  small  oscillations  of  the 
system,  supposing  the  motion  to  be  such  that  all  the  molecules 
of  tlie  system  move  parallel  to  one  vertical  plane. 

There  will  be  two  coexistent  oscillations,  the  periods  of  which 

are  equal  to  the  two  values  of  -7-;  p  being  given  by  the 
equation 

^        4    r   '^      2    r 
T  denoting  the  radius  of  the  bowl. 

(7)  One  of  the  scales  of  a  common  balance  having  been 
slightly  displaced  from  its  position  of  rest,  in  a  vertical  plane 
passing  through  the  beam ;  to  investigate  the  nature  of  the 
oscillatory  motions  of  the  two  scales  and  of  the  beam,  to  which 
the  displacement  will  give  rise. 

Let  0  (fig.  236)  be  the  point  of  suspension  of  the  whole 
balance,  O  its  centre  of  gravity,  AB  the  beam,  P  and  Q  the 
scales,  which  are  here  supposed  to  be  material  points.  Draw 
aOh  horizontal,  aAa^  hBfi^  vertical.  Let  AC^a  =  BC,  OC^b, 
OQ=^c,  AP=  I  =  BP,  MJ^  =  the  moment  of  inertia  of  the  beam 
about  0,  m  =  the  mass  of  P  and  of  Q  supposed  to  be  equal. 

Let  ^  be  the  angle  which,  at  any  time  t,  the  beam  makes  with 
the  horizon  ;  let  ^  PAa  ~  9,  ^  QBfi  ==  0.    Also  put 

and  let  —  ft^*,  —  ft,*,  represent  the  two  roots  of  the  quadratic 

«•+  (n'+/-  2Aj)  z  +  ny  =  0. 

Then,  bearing  in  mind  that,  initially, 

^  =  0,         *? «  €,         tf  =  0, 

#«0        ^''-0       ^-0 
-.0,       -^-0,      ^-0, 

where  e  is  a  known  constant,  we  shall  obtain  for  the  complete 
expression  of  the  motions 


ecosn^, 
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2 1;  =  ^^*/g  fCOSfi^t  _  cos^\  ^ 

(8)  One  of  the  scales  of  a  common  balance  having  been 
slightly  displaced  from  its  position  of  rest,  in  .a  vertical  plane 
at  right  angles  to  the  beam ;  to  investigate  the  nature  of  the 
oscillatbrj  motions  of  the  two  scales  and  of  the  beam. 

Let-4-B  (fig.  237)  be  the  original  position  of  the  beam,  PQ  its 
position  at  any  time  t ;  p,  q,  the  projections  of  the  positions  of 
the  scales  considered  as  material  points  at  the  same  time.  Let 
AG^a^BG,  AP^z^BQ.Pp^x^  Qq^^y,  Jf A"  =  the  moment 
of  inertia  of  the  beam  round  Gy  m=  the  mass  of  each  scale, 
/  =  the  length  of  the  string  by  which  each  scale  is  suspended. 
K  we  put,  for  simplicity. 


x^c  cos 


we  shall  have,  for  the  complete  expression  of  the  motions,  the 
initial  value  of  x  being  c,  while  those  of  y,  -^ ,  -^ ,  are  all  zero ; 

_  2g  ma?    c.    .  j  n^ 

Investigations  of  the  two  last  problems  are  given  in  a  paper  on 
the  Sympathy  of-  Pendulums,  in  the  Gambridge  Mathematical 
Jaumalf  Vol.  Ii.  p.  120. 
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CHAPTER  XII. 


IMPULSIVE  FORCES. 


If  two  rigid  bodies  impinge  against  each  other,  their  motions 
both  of  translation  and  of  rotation  will  generally  experience  modi- 
fication, the  determination  of  the  nature  of  which,  in  the  case  of 
bodies  of  which  the  positions  and  motions  are  assigned  at  the 
instant  before  impact,  constitutes  the  general  problem  of  collision. 
The  process  of  collision  may  be  divided  into  two  stages  of  inde- 
finitelj  small  duration:  in  tlie  former  stage,  by  the  force  of 
compression,  which  we  will  denote  by  E,  the  two  points  in 
which  the  bodies  touch  each  other  are  constrained  to  assume 
equal  resolved  velocities  in  the  direction  of  the  common  normal 
to  their  surfaces ;  in  the  latter  stage,  by  the  force  of  restitution, 
if  the  bodies  be  not  inelastic,  an  additional  reaction  eR  takes 
place  between  them,  where  e  denotes  their  common  elasticity. 
Let  cD^,  0),,  a>„  denote  the  angular  velocities  of  one  of  tbe 
bodies  about  its  principal  axes  and  v^,  v„  t?,,  the  components 
of  the  velocity  of  its  centre  of  gravity,  at  the  conclusion  of 
the  former  stage  of  the  collision ;  let  ©/,  »/,  ©,',  t?/,  t?,',  t?/, 
denote  the  analogous  quantities  in  relation  to  the  other  body. 
Then,  for  the  expression  of  the  motion  of  the  former  body, 
as  modified  by  the  force  of  compression,  we  shall  have  six 
equations  involving,  together  with  known  quantities,  the 
symbols  co^,  cd,,  q>,,  v^,  t;,,  v^,  R ;  and  in  like  manner  for  the 
latter  body  we  shall  have  six  equations  involving  »,',  »/,  o>,', 
r/,  r/,  t?/,  JB.  Thus  we  shall  have  in  all  twelve  equations 
involving  thirteen  variables.  Another  equation  is  supplied  by 
the  condition  that  the  points  of  the  two  bodies  in  which  their 
contact  takes  place  shall  have  an  equal  resolved  velocity  in  the 
direction  of  the  common  normal.  Thus  we  shall  be  able  to 
determine  completely  the  modification  of  the  motions  of  the  two 
bodies  due  to  the  force  of  compression  as  well  as  the  magnitude 
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of  this  force.  An  additional  modification  must  be  applied,  in 
the  case  of  elastic  bodies,  in  consequence  of  the  force  of  restitu- 
tion elty  which,  from  the  investigation  for  the  former  stage  of 
the  collision,  has  become  a  known  force.  If  one  of  the  bodies  be 
immovable,  the  simplification  of  the  method  of  investigation 
which  we  have  described  is  obvious,  the  thirteen  equations  of 
which  we  made  mention  being  reduced  in  this  case  to  seven,  and 
the  common  normal  velocity  of  the  two  points  of  contact  being 
zero.  For  ample  information  on  this  subject  the  student  is 
referred  to  Poisson*s  TraitS  de  Micanique,  Tom.  il.  p.  254, 
seconde  ^ition. 

Sect.  1.     Single  Body.     Smooth  Surfaces, 

(1)  A  beam  of  imperfect  elasticity,  moving  anyhow  in  a 
vertical  plane,  impinges  upon  a  smooth  horizontal  plane;  to 
determine  the  initial  motion  of  the  beam  after  impact. 

We  will  commence  with  supposing  the  beam  to  be  inelastic; 
in  this  case  the  extremity  of  the  beam  which  strikes  the  ho- 
rizontal plane  will  continue  after  impact  to  slide  along  it  with- 
out detaching  itself.  Let  FQ  (fig.  238)  represent  the  beam  at 
any  time  after  collision;  KL  being  the  section  of  the  horizontal 
plane  made  by  the  vertical  plane  through  PQ ;  O  the  centre  of 
gravity  of  PQ ;  draw  OH  at  right  angles  to  KL.  Let  G^JJ=  y , 
QO^aj  £  GfQH—0y  4=  the  radius  of  gyration  about  Oy 
m  =  the  mass  of  the  beam ;  a>,  a>',  the  angular  velocities  of  the 
beam  about  O  estimated  in  the  direction  of  the  arrows  in  the 
figure,  just  before  and  just  after  impact;  u,  i;,  the  vertical 
velocities  of  O  estimated  downwards  just  before  and  just  after 
impact ;  B  the  blow  of  collision. 

Then,  a/  -^  co  being  the  angular  velocity  communicated  by  the 
blow,  we  shall  have,  if  /3  be  the  value  of  0  at  the  instant  of 
impact, 

^-«  =  -^p-^ (^)^ 

and,  M  —  V  being  the  velocity  of  O  which  is  destroyed  by  the 
blow, 

«-*  =  ! (2). 
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Again,  by  the  geometry,  we  get 

y  =  a  sin  0 ; 

and  therefore,  t  denoting  the   interval   between  the  instant  of 
collision  and  the  arrival  of  the  beam  at  the  position  represented 

in  the  figure, 

dy  ^dO 

-#-  =  a  cos  u  -r  ; 
dt  dt' 

hence,  —  i?,  —  ©',  being  the  values  of  -^ ,  ^  >  at  the  instant  after 

collision,  we  have 

t?s=a  cos/3.a>' (3). 

From  (1),  (2),  (3),  we  get 


B  r,l       Ba  coa^ 


—  (1  +  jFjCOs'ySj  =tt--aa)  cos)8, 


^  =  ^  a«cos«/3  +  A» W. 

Hence,  from  (1), 

,  ^  w  —  oo)  COS  fi     au  cos  B  +  A^oo 

'^  a*  co8')8  +  4*      a"cos'/S  +  A:*   ' 
and,  from  (2), 

, ,  w  —  oo)  cos  )8  ^  aw  cos  /3  +  A?o) 

a  COS  p  +  k  a"cos*p  +  Ar 

Next  let  us  suppose  the  beam,  to  be  imperfectly  elastic^  its 
elasticity  being  denoted  by  6 ;  in  this  case  the  value  of  B  given 
in  (4)  must  be  increased  in  the  ratio  of  .1  +e  to  1 ;  and  therefore, 
instead  of  the  equation  (4),  we  have 

z?     /I  ,    V    7«w  — a«  cos^ 
-a  =  (1  +  e)  mkr  -s — =-5 — ji » 
^        ^         a'cos'^S  +  A^' 

which  determines  the  magnitude  of  the  blow  of  impact :  substi- 
tuting this  value  of  B  in  (1),  we  get 

,         .  /-  ,    V  ^u  —  ato  cosyS 

«-«  +  (l  +  e)aco8/3-^— .^^ 

_  (y  —  g'e  cos')8)  fi>  +  (1  +  g)  au  cos  fi 

a*  cos*  fi  +  Tf  ' 
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and,  substituting  in  (2), 

^         '      a  COS  p  + At 

_  a*w  cos'/S  —  d^u  +  (1  +  c)  A'oo)  cos  ^ 
"  a*  cos"/8  +  A:*  ' 

The  velocity  of  O  parallel  to  the  plane  KL  will  be  the  same 
before  and  after  impact.  The  end  B  of  the  beam  will  evidently 
after  collision  detach  itself  from  the  horizontal  plane^  since  v  is 
less  and  ta'  greater  when  e  has  a  finite  value  than  when  it  is 
equal  to  zero. 

(2)  A  body  AB^  (fig.  239),  after  sliding  from  a  given  altitude 
down  an  inclined  plane  Oy^  impinges  against  a  small  obstacle  at 
C;  to  determine  the  impulsive  reaction  of  the  obstacle  and 
the  motion  of  the  body  immediately  after  collision. 

Let  Q  be  the  centre  of  gravity  of  the  body ;  draw  OH  at 
right  angles  to  Oy\  Ox  parallel  to  HQ.  Let  OH=a, 
CH=b,  w=tlie  mass  of  the  body,  i  =  the  radius  of  gyration 
about  G;  c  =  the  velocity  of  G  immediately  before  impact. 
We  will  commence  with  supposing  the  body  to  be  perfectly 
inelastic;  in  this  case  the  point  G  of  the  body  will  remain 
during  collision  in  contact  with  the  obstacle,  the  body  rotating 
about  this  point.  Let  B,  8,  denote  the  impulsive  reactions 
of  the  obstacle  parallel  to  Ox,  yO]  and  let  u,  t?,  denote  the 
velocities  of  G  parallel  to  Ox^  Oy^  on  the  completion  of  the 
impact;  also  let  a>  represent  the  angular  velocity  of  rotation 
about  G  at  the  same  kidtant;   ^ 

Then  we  have,  for  the  motion  of  translation, 

mu^B ....(1), 

mv^mc^S (2); 

and,  for  the  motion  of  rotation, 

«  • 

ml^ta  =  8a'-Bb.. (3). 

Again,  the  velocity  of  the  point  G  of  the  body,  estimated 
parallel  to  Oxy  will  be 

u-'wCG  cos ^GGH or  u-^bea, 
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the  former  term  of  this  expreBsion  arising  firom  the  motion  of  &, 
and  the  latter  firom  the  rotation  of  the  bodj  about  G, 

Also  the  velocity  of  the  point  (7,  parallel  to  Oy,  will  be 

V  —  a. CG sin zOCH  or  t?  — a», 

the  former  term  being  due  to  the  motion  of  Gj  and  the  latter  to 
the  rotation  about  G.  But  the  point  C  of  the  body,  which  is 
perfectly  inelastic,  remains  at  rest  during  the  collision;  henoe, 
evidently, 

w  -  Jo  =  0 (4) ;         «  —  flw  =  0 (6). 

From  (1)  and  (4)  we  have 

B^mbio (6)j 

and  firom  (2),  (5), 

8=^m  {c  —  ao)) (7); 

substituting  these  values  of  B  and  8  in  (3),  we  obtain 

and  therefore, 

aa  _       ahc  a*c 

«-a«  +  i»  +  jfe»'      **"7T*^TiP'      ''■*o'  +  i«  +  A^' 

hence  also,  firom  (6), 

n^      mabc 

and,  firom  (7), 

^= *^  V'' "  ^TiNHpy = ?+yTF- 

If  the  body  be  supposed  to  be  elastic,  we  must  increase  these 
values  of  R  and  8  in  the  ratio  of  1  +  6  to  1,6  denoting  the 
elasticity.    Hence 

P     911  (1  -h  g)  oic        ^_wic(l  +  e)(y-hJy) 
^-  a»  +  y  +  A:»  '      ^  a»  +  y  +  *»        ' 

and  therefore,  firom  (1),  (2),  (3), 

(l  +  6)aic  _    a*-e{V  +  If)  {l  +  e)ac 


m 
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(3)  A  beam  AB  (fig.  240)  is  originallj  in  a  vertical  position, 
hanging  firom  the  point  0  along  the  line  Oy;  supposing  the 
eztremily  A  of  the  beam  to  be  projected  from  0  with  a  given 
velocity  along  a  smooth  horizontal  groove  Oxy  to  determine  the 
motion  of  the  beam. 

Let  AB  .be  the  position  of  the  beam  after  a  time  t  from  the 
projection  of  A,  O  its  centre  of  gravity ;  draw  OH  at  right 
angles  to  Oxi  let  OH^x,  GH^y^  jlOAG^O,  AG=^a; 
m^  the  mass  of  the  beam,  A;  s  its  radius  of  gyration  about  G, 

Then,  for  the  motion  of  the  beam  at  any  time  after  the  pro- 
jection, we  have,  by  the  Principle  of  the  Conservation  of  Vis 
Viva, 

{w^%^>'w)'^^^ m< 

and,  by  the  Principle  of  the  Conservation  of  the  Motion  of  the 
Centre  of  Ghravity, 

1=^' (2). 

From  (1)  and  (2),  we  have 

but,  from  the  geometry,  we  see  that  y  «  a  sin  ^ ;  hence 

w(fl?cos*tf  +  *0^=^"  +  2myasintf (3). 

Let  B  denote  the  blow  of  projection  which  is  impressed  upon 
the  end  A  of  the  beam ;  u  the  velocity  of  ^'s  projection,  and  m 
the  angular  velocity  of  the  beam  about  G  immediately  after  the 
blow.  Also  let  1?  be  the  velocity  communicated  to  6^  by  the 
blow. 

Then  we  shall  have 

mv^By        wJfio^ssiBaj ..••..  (4). 

Again,  the  velocity  of  A  along  Ox  will  be  equal  to 

the  former  term  being  due  to  the  motion  of  G^  and  the  latter  to 
w.  8.  33 
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the  rotation  about  O ;  but  the  velocity  of  ^  is  also  u  bj  the 
hypothesis;  hence 

but,  from  the  equations  (4),  we  have  Tft^  ^  av;  vre  obtain,  there- 
fore, 

cf  Vu  au 

u^v+j^v,    »=^^j^,     <»^:3r^ri?- 

SB 
Now,  B  as  Jtt,    ^  =  »)  simultaneously ;  hence,  from  (S), 

and  therefore 

(a»cos»^  +  J»)^  =  A?«*-2^a(l-sin^ 

^"^"""-i-a^aCl-sin^ (5). 


(a*+**y 


Also,  the  value  of  -^  being  constant,  as  is  shewn  by  the 
equation  (2), 


^v—    «  .  ,>.     X 


which  gives  the  velocity  of  G  parallel  to  Oxy  and  the  value  of  a; 
at  any  time  of  the  motion;  the  angular  velocity  of  the  beam 
for  every  position  is  given  by  (5),  whence  0  is  to  be  ascertained 
in  terms  of  t. 

(4)  An  inelastic  beam  ABy  (fig.  241),  capable  of  moving  in  a 
vertical  plane  about  a  fixed  horizontal  axis  through  A^  fidls  from 
a  given  position,  and  impinges  against' an  immoveable  obstacle  at 
C;  to  determine  the  shock  on  the  axis. 

Let  G  be  the  centre  of  gravity  of  the  beam ;  AM  a  horizontal 
line  through  A;  let  m  =  the  mass  of  the  beam ;  i GAM=  0  at 
^y  time  t  of  the  descent;  a  =  the  initial  value  of  6\  jfcsthe 
^•••dins  of  gyration  about  G ;  AG^  a. 

jThen,  for  the  motion  of  the  beam  in  its  fidl, 

m^of-^y)  ^  =  w»y«  cos  0 ; 
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mtdtipljing  ^7  2  -^  and  integrating 


3m 

but  ^  =  awhen^  =  0;  hence 

0  =  2maff  sin  a  +  (7, 

jm 

and  therefore     (a^-h*^  ^  =  2agr  (sin^-sin  a). 


d0 


Let  z  GAM^  13  and,  at  the  instant  before  collision,  ^^^rn^^l 
then,  clearlj, 

(a*  +  Ai^  «•«  2ay  (sin^S  -  sin  a) (1). 

Let  Bf  R^  denote  the  impulsive  reactions  of  the  obstacle  C 
and  the  aads  Ay  at  the  instant  of  impact ;  both  of  which  will 
evidentij  be  at  right  angles  to  the  length  of  the  beam.  Now  the 
effect  of  the  reaction  £  is  to  destroy  the  whole  of  the  angular 
velocity  of  the  beam  about  A^  bj  impressing  upon  it  an  equal 
and  opposite  angular  velocity ;  hence,  putting  CA  =  Cj 

ma>{cf  +  Jt?):==Bc : (2). 

Again,  the  difference  of  the  moments  of  M  and  Si"  about  the 
centre  of  gravity  of  tiie  beam  being 

we  must  have 

-B(c— a)  — jB'aaswiA^w.., (8). 

From  (2)  and  (8)  we  obtain 

mw  {€f  +  J^(c^a)^  Roc  =  mtfao^ 
Roc  =  VMD  {(c - <i)  (a'  +  A^  -cA:»}, 

R^mm\a >■; 

and  therefore,  from  (1), 


B:.M^)*{^^\a-i^. 


8&— 2 
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If  ^  =  0,  we  moat  have 

a — =0,     <?«—-—; 

c  a 

and  therefore  G  must  be  the  centre  of  oscillation  of  the  beam  at 
the  moment  of  collision. 

K  the  beam  be  elastic,  we  must  increase  the  valne  of  B  given 
bj  (2)  in  the  ratio  of  1  +  6  to  1,  e  denoting  the  elasticity;  we 
shall  then  have,  &om  (3), 

JB'  =  ^{(l  +  «)(c-a)(a»  +  JK')-cfi"}. 

(5)  An  inelastic  beam,  which  is  moving  without  rotation  along 
a  smooth  horizontal  plane,  impinges  upon  a  fixed  rod  at  right 
angles  to  the  plane ;  to  determine  the  impulsive  reaction  of  the 
rod  and  the  motion  of  the  beam  subsequent  to  the  impact. 

Let  AB  (fig.  242)  be  the  position  of  the  beam  at  the  instant  of 
impact ;  0  the  place  of  the  obstacle ;  G  the  centre  of  gravity  of 
the  beam;  Q'G  the  line  of  (?'s  motion  before  collision.  Pro- 
duce OB  indefinitely  to  x,  and  draw  the  indefinite  line  yO^  at 
right  angles  to  Ox  and  meeting  OG'  in.  G\  Let  JS  =  the  im- 
pulsive reaction  of  0,  which  will  be  exerted  along  the  line  0^\ 
t*  =  the  velocity  of  G  before  impact;  lOGG^ol\  0O  =  c\ 
Jc  =  the  radius  of  gyration  of  AB  about  (? ;  m  =  the  mass  of  the 
beam ;  let  t;^  v^  be  the  velocities  of  G  parallel  to  Ox,  Oy,  just 
after  impact,  and  oo  the  angular  velocity  about  G. 

Then,  by  the  equations  of  impulsive  motion, 

mv^^mu  sino. (1), 

mv^  ^  mu  cos  a  —  B (2), 

mJt?ci>  =  Bc (3). 

Again,  the  velocity  of  the  point  0  of  the  beam  in  the  direction 
Oy,  the  instant  after  impact,  must  be  t?^— ca>,  v^  being  its  velocity 
due  to  the  velocity  of  Gj  and  —  ca>  its  velocity  due  to  the  rotation  of 
the  beam  about  G ;  but,  the  beam  being  inelastic,  the  effect  of  the 
impact  is  to  destroy  the  resolved  part  of  0*s  velocity  at  right 
angles  to  AB;  hence  v^  must  be  equal  to  ceo. 
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We  have^  then,  from  (2), 

and  therefore,  bj  the  aid  of  (3), 

nuffo  s=  mcu  cos  a  —  mJ(?o»j 
cu  cos  0( 

Hence,  from  (3), 


n^mJ^u  cos  a 

^■"      c«  +  A?    ' 
and  conseqnentlj,  from  (2), 

Jt^u  cos  a     <fu  cos  a 

Also,  from  (1),  Vg=^u  sin  a. 

Thus  we  have  determined  completely  the  instantaneous 
motions  of  the  beam  after  the  impact,  and  the  impulsive  reaction 
of  the  rod  at  0. 

It  maj  be  ascertained  that,  if  the  original  motion  be  precisely 
such  as  our  particular  figure  represents  it,  on  the  consunmiation 
of  the  impact,  the  beam  will  detach  itself  from  the  obstacle  and 
will  then  move  along  freelj  with  the  velocities  t;^  v^  (o,  which 
•we  have  obtained  above.  In  fact  we  should  find,  if  we  were  to 
assume  the  beam  always  to  touch  the  obstacle,  that  the  obstacle 
would  have  to  exert  a  continuous  attraction  instead  of  a  reaction. 

(6)  An  inelastic  cylinder  rolls  without  sliding  along  a  plane, 
and  impinges  upon  a  perfectly  rough  point,  the  circular  section 
of  the  cylinder  through  the  rough  point  being  supposed  to  bisect 
the  axis  of  the  cylinder :  to  determine  the  least  distance  of  the 
point  from  the  plane  in  order  that  the  cylinder  may  be 'reduced 
to  rest  by  the  impact. 

Let  09  be  the  angular  velocily  of  the  cylinder  before  and  a/ 
just  after  impact ;  the  cylinder  being  supposed  to  turn  over  the 
fixed  point  Oj  (fig,  243) «  Then,  a  being  the  radius  of  the 
cylinder,  the  centre  0  of  a  transverse  section  will  have  a  hori- 
zontal velocity  <uo  before  impact,  and  a  velocity  oo/,  at  right 
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angles  to  the  radius  00^  just  after  impact  Let  c  denote  the 
distance  of  C  from  the  plane  on  which  the  cjlinder  is  rolling, 
B  the  normal  and  8  the  tangential  reaction  at  (7. 

Then,  for  the  motion  of  translation  at  right  angles  to  CO^  we 
have 

fncuat  ^fnaw. h  8 (1), 

a 

and;  for  rotation  about  0,  there  is 

^flncfei)'  as  ^fWa»  -  8a (3). 

From  (1)  and  (2)  we  have 

3a -2c 

«  =  (». — . 

3a 

This  result  shews  that  the  cylinder  will  roll  over  the  fixed 
point  if  c  be  less  than  fa. 

The  following  is  a  different  solution  of  the  same  problem. 

\  The  motion  the  instant  before  impact  is  made  up  of  two 
motions,  the  one  of  translation,  the  velocity  being  ow,  and  the 
other  of  rotation,  the  angular  velocity  being  oo. 

Let  P  be  any  point  in  the  area  of  the  circular  section  through 
G;  let  OP^r,  and  let  O^Hie  inclination  of  OP  to  CO,  and  ^ 
its  inclination  to  the  horLBontal  line  AB.  Then  the  moment  of 
the  momentum  of  the  circular  section  about  C^  due  to  the  rotar 
tion,  is  equal  to 

J  0'^  0 

«pc»aM    (29(^  +  icos^«f3rptt>a\ 

•'0 

The  moment  of  the  momentum,  due  to  tninslatiQn,  is  equal  to 

r 

cu»prd<f>dr  (r  sin  ^  +  a  —  o) 


/■/ 

-a*apj   d^{Jasin^  + J(a-c)} 
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Hence  the  whole  moment  is  equal  to 

^fHoaf  (8a  —  2c), 

which  will  not  be  positiye  miless  c  be  less  than  fa,  that  is,  if 
the  cylinder  be  reduced  to  rest,  c  will  be  not  less  than  fa. 

(7)  A  rigid  system  at  rest  is  struck  bj  any  system  of  simul- 
taneous blows:  to  determine  the  position  and  velocity  of  the 
Spontaneous  Axis  of  Botation,  that  is,  of  a  straight  line,  rigidly 
connected  with  the  system,  which,  on  the  application  of  the 
blows,  has  no  motion  but  in  the  direction  of  its  length. 

Let  the  centre  of  gravity  of  the  system  be  taken  as  the  origin 
of  co-ordinates :  the  system  of  blows  may  be  reduced  to  tluree 
impulsive  pressures  X,  F,  Zy  at  the  origin,  along  the  axes  of 
X,  y^  z^  respectively,  and  three  impulsive  couples  the  moments 
of  which  are  2^,  if,  ^,  in  the  planes  yz^  zx,  xy,  respectively. 

Let  V^  l^y  T^  be  the  components  of  the  absolute  velocity  of  a 
particle  5m,  (the  co-ordinates  of  which  are  x^  y,  z),  just  after  the 
impacts,  parallel  to  the  axes  of  co-ordinates;  Vj^  V^\  V/,  the 
components  of  the  velocity  of  the  same  particle  relatively  to  the 
centre  of  gravity ;  Vg,  V^j  Vg,  the  components  of  the  velocity  of 
the  centre  of  gravity ;  oo^,  <o^  oo^,  the  angular  velocities  impressed 
upon  the  system  about  IJie  three  axes. 

Then  we  have 

and  VJ  =  «a>,  —  y<»,  | 

F;  =  a^,-««,  [ (1). 

Now  we  have,  for  the  motion  about  the  centre  of  gravity,  the 
equations 

2&»(yF;-«F;')«-^  1 
tSm{zVJ^xV:)^M[ (2); 

XSm{xrj^yVJ)^N  } 

which,  by  substituting  for  VJ^  V^\  VJf  the  values  given  above, 
become 
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a>^{s^+af)Sm^tofiyeSfn'-oi>^^xySmssiM   ^ (3). 

To  simplify  these  equations,  suppose  the  axes  of  co-oidinates 
to  coincide  with  the  principal  axes  through  the  centre  of  gravity, 
and  let  A,  B,  C,  represent  the  principal  moments  of  inertia  of 
the  system :  then  we  have 

At0^  =  L 

Ro^^M  > (4). 

Again,  for  the  motion  of  the  centre  of  gravity  we  have,  if  «• 
be  the  whole  mass  of  the  system, 

mV^^Y   V (5)  ; 

mT^^Z   J 
and  therefore,  for  the  components  of  the  absolute  velocity  of  any 
particle  &n,  we  shall  have 


';-n+n'-=+»5-4 


m 


^'^"^'^^'-hv^--^ 


(6). 


A   "B 

Gonsideiing  V^V^V„Ka  constant,  anj  two  of  the  equations 
(6)  will  lepieseat  a  straight  line :  mnltipljing  them  in  order  by 
L     M    N 
A'  "B'  7)'  "^^  ^*'  **  *  condition  to  which  V„  V„  V„  am 

subject. 


L.V,,M.V,,N.V._L.X,  M.  YN.Z 
A    ^    B    "^     0    ~  m4  ■'"~^F"'"'5»C7 


(7). 


T)m  direction-cosines  of  the  line  are,  as  appears  ficom   its 
equations,  proportional  to 

L.        M        N 
A'       B'       0' 
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but,  if  the  line  be  the  spontaneoiis  axis,  these  coBines,  as  is 
evident  from  the  definition,  must  abo  be  proportional  to  F^ 

TeL 


hence,  patting 


V, 

^  JcM 
^'~  B 


V.^ 


kN 
O 


(8); 


we  see,  from  (7),  that 


\      mA      mB     mC 


(9). 


From  (8)  and  (9),  F  denoting  the  velocity  of  the  spontaneous 
axisy  we  see  that 


LX 


i 


mA     mB 


MY    NZ 
mO 


inp-iF^' 


c*) 


The  eqnationB  (6)  become,  hj  (8), 

TcL     X  ,    M      N 
-A'-m^'B-y-G' 

kM    Y^   N      L 
'B'm'^'O'^J' 


kN    Z 


M 


-O^m^yi-'^B'' 

which  are  the  equations  to  the  spontaneous  axis,  h  being  sup- 
posed to  have  the  value  given  in  the  equation  (9). 

For  fiurther  information  on  this  problem  the  student  is  referred 
to  two  papers  in  the  Ccmiridge  McUhematioal  Journal^  YoL  iv. 
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NoTember  1844 ;  the  former  paper  haying  1)6en  ocmtrifaated  hy 
Mr  Gt)odwm« 

(8)  A  given  inelastic  mass  is  let  £Bkll  from  a  given  height  on 
one  scale  of  a  balance,  and  two  inelastic  masses  are  let  fiJl  from 
different  heights  on  the  other  scale,  so  that  the  three  impacts 
take  place  simultaneously;  to  find  the  relations  between  the 
masses  and  heights  in  order  that  the  balance  may  remain  per- 
manently at  rest. 

K  f»  be  the  given  mass,  m%  tnf',  the  other  two  masses,  and 
hf  h%  k\  respectively  the  three  heights,  then 

mxm'i  m"  ::  *'*-&"*  :  A*- A"*  :  A'* -A*. 

(9)  A  uniform  horizontal  stick,  falling  by  the  action  of 
gravity,  strikes  at  one  end  against  a  stone;  to  compare  the 
blow  it  receives  with  what  it  would  have  received  had  both 
ends  .struck  simultaneously  against  two  stones,  the  blows  being 
supposed  to  take  place  at  right  angles  to  the  stick. 

The  blow  it  actually  receives  is  half  the  blow  it  would  have 
received,  on  the  latter  hypothesis,  at  each  stone. 

(10)  To  determine  the  nature  of  the  impulses  which  must  be 
impressed  upon  a  free  quiescent  cube  in  order  diat,  ipso  motua 
initio^  a  diagonal  of  the  cube  may  remain  at  rest 

Let  Xy  F,  Z,  be  the  components  of  the  resultant  force  through 
0,  the  c^itre  of  gravity  of  the  cube,  along  rectangular  axes 
Ox^  Oj/y  Ozy  parallel  to  the  edges;  let  2/,  if,  N,  be  the  com- 
ponents of  the  resultant  couples  about  these  axes:  and  let 
X  ssy  ss  is,  be  the  equations  to  the  quiescent  diagonal ;  then 

js:=o,  r=  0,^=0, 

and  L^M^N; 

results  which  shew  that  the  resultant  force  must  be  zero,  and 
that  the  plane  of  the  resultant  couple  must  be  at  right  angles  to 
the  quiescent  diagonal. 

(11)  To  determine  the  nature  of  the  impulses  in  the  preceding 
problem,  in  order  that  an  edge  of  the  cube  may  remain  for  an 
instant  quiescent. 
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Let  the  equations  to  the  qtdesoent  edge  be 

2a  beiiig  the  length  of  an  edge :  then 

X«0,        if«0,        N^Oj 

results  which  shew  that  the  resultant  force  is  at  right  angles  to 
the  diagonal  plane  through  the  quiescent  edge,  and  that  the 
plane  of  the  resultant  couple  is  perpendicular  to  this  edge. 

(12)  A  lamina,  in  the  form  of  a  semi-ellipse  bounded  bj  the 
axis  minor,  is  moveable  about  the  centre  as  a  fixed  point,  and 
falls  from  the  position  in  which  its  plane  is  horizontal : 

(1)  to  determine  the  impulse  which  must  be  applied  at  the 
centre  of  gravity,  when  the  lamina  is  vertical,  in  order  to  reduce 
it  to  rest;  (2)  if  this  force  be  applied  perpendicularly  to  the 
lamina  at  the  extremity  of  an  ordinate  through  the  centre  of 
gravity,  instead  of  being  applied  at  the  centre  of  gravity  itself, 
to  ascertain  the  position  of  the  axis  of  revolution  the  instant 
afterwards. 

The  required  impulse  is  equal  to  Jf(f  Tr^a)',  Jf  being  the 
mass  of  the  ellipse,  and  the  required  axis  is  the  axis  major. 

Mackenzie  and.  Walton:  Bohitiona  of  the  GamMdge 
Problemafor  1864. 

(13)  A  quiescent  ellipsoid  is  struck  by  a  system  of  blows, 
the  resultants  of  which  are  a  force,  through  its  centre  of  gravity, 
the  direction-cosines  of  which  are  Z,  m,  n,  and  a  couple,  the 
direction-cosines  of  the  axes  of  which  are  X,  /i,  i/ :  to  determine 
the  ratio  of  the  velocity  of  the  spontaneous  axis  of  rotation  to 
the  velocity  of  the  centre  of  gravity  of  the  ellipsoid. 

The  reqTiired  ratio  is  equal  to 

tK  mil  n» 

? 7~n- 


1(i^T^'^(<?+ay"^(a-  +  ft»)'j 


524  IMPUI^ITE  F0BGE8. 

Sect.  2.    Several  Bodies.    Smooth  Swrjnces. 

(1)  A  heavy  sphere  P  (fig.  244)  fftUs  down  fix>m  a  given 
altitade  upon  a  body  at  rest,  the  upper  surfaxie  of  which  is  a 
smooth  inclined  plane ;  the  body  is  capable  of  sliding  along  a 
smooth  horissontal  plane,  its  lower  surfSace  being  flat ;  abo  the 
same  vertical  plane  contains  the  centres  of  gravity  both  of  the 
sphere  and  of  the  body :  to  determine  the  initial  motions  of  the 
sphere  and  of  the  body,  both  of  which  are  supposed  to  be  per- 
fectly inelastic. 

Let  ABH  denote  the  section  of  the  body  made  by  a  plane 
passing  through  its  centre  of  gravity,  AS  being  a  line  in  the 
horizontal  plane. 

Let  Fbe  the  velocity  of  the  sphere  just  before  impact;  tc,  v, 
the  resolved  parts  of  its  velocity  after  impact,  perpendicular  and 
parallel  to  the  hypotenuse  BA  of  the  triangle  BAJBT;  u  the 
velodly  of  the  body  parallel  to  AH  after  the  impact ;  m,  m'j  the 
respective  masses  of  the  sphere  and  body,  and  B  the  blow  of 
collision;  let  ^BAH^a. 

Then,  for  the  motion  of  the  sphere,  the  blow  being  at  right 

angles  to  BAj 

mu^mVco&a-^B. (1), 

t;sFsina  (2); 

and,  for  the  motion  of  the  body, 

fiiV»j8sina (3). 

These  three  equations  involve  four  unknown  quantities,  tc,  t?, 
u\  B:  for  the  solution  of  the  problem,  then,  another  equation 
will  be  necessary.  This  will  be  obtained  by  the  consideration 
that,  the  sphere  and  the  body  being  both  perfectly  inelastic,  the 
effect  of  their  collision  is  merely  to  [prevent  the  penetration  of 
the  one  into  the  interior  of  the  other,  without  causing  any 
recoil,  which  could  result  only  from  the  existence  of  elasticity : 
hence  the  velocity  of  the  ball,  after  collision,  at  right  angles  to 
the  line  BAy  must  be  equal  to  the  velocity  of  any  assigned  point 
in  this  line  estimated  in  the  same  direction* 
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Now  the  velocity  of  any  assigned  point  in  BA  at  right  angles 
to  this  line  is  evidentlj  t«'  sin  a ;  and  therefore  we  have 

u'eiaa^u (4). 

From  the  equations  (1),  (3),  (4),  we  obtain 

wijR  sin' a  =  wwi' Foos  a  —  WjB, 

and  therefore  B  =  — r-s — ; — ?..... *-..(5), 

which  gives  the  magnitude  of  the  blow. 

From  (3)  and  (5),  we  get 

,     mFsinacosa 
w  = 'Hi — ; — r  J 

which  determines  the  motion  of  the  body ;  and  therefore,  by  (4), 

_  mFsin^gcosa 
m  sm  a  +  m 
D' Arc7 ;  MSmaires  de  TAcadimie  des  Sciences  de  Paries 
1747,  p.  344. 

(2)  Two  billiard  balls  B  and  G  (fig.  245)  are  lying  in  contact 
on  the  table :  to  find  the  direction  in  which  the  ball  B  must  be 
struck  by  a  third  ball  ^  so  as  to  go  off  in  a  given  direction  £2) ; 
the  balls  being  of  equal  volxmie  and  weight,  and  perfectly 
smooth. 

Let  the  direction  AB,  which  joins  the  centres  of  A  and  B  at 
the  instant  of  their  collision,  knake  an  angle  0  with  the  straight 
line  OBJE^  and  let  j:  CBD  =  a.  We  will  first  suppose  the  balls 
to  be  inelastic.  Let  a,  a',  denote  the  resolved  parts  of  the 
velocity  of  ^  in  the  direction  ABy  before  and  after  collision  re- 
spectively ;  and  ft,  c,  the  velocities  of  B,  C.  Let  m  represent 
the  mass  of  each  of  the  balls,  R  the  blow  between  A^  B,  and  8 
that  between  J9,  0. 

Then,  for  the  motion  of  Bj  resolving  forces  at  right  angles 

to  JSC, 

nib  sina^iS  sin0« (1), 

and)  resolving  parallel  to  EGj 

fnbcoBa=»BcoB0^  8. (2). 
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AlaO)  for  the  motion  of  C7,  we  have 

me^S (3). 

Again,  since  after  collision  the  velocities  of  B  and  C  in  the 
direction  EC  must  be  equal,  there  is 

booaa^c , (4). 

From  (3)  and  (4)  we  get  nibcoBa^  S^ 
and  therefore,  from  (2), 

mb  cos  d=^B  COB  O^mb  cos  a, 

IicoB0^2fnh  cosa (5). 

From  (1)  and  (5)  there  is 

^  sin  a  cos  0  s  2nih  cos  a  sin  0» 
and  therefore  tan  0  »=  ^  tan  a, 

which  determines  the  point  in  which  A  must  come  into  collision 
with  A 

If  we  iQtroduce  the  consideration  of  elasticity,  the  magnitudes 
of  B  and  8  will  each  have  to  be  increased  in  the  ratio  of  1  +  « 
to  1.  Now  the  direction  of  B'b  motion  will  evidentlj  not  be 
affected  by  any  alteration  in  the  absolute  magnitudes  of  jB  and  8^ 
provided  that  the  ratio  between  their  intensities  be  not  changed. 
Thus  we  see  that  the  consideration  of  elasticity  will  not  modify 
the  solution  of  the  problem. 

(3)  A  billiard  ball  impinges  simultaneously  upon  two  other 
billiard  balk  which  are  resting  in  contact;  to  determine  the 
motions  of  the  three  balls  after  collision. 

Let  A  (fig.  246)  denote  the  centre  of  the  impinging  ball  at 
the  moment  of  impact ;  A'j  A"y  of  the  other  two  balls.  Join 
AA'y  A  A"  J  and  produce  them  iudefinitely  to  points  a\  a*; 
draw  Aa  a  conmion  tangent  to  the  two  balls  A\  A".  Th^i 
evidently  after  collision  A'b  motion  will  be  confined  to  the 
straight  line  Aa]  while  A\  A'\  will  proceed  to  move  along 
Aa*j  A"cb\  Let  %  v,  be  the  velocities  of  A  before  and  after 
impact ;  v'  the  velocity  aflber  impact  of  'each  of  the  balls  A'j  A'\ 
Siuce  A  A' A"  is  evidently  an  equilateral  triangle,  ^clAu'  «  ^ 
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^/LCLAja*''y  let  B  be  the  blow  of  collision  between  A^  Aj  and 
A^  A";  and  m  tbe  mass  of  each  of  the  three  balls.    Then 

mv  =  mu  —  2B  cos  J^r (1), 

mv'^B. (2). 

Let  ns  first  suppose  the  three  balls  to  be  perfectly  inelastic ; 

then  the  instant  after  impact  the  balls  A^  A',  will  move  in 

contact,  as  well  as  the  balls  A^  A";  hence  we  mnst  evidently 

have 

t;'  =  t?cos  Jtt; 

we  have,  therefore,  from  (2), 

B^mv  COB- ; 
o 

and  conseqnenilj,  from  (1), 

mv  a=  mu  —  2fnv  cos'  -  ,        t?  =  — ^— ^— .  ss  -— ; 

1  +  2  cos'  ~ 

IT        3^ 

and  therefore  t?'=  t;  cos  -  =  —  w, 

o      o 

and  jB*— r — (3). 

K  the  balls  be  elastic,  and  e  denote  their  elasticity,  we  must 
increase  the  value  of  £  in  (3)  in  the  ratio  of  1  +  e  to  1 ;  hence 
we  have 

5=(i+«)^ w. 

and  therefore,  from  (1), 

wm;  =»»»«  —  f  (1  +  e)  mu, 
t>  =  J(2-8e)«; 

and,  from  (2),  (4),       mv'  =  (1  +  c)  ^-^ , 

v'=j{l  +  e)u. 

Maclanrin;  li-Miae  of  Fhieiotu,    D'Alembert;  3Va«e^ 
de  Dynamfque^  p.  227. 
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(4)  A  ball  0  (fig*  247)  impingea  upon  an  inelastic  beam  AB 
with  a  given  velocity,  at  right  angles  to  its  length ;  to  detennine 
the  magnitude  of  the  blow  and  die  initial  circumstances  of  the 
motion  of  the  beam  and  ball. 

Let  fi^  be  the  centre  of  gravity  of  the  beam ;  w!  its  mass,-  Jc  the 
radius  of  gyration  about  Q)  let  J?(?  =  a,  «  =  the  velocity  of  the 
ball  before  impact,  I'ssits  velocity  immediately  afterwaids ; 
B  =s  the  magnitude  of  the  mutual  impulse :  let  v'  be  the  velocity 
of  G  and  (o  the  angular  velocity  of  the  beam  about  G  just  after 
collision. 

Then,  for  the  initial  motion  of  the  baU  after  collision,  m 

denoting  its  mass, 

•    mo  =s  mu  —  B (1) ; 

and,  for  the  initial  motion  of  the  beam, 

mv'^B (2), 

m'lf^^^Ba (3). 

Again,  the  velocity  of  the  point  E  of  the  beam  will  be  equal 

to 

v'  +  oo), 

the  former  term  of  the  expression  being  due  to  the  motion 
of  Gj  and  the  latter  to  the  rotation  about  G ;  but,  the  beam  and 
ball  beiog  inelastic,  the  velocity  of  the  point  E  of  the  beam 
after  collision  must  be  equal  to  that  of  the  point  E  of  the  ball, 
and  therefore  of  the  point  Cx  hence  we  have 

r  =  t/  +  a (4). 

From  (I),  (2),  (3),  (4),  we  obtain 

B  _^B     Bcf 

m     m      mlc 
and  therefore 

»_  t*  _         mitiVu 

1^1       "7       (ffl  +  mQA-'-Hwfl'* 

Hence,  firom  (1),  we  get 

^  "■  ^ ""  (w  +  W)  ft"  +  «Mi* ""  {i»  +  fn')Jf  +  mcf ' 


from  (2),  t;'  = 
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and,  from  (3), 


a>=: 


(m  +  w )  ft*  +  md 
mail 


% ) 


(m  +  m)  A'  +  ma' 


«• 


(5)  A  cylinder  is  revolving  with  a  given  angular  velocity 
round  its  axis,  which  is  horizontal,  when  it  suddenly  begins  to 
draw  up  a  weight,  consisting  of  inelastic  materials^  by  means  of 
an  inextensible  string  wound  round  the  cylinder ;  to  determine 
the  time  the  system  will  continue  in  motion,  and  the  original 
distance  of  the  weight  from  the  cylinder,  that,  at  the  instant  the 
motion  ceases,  the  weight  may  just  touch  the  cylinder. 

Let  a  =  the  radius  of  the  cylinder,  w=its  mass,  Tc^  =  the  radius 
of  gyration  about  its  axis ;  m=  the  mass  of  the  weight ;  let  (»,  (o\ 
denote  the  angular  velocities  of  the  cylinder  just  before  and 
just  after  beginning  to  draw  up  the  weight ;  let  w  =  the  velocity 
of  the  weight  at  the  commencement  of  its  motion,  ^=the  im- 
pulsive force  exerted  initially  by  the  string  on  the  weight* 

Then  we  shall  have 


a 

^  =  0)- 

Ba 

US 

B 

but  M  = 

ocd'; 

hence 

B 
m 

siCUO- 

Ba' 

and  therefore 

B 

irmicucolf 

,      « 

tnamJf 
~  m'a*  +  mk' 

(1), 


Let  0  denote  the  angle  through  which  the  cylinder  has 
revolved  about  its  axis  at  the  end  of  the  time  t  from  the 
commencement  of  the  raising  of  the  weight;  and  let  x  be 
the  corresponding  distance  of  the  weight  below  the  horizontal 
plane  through  the  axis  of  the  cylinder.  Then,  by  the  Principle 
of  the  Conservation  of  Vis  Viva, 

•  ,  da?        ,*  dS^     ^    ,         r^ 

m  ^  +  wiAr^=2m^a;4-(7. (2): 

w.  s.  34 
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but,  if  b  denote  the  value  of  x  at  the  commencement  of  the 
raising  of  the  weight,  it  is  clear  from  the  geometry  that 

x  +  a0^b.    and  therefore  a-j-ss  — -j-r 

at        dt' 

hence,  from  (2), 

differentiating  with  respect  to  t,  and  dividmg  ^7  ^  ;^  > 

integrating  with  respect  to  t^  we  have 

doR 
but  -TT  =  —  tt  when  <  =  0 ;  hence  C= —  {racf  +  nJ^  «,  or,  by  (1), 

0=  —  nuuol^y  and  therefore 

{ma^  +  mi^ -f-^m'a^fft—mcuoi? (3); 

integrating  again  with  respect  to  t^  we  get 

but  aj  =  J  when  <  =  0;   hence  C  =  (wV  +  wA*)  J,  and  therefore 
(wV  +  mJ^  X  =  (mV  +  mJ^  h  +  ^ra'a^gf  -  mcuoi^t (4). 

Let  (  denote  the  time  when  the  motion  ceases  for  an  instant ; 

dx 
then,  from  (3),  since  ^  =  0  when  t  =  //, 

0  =  mdfqt  —  mouol^.       {  =  — ; — . 
^  '  mag 

Hence  also,  from  (4),  since  2;  =  0  when  <  =  ^, 

WW 


which  gives  the  required  value  of  b. 


•"■A* 


2m:g  ' 


(6)    Two  inelastic  spheres,  of  which  A  and  a  (fig.  248)  aie^ 
the  centres,  are  attached  to  rigid  rods  CA  and  ca^  which  are 
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capable  of  motion  in  a  single  plane  about  axes  through  G  and  o 
at  right  angles  to  the  plane ;  supposing  the  spheres  to  impinge 
against  each  other  with  given  velocities,  it  is  required  to  deter- 
mine their  initial  velocities  after  impact. 

Join  Aay  and  produce  it  indefinitely  both  ways  to  points 
0,  fi\  from  Gj  Cj  draw  COy  eg,  at  right  angles  to  o^  at  the 
moment  of  collision.  Let  G,  c,  represent  the  lines  CGy  cg^ 
ft,  a>,  the  angular  velocities  of  (7-4,  ca,  about  (7,  c,  respectively 
immediately  before,  and  XI',  w',  immediately  after  collision,  the 
angular  motions  being  estimated  in  the  directions  indicated  by 
the  arrows  in  the  figure ;  B  the  blow  of  collision;  /  the  moment 
of  inertia  of  the  sphere  A  with  its  rod  AG  about  the  axis 
through  (7,  %  the  moment  of  inertia  of  the  other  sphere  and  rod 
about  c. 

Then,  fl  —  fl  being  the  angular  velocity  which  GA  gains,  and 
0)  —  o>'  that  which  ca  loses  by  the  shock,  we  shall  have 

/(ft'-n)=5.C,       t(a>-a)')  =  5.c (1). 

But,  the  spheres  being  inelastic,  the  point  P  of  the  sphere  a 
will,  the  instant  after  collision,  have  the  same  velocity  along  afi 
as  the  point  P  of  the  sphere  A :  hence 

XI'.  GP.  sin  ^  GPG  =  ©'.  cP.  sin  ^  cPg, 

or  XI' (7=  a>'c (2). 

Now,  from  the  equations  (1), 

c/(ft'-n)  +  (7;(a>'-G))  =  o, 

and  therefore,  by  (2),  we  get 

c/(ca)'  -  Gil)  +  (7V  (ft)'  -  ft))  =  0, 

(c«/+  Gh-)  ft)'  =  (7  {cm  +  C&>), 

and  therefore     {<?!+  GS)  XI'  =  c  (c/ft  +  (7tt») ; 

which  two  equations  give  the  values  of  XI',  ft>'. 

The  solution  of  a  particular  case  of  this  problem  was  unsuc- 
cessfully attempted  by  John  Bernoulli,  son  of  the  celebrated 
John  Bernoulli,  in  the  Mimotres  de  8t»  Pdiersbourg,  Tom.  vii.: 
the  correct  solution  of  the  problem,  in  its  most  general  form, 

34—2 


532  IMPULSIVE  FORCES. 

tvas  given  by  D'Alembert,  TratU  de  Dynamique^  p.  221 ;  second 
edition. 

(7)  An  inelastic  sphere  (A)  slides  down  an  inclined  plane 
and  comes  into  contact  with  an  equal  inelastic  sphere  {B)  lying 
on  a  horizontal  plane  and  also  in  contact  with  the  inclined 
plane ;  to  determine  the  velocities  of  the  two  spheres  jnst  after 
collision,  and  the  angular  velocity  of  the  line  joining  the  c^itres 
of  A  and  B  the  instant  before  its  becoming  horizontal* 

Let  Z  =  the  length  of  the  portion  of  the  inclined  plane  down 
which  the  sphere  A  has  slid  from  rest  before  collision  with  B^ 
a  =  the  inclination  of  the  plane,  r  =  the  radius  of  either  sphere ; 
let  V,  V,  be  the  velocities  of  A,  By  respectively,  just  after  colli- 
sion, and  fo  the  required  angular  velocity  of  the  distance  between 
their  centres :  then 

cos* a       ,-  7   •      \i         >         cos  a       /^  i   .      ^k 

V  = T- .  (2gl  sin  a)',      v  = «—  .  r2gi  sm  a)*, 

l+cos*a   ^^  '^  l  +  cos*a   ^^  ^' 

^ff  sin'g    (?  +  2r)  cos*a  +  2r 
"^  "'    2r*      •        (l+.cos*a)'       ' 

(8)  A  uniforoi  bar,  moveable  in  a  vertical  plane  about  one  of 
its  ends,  falls  from  a  horizontal  position  and  strikes  a  perfectly 
elastic  ball:  to  determine  the  greatest  velocity  which  it  can 
communicate  to  the  ball,  and  to  find  the  position  in  which  the 
ball  must  be  struck  to  receive  this  velocity. 

Let  a  denote  the  length  of  the  bar,  m,  m\  the  masses  of  the  bar 
and  ball  respectively ;  then  the  greatest  velocity  which  can  be 

ga  .  —7]  ;  and,  in  order  to 

acquire  this  velocity,  the  ball  must  be  placed  at  a  distance, 

vertically  below  the  point  of  suspension,  equal  to  <^a/[o — >)  • 

(9)  Two  equal  inelastic  balls,  connected  by  a  rigid  rod 
without  weight,  slide  down  in  a  vertical  plane  between  a  smooth 
vertical  and  a  smooth  horizontal  plane :  if  the  lower  ball  im- 
pinge directly  upon  an  equal  ball  at  rest,  to  determine  the 
angular  velocity  of  the  rod  just  after  the  collision,  its  angular 
velocity  and  position  just  before  collision  being  knowa. 
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If*  a  denote  the  inclination,  and  a>  the  angular  velocity  of  the 
rod  just  before  the  collision,  its  angular  velocity  just  afterwards 
will  be  equal  to 

1  +  sin'a ' 

(10)  A  rectangular  door,  which  is  open,  is  struck  perpen- 
dicularly at  the  outir  edge  by  a  body,  the  mass  of  which  is 
one  third  of  that  of  the  door,  and  which  is  moving  with  a 
given  velocity :  to  determine  the  velocity  communicated  to  the 
outer  edge  of  the  door,  the  hinges  being  supposed  smooth  and 
the  colliding  bodies  inelastic. 

The  outer  edge  of  the  door  will  acquire  a  velocity  equal  to 
half  that  of  the  impinging  body. 

(11)  A  slender  homogeneous  rod  lies  on  a  smooth  horizontal 
plane :  it  is  divided  into  two  portions  by  a  joint  at  its  middle 
point :  it  is  set  in  motion  by  a  blow  at  one  extremity  perpen- 
dicular to  its  length:  to  compare  the  initial  velocity  of  the 
middle  point  of  the  rod  with  that  which  it  would  have  had 
supposing  the  rod  had  not  been  jointed. 

The  velocity  of  the  middle  point  of  the  rod,  when  jointed,  is 
twice  as  great  as  if  it  had  been  left  in  one  piece,  and  in  the 
opposite  direction. 

(12)  A  bea:m,  placed  upon  a  smooth  horizontal  plane,  has 
one  extremity  fixed :  a  ball  A  is  placed  on  the  plane  in  contact 
with  the  beam  at  a  given  distance  from  the  fixed  extremity :  to 
determine  at  what  point  of  the  beam,  on  the  other  side  of  it, 
another  ball  A  must  impinge  directly,  so  that  the  greatest 
possible  velocity  may  be  communicated  to  A  by  the  impact,  the 
beam  and  balls  being  inelastic. 

Let  a,  a',  be  the  distances,  at  the  instant  of  impact,  of  A,  A\ 
respectively,  from  the  fixed  end  of  the  beam ;  m,  m',  the  respec- 
tive masses  of  A^  A'\  and  iJ^  the  moment  of  inertia  of  the  beam 
about  its  fixed  end.    Then 


a'  =  |i;(,na»  +  /*^}*. 


O'Brien  and  Ellis :  Solutions  of  the  Senate-House  Problem^ 
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(13)  A  perfectly  inelastic  and  smooth  ellipsoid  the  semi-ajLes 
of  which  are  a,  J,  c,  revolving  with  an  angular  velocity  of  round 
one  axis  c,  impinges  with  a  velocity  v  upon  a  quiescent  sphere 
of  equal  magnitude :  the  instant  before  collision,  the  semi-axis  a 
lies  in  the  direction  of  the  motion  of  the  centre  of  gravity  of  the 
ellipsoid :  at  the  instant  of  impact^  the  sphere  touches  the 
ellipsoid  at  the  extremity  of  the  latus  rectum  of  its  principal 
section  containing  a  and  b :  supposing  the  eccentricity  of  that 
principal  section  to  be  equal  to  \/§9  ^  determine  the  relation 
between  v  and  q>  that  there  may  be  no  rotatory  motion  in  the 
ellipsoid  after  collision. 

The  required  relation  is 

V 

(14)  A  rectangular  door  of  weight  W  is  closed  by  means  of 
a  weight  W\  suspended  at  one  end  of  a  chord^  which  passes 
over  a  pulley  at  the  edge  of  the  door  when  shut :  the  cord  winds 
on  and  off  the  arc  of  a  circle  the  radius  of  which  is  equal  to  the 
breadth  of  the  door;  to  determine  the  angular  velocity  of  the 
door  the  instant  before  and  the  instant  after  arriving  at  its 
position  of  equilibrium. 

Let  a  =  the  angular  distance  of  the  door,  in  a  position  of 
instantaneous  rest,  from  its  position  of  equilibrium,  b  =  the 
breadth  of  the  door ;  and  let  a»,  a>\  be  respectively  the  required 
angular  velocities :  then 

If  TF=3TF',  it  appears  that  the  door  will  finally  rest  in  its 
position  of  equilibrium. 

Sect.  3.    Bough  Surfaces. 

(1)  An  inelastic  cylinder  0  (fig*  249)  having  rolled  down 
a  perfectly  rough  plane  (LI,  impinges  upon  a  perfectly  rough 
plane    C'A^  the  axis  of  the  cylinder  being  parallel  to  the 
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intersection  of  the  two  planes;  to  find  the  velocity  with 
which  the  cylinder  will  cdmmence  its  ascent  up  the  second 
plane,  and  the  limiting  angle  of  inclination  of  the  two  planes 
for  which  the  ascent  is  possible. 

Let  ^CAG'  =  ay  A;  =  the  radios  of  gyration  of  the  cylinder 
about  its  axis,  a  =  the  radius  of  the  cylinder,  m  =  its  mass ;  u  =3 
the  velocity  of  the  centre  0  of  a  circular  section  of  the  cylinder 
parallel  to  the  plane  CA  just  before  impact,  and  v  =  the  velocity 
after  impact  up  the  plane  AC;  5  =  the  impulsive  force  of 
firiction  exerted  by  the  plane  AC  upon  the  cylinder  at  the 
moment  of  impact  to  secure  perfect  rolling. 

Then,  for  the  motion  of  the  centre  of  gravity  of  the  cylinder 
parallel  to  AC%  we  have 

mv^^B  —  mucosa (1); 

and,  for  the  value  of  the  decrement  of  the  angular  velocity  of  the 

cylinder  about  its  axis  owing  to  the  impulse  Bj  we  have  the 

expression 

Ba 

which,  by  (1),  is  equal  to 

g  (i?  -h  tt  cos  g) 

but,  the  planes  being  both  perfectly  rough,  it  is  evident  that  -  is 


a 


V 


the  angular  velocity  before,  and  -  after  the  impact ;  hence 


a 


u     V     a(v-¥u  cos  a) 


a 

a 

*• 

tt- 

a* 

•*  =  ;? 

(«  +  M  cos  a) ; 

but  €f  = 

=  2**; 

hence 

u- 

- 1?  =  2t;  +  2w  cos  a ; 

and  therefore, 

V 

=j(i- 

-  2  cos  a)  u, 

which  gives  the  velocity  with  which  the  cylinder  ascends  the 
plane  A  C\ 
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Since  v  can  evldentlyy  irom  the  nature  of  the  case,  hare 
neither  a  zero  nor  a  negative  valae,  it  is  clear  that  the  smallest 
possible  value  o£  a  for  the  ascent  is  given  by  the  equation 

1—2  cos  a  =  0,     cos  a  =  ^ ; 

whence  ^tt  is  the  limiting  value  of  a. 

(2)  A  ball,  sliding  without  rotation  along  a  smooth  horizontal 
plane,  impinges  obliquely  against  a  perfectly  rough  vertical  plane ; 
to  determine  the  subsequent  motion  of  the  ball. 

Let  Oxj  Oy^  Ozj  (fig.  250),  be  three  rectangular  axes,  the 
plane  xOy  being  horizontal  and  passing  through  the  centre  C  of 
the  ball^  and  the  plane  xOz  being  the  rough  vertical  plane 
against  which  the  ball  impinges.  Let  E  be  the  point  in  which 
the  ball  strikes  against  the  vertical  plane ;  CF  the  direction-  of 
the  motion  of  (7  before  collision.  Let  u  be  the  velocity  of  C 
before  impact,  a  the  inclination  of  CFto  Ox;  r,,  v^  the  resolved 
parts  of  the  velocity  of  C  parallel  to  Ox,  Oy,  after  the  impact ; 
Q>  the  angular  velocity  of  the  ball  about  C  after  impact ;  Xy  Yy 
the  impulsive  reactions  of  the  rough  plane  along  xOj  and 
parallel  to  Oy,  during  collision ;  m  the  mass  of  the  ball ;  a  the 
radius  of  the  ball,  k  the  radius  of  gyration  about  G. 

First  we  will  suppose  the  ball  to  be  inelastic.  For  the  motion 
of  the  ball  after  impact^  we  have 

mVg  =mu  COB  a  —  X. i..i....(l)i 

TwtJy  =  F  —  mu  sin  a (2), 

mlfw^Xa (3). 

Now,  the  ball  being  perfectly  inelastic,  the  velocity  of  C  at 
right  angles  to  the  vertical  plane  will  be  destroyed  by  the 
impact,  or  Vy  =  0;  hence,  from  (2), 

Y^muAvLOL (4). 

Also,  the  vertical  plane  being  perfectly  rough,  the  ball  must 
roll  without  sliding  after  impact ;  hence  we  must  have  a«>  =  v, 
and  therefore,  from  (1),  (3),  we  get 

^  (tnucos  a  —  X)  =  Xa*, 

^     mlfu  cos  a  ,^. 

^=     a«  +  A*     ;•  (^)- 


xy 
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Next,  let  us  suppose  the  ball  to  be  elastic,  e  denoting  the  elas- 
ticity ;  then,  vj,  r/,  to',  denoting  on  the  new  supposition  what 
Vgy  t?y,  6),  were  taken  to  denote  on  the  old  one,  we  shall  have 

mvj  =WMC08  a—  (1  -f  e)  X (6), 

«it?/ =  WW  sin  a  —  (I  +  e)  Y (7), 

m**a>'=(l +e)Xa  (8). 

From  the  eqxuitions  (5)  «id  (6),  we  obtain 

,                    (l  +  e)  l^u  COS  a     c?  —  elf 
V-  =  w  COS  a  —  ^^ 1 — jz =  —5 — 7T  w  COS  a ; 

from  (4)  and  (7), 

Vy  =  w  sin  a  —  (1  +  e)  i/  sin  a  =  —  «*  sin  a ; 

and,  from  (5),  (8), 

,      (1  +  «)  CLU  COS  a 

«"= — a'+y      ' 

which  values  of  v^^',  t?/,  <»',  completely  determine  the  subsequent 
motion  of  the  ball. 


• 


(3)  A  perfectly  rough  sphere  is  placed  upon  a  perfectly 
rough  horizontal  plane  which  is  made  to  rotate  with  a  uniform 
angular  velocity  about  a  vertical  axis ;  to  determine  the  path 
described  by  the  sphere  in  space. 

Let  Oz  (fig.  251)  be  the  vertical  axis  about  which  the  plane 
revolves ;  let  Oa?,  Oy,  be  any  two  horizontal  lines  fixed  in  space 
and  at  right  angles  to  each  other ;  P  the  point  of  contact  of  the 
sphere  with  the  revolving  plane  at  any  time  t)  draw  Pif  parallel 
to  yO.  Let  OM—x^  PM^y\  a  =  the  radius  of  the  sphere, 
m  =  its  mass,  mlf  =  its  moment  of  inertia  about  a  diameter ;  ta  = 
the  angular  velocity  of  the  revolving  plane  about  Oz,  the  motion 
being  supposed  to  take  place  in  the  direction  indicated  by  the 
arrow  in  the  plane  xOy  in  the  figure  ;  let  X,  F,  denote  the  re- 
solved parts  of  the  friction  exerted  by  the  plane  on  the  sphere, 
estimated  parallel  to  Ox,  Oy,  respectively ;  o)',  (o",  the  angular 
velocities  of  the  sphere  about  diameters  parallel  to  Ox^  Oy,  the 
directions  of  these  velocities  being  estimated  in  the  manner 
indicated  by  the  lEurrows  in  the  planes  yOz,  zOx, 
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For  the  motion  of  the  centre  of  gravity  of  the  sphcTe  we  Hayc 

m  -^  =-3r (1), 

-§  =  ^ (^)^ 

and,  for  the  rotation  of  the  sphere, 


r^^  =  Ya (3), 

mlf  -J-  =  — Xa (4). 


From  (1)  and  (4)  we  have,  eliminating  X, 


""  dt       ^  dt ^-"^^ 

and,  from  (2),  (3),  eliminating  F, 

»§-^f- w- 

Integrating  the  equations  (5),  (6)^  and  adding  arbitrary  con- 
stants, we  have 

ag  =  C-A;«a," (7), 

a^=(7'+A:V (8). 

Now  the  linear  velocity  of  the  centre  of  gravity  of  the  sphere 
restively  to  the  rough  plane,  in  consequence  of  the  rolling  of  the 
sphere,  will  be 

axo"  parallel  to  Ox^    —  cuo'  parallel  to  Oy ; 

and  the  linear  velocity  due  to  the  rotation  of  the  rough  plane 

will  be    • 

—  coy  parallel  to  Ox^    tax  parallel  to  Oy ; 

hence,  -tt  >  ;^  >  being  the  whole  linear  velocity  of  the  centre  of 

the  sphere  parallel  to  Ox,  Oy^  respectively,  we  have 

dx  ^      f,      dy  , 

—  ==1  —  0)^  +  00),     -^saia:  — cw  ; 
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and  therefore,  by  the  aid  of  (7)  and  (8),  eliminating  q>"  and  to\ 
dx      n     ^  I  f^^\  /*   ,  a^  dx     aC 


4r'^--a{—t)'    {^-m-'-w- 


<Dx: 


eliminating  t  between  these  two  equations,  we  get 

{aC—  T^fjuy)  dy  =  (a(7'  +  1^(^x)  dx : 

integrating  and  adding  an  arbitraiy  constant  C'\  we  obtain 

2aCy  -  lefDf  =  2aG'x  +  k^(Mi?  +  G", 
2aC'        2a  C        C" 


or 


'^+2^+-y^^-F^2'  +  Pi=« W- 


We  proceed  now  to  the  determination  of  the  arbitrary  constants. 
Let  the  initial  distance  of  the  centre  of  the  sphere  from  the  axis 
of  2;  be  },  and  let  the  axis  of  a;  be  so  chosen  as  to  pass  through 
the  initial  position  of  the  point  of  contact  of  the  sphere  with  the 
rough  plane.  Then,  since  the  initial  impulse  of  the  friction  of  the 
revolving  plane  upon  the  sphere  is  at  right  angles  to  the  axis  of 

a?,  we  shall  have  initially  -^=  0,  »"  ==  0 ;  hence,  from  (7),  we  see 

that  (7=0.    Again,  F  denoting  the  impulse  of  the  friction  when 

the  sphere  is  just  placed  upon  the  revolving  plane,  and  (-^) , 

{(d)  J  denoting  the  values  of  -y^,  ©',  just  after  the  impulse,  we 
shall  have 

-d)-^- M. 

mJ^  (©')  =  Fa (11). 

But,  since  there  is  no  sliding  between  the  sphere  and  the  plane, 
it  is  clear  that 


(§)  =  J«,-a(a,') (12), 


where  ho  is  the  velocity  of  the  centre  of  the  sphere  parallel  to 
Ox  due  to  the  rotation  of  the  plane,  and  — a  («')  the  velocity 


540  IMPULSIVE  FORCES. 

estimated  in  the  same  direction  due  to  the  rolling  of  the  sphere 
along  the  plane :  hence  from  (10)  we  have 

m  \b(o  —  a  (o')}  =  F^ 

and  therefore,  by  (11), 

a[lm-a  (o)')}  =  A'  (® ),      (o')  =  ^,^^^  ; 

and  then,  by  (12), 

m 

dy\  ^  J  cfbta   ^   l^lm 


(f) 


But  from  (8)  we  haye 
lience,  putting  for  i-^\  and  (g)')  their  values, 

^rr^  =  ^  +  a* +  y? '    ^-^' 
Since  C=  0  and  C  =  0,  we  have,  from  (9), 

^+^+£=«' 

but  x  =  b  when  y  =  0,  and  therefore 

and  we  get  for  the  equation  to  the  patli  of  the  centre  of  the 
sphere  in  space 

the  equation  to  a  circle  having  0  for  its  centre. 

The  following  elegant  solution  of  this  problem  has  been  com- 
municated to  me  by  Mr  R.  Leslie  Ellis: 

**  A  sphere,  resting  on  a  perfectly  rough  horizontal  plane,  receives 
a  tangential  impulse  when  the  plane  is  made  to  move  in  its  own 
plane.  This  impulse  gives  a  velocity  to  the  centre  of  the  sphere 
and  produces  an  angular  velocity  about  a  horizontal  axis.     The 
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centre  of  the  sphere  moves  parallel  to  the  impulse,  the  axis  of 
rotation  is  perpendicular  to  it;  therefore  the  point  of  contact 
moves  parallel  to  the  impulse  and  therefore  to  the  direction  of 
motion  of  the  centre.  Therefore,  as  there  is  no  sliding,  the 
centre  moves  in  the  same  direction  as  that  of  the  motion  of  the 
plane  supposed  rectilineal*  Moreover  it  is  easily  seen  that  the 
velocity  of  the  centre  is  to  that  of  the  point  of  contact,  or,  which 

is  the  same  thing,  to  that  of  the  plane,  as  1  :  1  +  p ,  a  being 

the  radius  of  the  sphere,  k  its  least  radius  of  gyration.  While 
the  direction  and  velocity  of  the  plane's  motion  remain  unaltered, 
no  farther  action  occurs;  when  a  change  takes  place,  a  new 
tangential  impulse  is  given  to  the  sphere,  producing  a  new 
velocity  of  the  centre  parallel  to  its  own  direction,  and  a  new 
velocity  of  rotation  about  an  axis  at  right  angles  to  it.  The 
new  velocity  of  rotation  bearing  to  the  old  the  same  ratio  as  the 
new  velocity  of  the  centre  to  the  old,  the  result  is  a  compound 
velocity  of  the  centre  bearing  the  same  ratio  as  before  to  the 
velocity  of  the  point  of  contact,  and  as  before  parallel  to  it, 
and  therefore  still  parallel  to  the  direction  of  motion  of  the 
plane;  and  so  on;  whether  the  motion  of  the  plane  varies 
continuously  or  discontinuously,  in  direction,  in  velocity,  or  in 
both.  In  the  case  proposed  the  motion  of  the  plane  (by  which 
throughout  I  mean  the  element  thereof  in  contact  with  the 
sphere)  is  always  normal  to  a  line  drawn  to  a  fixed  point. 
Therefore  the  motion  of  the  centre  is  so  too,  therefore  the  centre 
describes  a  circle  whose  centre  is  perpendicularly  over  the  said 
fixed  point.     Q.E.D." 

(4)  An  inelastic  homogeneous  cylinder  rolls  down  a  perfectly 
rough  inclined  plane  which  terminates  in  a  perfectly  rough 
horizontal  plane ;  to  find  the  velocity  of  the  cylinder  along  the 
horizontal  plane,  and  the  blow  which  it  receives  when  it  first 
impinges  upon  it. 

Let  a  ~  the  inclination  of  the  inclined  plane  to  the  horizon, 
m  =  the  mass  of  the  cylinder,  u  =  the  velocity  of  its  axis  the  in- 
stant before  and  u*  the  instant  after  impact,  F=^  the  initial  impulse 


542  IMPULSIVE  F0BCE8. 

of  the  friction  of  the  horizontal  plane^  estimated  in  the  direction 
of  the  sphere^s  motion  along  it,  and  B  =  the  normal  impulse  of 
the  horizontal  plane ;  then 

tt'  =  J  (1  +  2  cos  a)  w,     F^  J  mw  (1  —  cos  a),    B=mu  sin  a. 

(5)  A  homogeneous  cylinder  slides,  without  rolling,  down  an 
inclined  plane  which  is  for  a  certain  space  quite  smooth,  and, 
after  acquiring  a  given  velocity,  is  suddenly  caused  by  the  rough- 
ness of  the  surface  to  roll  without  sliding:  to  determine  the 
velocity  of  the  axis  of  the  cylinder  the  instant  rolling  commences, 
and  to  find  the  initial  impulse  of  friction. 

If  w  he  the  velocity  of  the  cylinder  the  instant  before  and 
u'  the  instant  after  the  commencement  of  perfect  rolling,  m  the 
mass  of  the  cylinder,  F  the  initial  impulse  of  friction ;  then 

(6)  Two  wheels,  revolving  uniformly  in  the  same  plane,  are 
suddenly  brought  into  contact,  and  their  axes  are  kept  fixed; 
to  determine  what  alteration  will  take  place  in  their  angular 
velocities,  the  friction  being  sufficient  to  prevent  all  sliding. 

Let  m^the  mass  of  one  wheel,  &  =  its  radius  of  gyration 
about  its  axis  of  rotation,  a  =  its  radius ;  let  a  be  its  angular 
velocity  before  and  of  after  collision.  Let  ?»,  2,  &,  jS,  /3'y  d^iote 
like  quantities  in  relation  to  the  other  wheel.  Then,  the  revo- 
lutions of  the  two  wheels  being  supposed  opposite  in  character 
before  being  brought  into  contact, 

and  ff  —  fi^mbJ^. — 5^5 —575. 

nar  +  moHr 

(7)  A  book  ABGD  is  placed,  in  a  vertical  plane,  with  one 
angle  -4  on  a  table ;  to  find  the  greatest  ratio  which  the  side  BG 
can  bear  to  the  side  AB  that,  after  the  impact,  the  book  may 
not  tilt  over  the  angle  5,  the  table  being  supposed  to  be  per- 
fectly rough  and  the  book  to  be  inelastic. 
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The  ratio  of  BG  to  AB  cannot  possibly  be  greater  than  -^ : 

how  much  less  the  ratio  should  be  is  indeterminate,  being 
dependent  upon  the  physical  nature  of  the  contact  between  the 
surfaces  of  the  book  and  table. 

(8)  A  spherical  ball  of  given  elasticity,  moving  with  a  given 
velocity,  and  revolving  uniformly  round  a  horizontal  axis 
through  its  centre  and  perpendicular  to  the  plane  of  the  motion 
of  its  centre^  impinges  upon  a  horizontal  plane  of  such  a  nature 
as  to  prevent  all  sliding:  to  determine  whether  the  angle  of 
reflection  from  the  plane  is  increased  or  diminished  by  increasing 
the  velocity  of  rotation  before  impact ;  and  to  find  how  many 
revolutions  the  ball  will  make  before  it  strikes  the  plane  after 
impact. 

Let  the  angles  of  incidence  and  reflection  be  a,  a',  respectively, 
and  conceive  the  rotation  to  be  estimated  in  the  direction 
indicated  by  the  arrows  in  the  diagram :  fig.  (252) :  let  r  =  the 
radius  of  the  ball :  let  w,  t?,  be  the  components  of  the  velocity  of 
incidence,  parallel  and  perpendicular  to  the  piano,  and  a>  the 
angular  velocity,  the  instant  before  impact. 

If  Q»,  being  positive,  be  increased,  a'  will  increase.  If  ci>  be 
negative,  or  the  rotation  of  an  opposite  character  to  that  indi- 
cated in  the  figure,  then  oi  will  decrease  as  q>  increases :  if 

5t;        ,     „ 

a>  = ,     a  =  0, 

2r' 

or  the  ball  will  rebound  in  the  normal :  if  eo  be  a  greater  nega- 
tive  quantity  than  -"«->«'  will  be  negative  or  the  angle  of 

reflection  will  be  on  the  same  side  of  the  normal  as  the  angle  of 
incidence. 

The  required  number  of  revolutions  will  be  equal  to 

4'7reu         7r 
g    *  2aw  +  bv ' 

(9)  A  perfectly  rough  plane,  moving  with  a  certain  velocity 
parallel  to  four  of  the  edges  of  a  rigid  inelastic  cube  placed  upon 
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it,  is  suddenly  brought  to  rest ;   to  determine  the  velocity  in 
order  that  the  cube  may  just  turn  over  its  edge. 

K  c  =  the  length  of  each  edge,  and  v  =  the  required  velocity, 

(10)  An  imperfectly  elastic  homogeneous  rough  sphere  i^ 
projected  obliquely,  without  rotation,  against  a  fixed  plane:  to 
determine  p,  the  ratio  of  the  tangential  forces  of  restitution  ano 
compression,  in  terms  of  a,  a\  the  angles  of  incidence  and  it- 
flection,  and  e,  the  coefficient  of  elasticity  for  direct  impact 

The  value  of  p  is  given  by  the  equation 

2p  =  5  —  7  6  tan  a'  cot  a. 

Ferrers  and  Jackson  :    Solutions  of  the  CJambri^ 
Probhtna,  1848  to  1851. 

(11)  A  series  of  perfectly  rough  semicylinders  are  fixed,  aJe 
by  side,  upon  their  flat  faces  directly  across  a  straight  road  ot 
constant  inclination :  to  determine  the  inclination  of  the  to^A.  m 
order  that  a  rough  circular  inelastic  hoop,  just  started  down- 
wards firom  the  summit  of  one  of  the  cylindrical  ridges,  may 
travel  directly  along  the  road  with  a  uniform  mean  velocity. 

Let  a  =  the  radius  of  the  hoop,  a^=  that  of  one  of  the  cylin- 
ders, /9  =  the  inclination  of  the  road :  then,  a  being  given  bj 
the  formula 

a 
sm  a  =  — *—  , 
a  -f-  a/ 

fi  is  determined  by  the  equation 


cos*  a  = 


sm 


2 

Mackenzie  and  Walton:  Solutions  of  the  Cambriif 
Problems  for  1854.  « 
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CHAPTEK  Xm. 


LIVE  THINGS. 


(1)  A  FLEA  is  resting  on  a  needle  AB  at  a  given  point  Ei  the 
needle  lies  on  a  smooth  table:  the  flea  then  skips  to  a  given 
point  F  of  the  needle ;  to  detennine  the  least  initial  velocity  of 
the  flea. 

Let  Fbe  the  velocity  with  which  the  flea  skips,  a  the  inclina- 
tibn  of  Fto  the  horizon,  u  the  velocity  of  the  needle  during  the 
flight  of  the  flea,  i  the  time  of  flight,  m,  m\  the  masses  of  the 
needle  and  flea  respectively,  and  let  EF^  c. 

Then,  since  the  centre  of  gravity  of  the  flea  and  needle  will 
not  be  aflccted  by  the  skip, 

—  mw  +  «i'F'cosa  =  0  (1). 

Also  V^ma=^\gt (2). 

Now  the  whole  range  of  the  flea  is  eqnal  to  the  distance  EF 
diminished  by  the  space  through  which  F  has  slid  backwards 
during  the  time  of  flight;  and  therefore 

P  sin  2a  ^  m'   ^  ^   ,      „. 

=  <5  —  v«  =  c Fcos  a .  <,  by  (1), 

g  m  »    ^   \  /> 

WF'sin2a    ,      ,«. 

=  c ,  by  (2): 

mg 

hence  P  =      /^  , .  cosec  2a. 

The  least  possible  value  of  V  is  therefore  equal  to 

meg  \l 


w.  s.  85 
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(2)  A  beetle,  placed  upon  a  movable  inclined  plane,  wbich 
rests  upon  a  smooth  horizontal  plane,  sets  off  to  crawl  up  it  at  a 
given  uniform  velocity  relatively  to  the  plane ;  to  determine  the 
velocity  of  the  plane  and  the  pressure  exerted  upon  it  by  the 
beetle. 

Let  P  (fig.  253)  be  the  position  of  the  beetle  at  any  time  on 
the  inclined  plane  AB;  Ox  the  smooth  horizontal  plane;  let 
xBAx^a,  tt=  the  uniform  relative  velocity   of  the  beetle; 

OA^Xy  F=^;  let  N,  T,  be  the  impulsive  and  N%  T',  the 

finite  actions  between  the  plane  and  beetle,  m,  fn\  being  their 
respective  masses. 

Since  the  centre  of  gravity  of  the  beetle  and  plane  can  have  no 
horizontal  motion,  we  have 

mF+«i'(F+MC0sa)  =  0, 

and  therefore 

m'u  cos  a 


r=- 


fn-\-  Tfi 


which  shews  that  the  plane  travels  in  the  direction  xO  with  a 
velocity  equal  to 

fn!u  cos  a 
m  -\-  m 

Again,  for  the  impulsive  actions,  resolving  parallel  and  perpen- 
dicularly to  the  plane, 

r=wi'(tt+  Fcosa) 

,     m  +  m'  sin*  a 
m  +  m 

and  N^  — »»'  Fsin  a 

_  m'^u  sin  g  cos  g 
m-^  m 

For  the  finite  actions,  since  the  beetle  has  no  acceleration, 

jP  =  m^ff  sin  g,         N^  =  m'ff  cos  g. 

ii 
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(3)  A  monkey  is  put  at  the  top  of  a  pole,  which  is  then 
placed  with  its  lower  end  on  a  smooth  h(»rizontal  plane,  its 
higher  resting  against  a  smooth  vertical  wall :  the  monkey  con- 
trives to  clamber  down  the  pole  in  such  a  manner  that  the  pole 
remains  quiescent :  to  determine  the  velocity  of  the  monkey  when 
he  gets  to  the  lower  end  of  the  pole. 

Let  P  (fig.  254)  be  the  position  of  the  monkey  on  the  pole  AB 
at  any  time  t  B&esr  the  commencement  of  the  motion :  let  m^  m\ 
be  the  masses  of  the  pole  and  monkey  respectively ;  let  £,  By  be 
the  pressures  exerted  by  the  two  planes  on  the  ends  of  the  pole ; 
let  N^  T,  be  the  normal  and  longitudinal  actions  between  the 
pole  and  the  monkey ;  let  a  =  the  inclination  of  AB  to  the  verti- 
cal, -4jB=s  2a,  AP»  X. 

Then,  for  the  motion  of  the  monkey  along  the  pole, 

w'-T3  s=  T-k-m'g  cos  a (1), 

and,  for.  the  preservation  of  its  contact  with  the  pole, 

N^wlgtsma (2). 

For  the  equilibrium  of  the  pole,  resolving  vertically, 

iS+  rcosa  =  -^sina  +  i»yr (3), 

and,  taking  moments  about  Ay 

Nx  +  mffa  sina  =  2aj9sina (4). 

From  (2),  (3),  (4),  we  may  readily  ascertain  that 


fr,       ,   sm"a        max  mq 

^  cos  a      2a  cos  a     2  cos  a 

Substituting  this  value  of  Tin  (1),  we  shall  get 

d^x         gx      ^g{m'h2m)      ^             ^^     .^. 
df     2a  cos  a       2fii'cosa  ^ 

multiplying  hy  2  -^  and  integrating,  we  have,  observing  that 

$«0  when  x^Oy 
dt  ' 

35—2 
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^  =  ^.^_{2^(«  +  2™')-4 (6). 

When  therefore  x  =  2a,  or  the  monkey  arrives  at  5,  its  velocity 
is  equal  to 

{    m'  cos  a    j  ' 

.  (4)  A  needle  is  suspended  from  its  higher  extremity ;  at  tiie 
point  of  suspension  there  is  a  spider,  the  mass  of  which  is  equal 
to  that  of  the  needle :  supposing  the  needle  to  be  placed  hori- 
zontally, and  then  to  be  projected  downwards  with  a  given 
angular  velocity,  to  determine  how  long  the  spider  will  take  to 
run  to  the  lower  end  of  the  needle,  the  motion  of  the  spider 
being  such  that  the  angular  velocity  of  the  needle  may  remain 
unchanged. 

Let  m  s=  the  mass  of  the  needle  or  spider ;  let  P= the  place  of 
the  spider  at  any  time  on  the  needle  GA^  (fig.  255)  O  being  the 
point  of  suspension;  let  N^  T,  be  the  normal  and  longitudinal 
actions  between  the  needle  and  spider:  draw  Cx  vertically ,  and 
let  (7P=  X,  CA  =  2a,  z^  Cb  =  ^ ;  let  «  =  the  angular  velocity  of 
the  needle. 

Then,  since  the  needle's  angular  velocity  is  to  be  constant,  we 
have 

mga8ijx0  +  Nx:=O (1). 

Again,  for  the  motion  of  the  spider, 

w-^(a;  COB 0)=:fnff'—N Bind—  Tco8$ (2), 

d^ 
and  m  -^{x  Bind)  =i N COB  0 --  Tem0 (3), 

From  (2)  and  (3)  we  see  that 
f^  Jajsin^^  {x  coBffj  —  x  cos^  ^ (a; sin ^) J- —  m^a? sin  ^—.Na:: 

but  a;  sin^-^(a;cos  tf)  — ajcos^^  (icsin.^ 
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d  /     SB\ 
hence  w-^  [aj^-^j  =  -Nic— inyaj  sin^, 

and  therefore,  by  (1),  observing  that  -^  =  0  by  the  hypothesis, 

^   doR  du  ,         \    •    /I 

~di  "^"""^v^"*"^/  sin  a: 

but  d  =  iir  — Q)^,  by  the  hypothesis:  hence 

2aiaj  -^  ^ff  {'X>  +  o;)  cos  w^, 

,     ,,     2cii>     a5di» 
cos  o)(  •  a^  =  —  .  — : —  ; 
ff     x  +  a 

integrating  and  bearing  in  mind  that  x^sQ  when  ^  =  0, 

1    .      ,     2©  f          ,     x-^-a] 
—  sin  a>^  =  —  ix^a  log > , 

And  therefore,  for  the  required  time,  . 

sin  0)^  =  —  (2a  —  a  log  3), 

This  problem  may  be  solved  also  more  briefly  thus : 

By  D'Alembert's  Principle  we  have,  taking  moments  about 
the  point  of  suspension  for  the  system  composed  of  the  spider  and 
needle, 

^(n^^+im^^^-mgmneix  +  a), 

and  therefore,  replacing  ^  ^7  its  constant  value  —  oi, 

2oxe  --n  =  g{^  +  a)  cos  wtj 
the  differential  equation  obtained  by  the  former  method. 
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(5)  A  fly  is  sitting  upon  a  needle,  which  rests  Upon  a  smooth 
horizontal  plane ;  supposing  the  fly  to  walk  along  the  needle  to 
its  other  end^  how  &r  would  the  needle  be  displaced  ? 

If  0  be  the  length  of  the  needle^  and  m,  m',  the  masses  of  the 

needle  and  fly  respectively,  the  displacement  of  the  needle  will  be 

equal  to 

mc 


w  +  fl» 


(6)  Two  beetles  are  standing  upon  the  ends  of  a  horizontal 
rod,  which  is  supported  on  a  smooth  table ;  supposing  one  beetle 
to  crawl  to  the  middle  of  the  rod,  how  £ar  must  the  other  crawl 
along  it  in  order  that  the  final  position  of  the  rod  may  be  the 
same  as  its  original  one? 

Let  /3  be  the  mass  of  the  former  and  P  of  the  latter  beetle, 
and  a  the  length  of  the  rod.  Then,  if  x  be  ihe  distance  the 
latter  beetle  should  crawl, 

'  (7)  A  circular  plate  is  laid  upon  a  smooth  table ;  a  snail  is 
placed  upon  the  plate  at  a  given  distance  from  the  centre  of  the 
plate :  supposing  the  snail  to  craWl  along  the  plate  in  a  circular 
path  relatively  to  the  plate's  centre,  to  find  the  motion  of  the 
centre  of  the  plate. 

If  m,  m\  denote  the  masses  of  the  plate  and  snail  respectively, 

and  a  the  radius  of  the  relative  circle  described  by  the  snail^  the 

centre  of  the  pliate  will  also  describe  a  circle  the  radius  of  which 

is  equal  to 

ma 

m  -{-  m 

(8)  A  rigid  needle  of  insensible  mass,  movable  about  one 
end,  is  held  horizontally,  a  &t  fly  sitting  upon  it  at  a  given 
distance  from  the  fixed  end :  supposing  the  needle  to  be  let  go, 
and  the  fly  to  run  towards  the  fixed  end,  so  that  the  needle 
descends  with  a  imiform  angular  acceleration,  to  determine  the 
motion  of.  the  fly  along  tiie  needle* 
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If  r  be  the  distance  of  the  fly  from  the  fixed  end  of  the  needle 
at  any  time  t  from  the  commencement  of  the  motion,  a  being  the 
initial  yalne  of  r;  then 

2<  ^5-  +  r  =  a  cos  '  ^— 


dt 


(i)- 


(9)  A  monkey  ascends  a  ladder  with  a  uniform  velocity,  the 
lower  end  of  the  ladder  being  fixed,  the  higher  resting  against 
a  vertical  wall:  to  find  the  pressure  of  the  ladder  on  the  wall. 

Let  2a  denote  the  length  of  the  ladder^  a  its  inclination  to  the 
horizon,  x  the  distance  of  the  monkey,  at  any  time,  from  the  foot 
of  the  ladder,  and  B  the  corresponding  pressure  of  the  ladder  on 
the  wall;  then,  my  m,  denoting  the  respectiye  masses  of  the 
ladder  and  the  monkey, 

B  ss  2_^ —  (ma  +  m'x). 
2a 

(10)  A  plank,  upon  which  at  the  upper  end  a  dog  is  standing, 
is  placed  directly  along  a  smooth  inclined  plane ;  to  determine 
how  long  it  will  take  the  dog  to  run  down  the  plank,  so  that  the 
plank  may  not  stir  till  he  is  off  it. 

If  1  =  the  length  of  the  plank,  a  =  the  inclination  of  the  plane; 
then,  my  m\  being  the  masses  of  the  plank  and  dog  respectively, 
the  required  time  is  equal  to 


r  2ml  \\ 

(^  sin  a  (w  +  m))  * 


(11)  A  rope  of  inconsiderable  weight  is  suspended  over  a 
smooth  pulley:  two  monkeys  commence  together  clambering  up, 
without  jerking,  the  two  portions  of  the  rope,  in  such  a  manner 
that  the  rope  does  not  slide  over  the  pulley,  and  that  they  both 
reach  the  pulley  at  the  same  moment :  to  find  the  time  of  their 
ascent  ta  the  pulley,  their  initial  positions  and  their  masses  being 
given. 

Let  m,  Tfiy  denote  the  masses  of  the  monkeys^  and  a,  a\  their 
initial  distances  below  the  axis  of  the  pulley :  then  the  required 
time  is  equal  to 

(5)'-(^^")'- 

\gf     \  m  —m  J 
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(12)  A  small  beetle^  placed  at  an  end  of  the  horizontal  dia- 
taeter  of  a  thin  heavy  motionless  ring,  which  is  movable  aboat 
its  centre  in  a  vertical  plane,  starts  off  to  crawl  round  the  ring,  so 
as  to  describe  in  space  equal  angles  in  equal  times  about  its 
centre :  to  determine  its  velocity  relatively  to  the  ring  in  any 
position,  and  its  pressure  on  the  ring. 

Let  P  (fig.  256)  be  the  position  of  the  beetle  at  any  time  t  after 
starting,  '0  the  centre  of  the  ring,  Ox  a  horizontal  line.  Let 
a  =  the  radius  of  the  ring,  m  =  its  mass,  m  =  the  mass  of  the 

beetle,  z  POx  =  ^,  «  =  the  constant  value  of  -^  .    Let  N^  T,  de* 

note  the  normal  and  tangential  pressures  of  the  beetle  on  the 
ring. 

Then  the  required  relative  velocity  of  the  beetle  is  equal  to 

mg     ,      ^  .     m  +  «i' 
— ^  .  sm  o>^  +  a «; 

also  ^=W  (^r  sino)<  — ofi)'),        T^7n!g  coaioL 

Mackenzie  and  Walton ;  SohUums  of  The  Cambric^ 
Problems  Jbr  1854. 

(13)  A  circular  ring  is  placed  vertically  upon  a  perfectly 
rough  table;  and  an  earwig  is  put  gently  upon  the  ring:  to 
investigate  the  angular  velocity  of  the  earwig  in  any  position 
about  the  centre  of  the  ring  in  order  that  the  ring  may  not  stir. 

Let  a  be  the  radius  of  the  ring,  0  the  inclination,  to  tiie 
horizon,  of  the  earwig's  distance  from  the  ring's  centre  at  any 
time,  and  let  a  be  the  initial  value  of  0.  Then,  oo  being  the 
angular  velocity  of  the  earwig  in  this  position, 

J     ff    (sin  g  ^  sin  0)*.  (2  +  sin  a  +  sin  ^ 
"^"a*  (1  +  sin  0y  • 

(14)  A  perfectly  rough  circular  hoop  rolls  with  a  miifoTin 
velocity  directly  up  a  perfectly  rough  inclined  plane  by  the 
action  of  a  mouse  running  along  its  circumference ;  to  deteimine 
the  angular  velocity  of  the  mouse,  in  any  position,  about  the 
centre  of  the  hoop,  the  angular  velocity  of  the  mouse  in  a  given 
position  being  known. 
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Let  C  (fig.  257)  be  the  c«itre  of  the  hoop  at  any  time^  H  the 
point  of  contact  of  the  hoop  and  the  inclined  plane  AB^  P  the 
position  of  the  mouse.  Let  ^  PCH^  d,  a>  =  the  angular  Telocity 
of  the  mouse  about  G^m=  the  mass  of  the  hoop,  m'  ==  the  mass 
of  the  mousC;  a  =  the  inclination  of  AB  to  the  horizon,  a  »=  the 
radius  of  the  hoop :  then 

m'a  (1  -  cos  ^*»»  =  C+2ff  {m  +  m')  sin  a  (tf  -  sin^ 

+  2w'^  {cos  (^  +  a)  -  cos  {20  +  a)  +  2^  sin  a}, 

C  being  a  constant,  which  may  be  expressed  in  terms  of^given 
simultaneous  values  of  a>  and  0. 

(15)  A  rod  AB  (fig.  258)  attached  to  a  horizontal  rod  Ox 
and  a  vertical  rod  Oy  by  rings  at  its  ends,  is  kept  at  rest  by  a 
man's  hand,  while  a  monkey  is  sitting  upon  a  small  platform  C 
vertically  above  0:  the  monkey  then  springs  horizontally  firom 
C  and  alights  on  the  middle  point  O  of  the  rod,  to  which  it 
clings  .tightly :  to  determine  the  motion  of  the  rod  the  instant 
after  the  monkey's  arrival  at  Gy  supposing  the  man  to  have 
loosed  his  hold  the  instant  before. 

Let  AG^a  —  BGy  ^  ABO  =  ^,  w  =  the  mass  of  the  movable 
rod,  rnf  =  the  mass  of  the  monkey,  u  =  the  velocity  with  which 
the  monkey  springs  firom  G^h^  the  vertical  altitude  of  C  above 
G  X  then  the  angular  velocity  otAB,  the  instant^after  the  monkey's 
arrival  at  (7,  is  equal  to 

Sm!    (2gk)^  cos  g  -f  ti  sin  g 
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CHAPTER  XIV. 


MISCELLANEOUS  PROBLEMS. 


(1)  A  PEBFECTLT  elastic  ball  is  thrown  into  a  smooth  cylindrical 
well  from  a  point  in  the  circmnferenoe  of  the  circular  month : 
shew  that,  if  the  ball  be  reflected  any  number  of  times  from  the 
surface  of  the  cylinder,  the  intervals  between  the  reflections  will 
be  equal :  shew  also  that,  if  the  ball  be  projected  horizontally  in 

a  direction  making  an  angle  —  with  the  tangent  at  the  ]x>int  of 

projection,  it  will  reach  the  surface  of  the  water  at  the  instant  of 
the  n***  reflection,  if  the  space  due  to  the  velocity  of  projection  be 
equal  to 

(radius)'     /      .    -jtV 

^th-n^''%;- 

(2)  A  perfectly  elastic  ball  impinges  with  a  velocity  v  and  at 
an  angle  a  to  the  horizon,  on  an  inclined  plane :  the  direction  of 
impact  is  in  a  vertical  plane  parallel  to  the  plane's  intersection 
with  the  horizon:  ^ter  rebounding  it  falls  on  this  line  of  inter- 
section :  shew  that 

2t7  sin  a  sin  X  =s  {gK)^i 

X  being  the  plane's  inclination  to  the  horizon,  and  A  the  distance 
of  the  first  point  of  impact  firom  the  horizontal  plane. 

(3)  A  ball,  thrown  firom  any  point  in  one  of  the  walls  of  a 
rectangular  room,  returns,  after  striking  the  three  others,  to  the 
point  of  projection,  before  it  fidls  to  the  ground :  shew  that  the 
space  due  to  the  velocity  of  projection  is  greater  than  the  diagonal 
of  the  floor. 

(4)  *  A  body,  acted  on  by  gravity,  is  projected  fix>m  a  given 
point ;  and,  when  it  has  reached  its  greatest  height,  another  body 
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is  projected  from  the  same  point  in  such  a  manner  that  it  shall 
strike  the  first  body :  shew  that 

u  V 

U  V 

(5)  If  two  heavy  particles  be  projected,  with  equal  yelocities 
from  the  extremity  of  the  Vertical  diameter  of  a  vertical  circle^ 
the  one  down  the  diameter,  the  other  along  any  chord  terminat- 
ing in  that  extremity,  prove  that  the  chord  will  be  described  in 
a  less  time  than  the  diameter. 

(6)  If  a  particle  be  projected  from  one  extremity  of  the  axis 

major  of  an  ellipse,  the  minor  axis  of  which  is  vertical,  so  as  to 

exactly  shoot  down  a  thin  straight  tube  extending  from  the  upper 

end  of  the  minor  axis  to  the  other  end  of  the  axis  major ;  shew 

that,  a  being  the  angle  of  projection,  and  cos^  the  eccentricity 

of  the  ellipse, 

tan  a  =  3  sin  /3. 

(7)  ABODE  being  a  regular  pentagon,  placed  in  a  vertical 
plane,  with  the  lower  side  CD  horizontal,  the  times  in  which  a 
particle  would  descend  down  BO,  AGj  EG,  respectively,  are  in 
geometrical  progression. 

(8)  A  body,  hanging  vertically,  drew  another  body  of  half 
the  weight,  by  means  of  a  fine  string,  up  an  inclined  plane : 
when  the  bodies  had  described  a  space  c,  the  string  broke,  and 
it  was  found  that  the  smaller  body  continued  its  motion  in  the 
same  direction  through  an  additional  space  c  before  it  began  to 
descend :  to  find  the  inclination  of  the  plane. 

The  required  inclination  =  — . 

D 

(9)  A  body,  descending  vertically,  draws  an  equal  body  25 
£Bet  in  2^  seconds  up  a  plane  inclined  at  30^  to  the  horizon,  by 
means  of  a  fine  string  passing  over  a  pulley  at  the  top  of  the 
plane :  to  determine  the  force  of  gravity. 

Gravity  «  32  feet. 
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(10)  A  heavy  bodj  P,  descending  yertically,  draws  another 
body  Q  through  a  space  of  16^  feet  in  4  seconds  up  a  plane  in- 
clined to  the  horizon  at  an  angle  of  30^,  by  means  of  a  fine  string 
passing  oyer  a  pulley  at  the  top  of  the  plane :  shew  that 

P  :  e  ::  3  :  5. 

(11)  If  the  product  of  the  yelocities  at  the  two  points  P,  Q, 
of  the  parabolic  path  of  a  body,  acted  on  by  gravity,  be  constant, 
shew  that  the  locus  of  the  pole  of  FQ  is  a  circle,  having  the 
focus  of  the  parabola  for  its  centre. 

(12)  If  a  circle  be  described  on  the  transverse  axis  (supposed 
to  be  vertical)  of  an  equilateral  hyperbola,  the  sum  of  the  squares 
of  the  times  in  which  a  molecule  would  £edl  down  two  lines  drawn 
from  a  point  in  the  circle  to  the  extremities  of  a  given  double 
ordinate  of  the  hyperbola,  will  be  the  same  for  eveiy  point  in  the 
circle. 

(13)  A  particle  is  placed  on  the  surface  of  an  ellipsoid,  in  the 
centre  of  which  resides  an  attractive  force :  to  determine  the 
direction  in  which  the  particle  will  begin  to  move. 

If  a,  /9,  7,  be  the  place  of  the  particle  on  the  ellipsoid 

a?     y«     «•     , 
?+y  +  ?  =  ^' 

the  particle  will  begin  to  move  in  the  line  of  which  the  equations 
are 

(14)  Two  ships  are  sailing  uniformly  with  velocities  «,  r, 
along  lines  inclined  at  an  angle  0:  shew  that,  if  a,  ft,  be  their 
distances  at  one  time  from  the  point  of  intersection  of  the  courses, 
the  least  distance  of  the  ships  is  equal  to 

{av  —  bu)  sin  0 
(w"  +  t;*-2wcos6!)*' 
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(15)  In  an  ellipse  of  small  eccentricity,  the  centre  of  force 
being  in  the  focns^  the  equation  of  the  centre  varies  nearly  as  the 
Telocity  parallel  to  the  axis  major. 

(16)  A  particle,  acted  on  by  a  central  force  P,  is  moving  in  a 
mediimi  the  resistance  of  which  varies  as  the  velocity :  prove 
that 

•where  c  and  h  are  constants. 

(17)  A  horizontal  tube  revolves  uniformly  about  a  vertical 
axis  and  a  heavy  particle  is  placed  in  it  always  at  a  given  dis- 
tance firom  this  axis :  the  particle  is  shot  out  when  the  tube  comes 
into  a  given  position  and  falls  on  a  horizontal  plane :  shew  that, 
if  the  length  of  the  tube  be  supposed  to  vary,  the  angulaj:  velo- 
city remaining  the  same,  the  assemblage  of  points  of  impact  on 
the  plane  will  form  a  conic  section,  but  that^  when  the  angular 
velocity  varies,  the  length  of  the  tube  being  constant,  the  locus 
is  a  straight  line. 

(18)  A  bead  is  enclosed  in  a  smooth  circular  tube  the  centre 
of  which  moves  imiformly  in  a  straight  line  in  the  plane  of  the 
tube :  shew  that  the  velocity  of  the  bead  relatively  to  the  tube  is 
imiform. 

(19)  If  P  be  the  perimeter  of  a  closed  curve  described  about 
a  centre  of  force,  t  the  time  of  revolution,  A  twice  the  area  de- 
scribed in  a  unit  of  time,  and  p  the  radius  of  curvature  at  the 
time  ty  prove  tiiat 

A  p 


P 


(20)  A  smooth  rod  is  made  to  revolve  uniformly  with  an 
angular  velocity  o>  in  a  vertical  plane  about  a  pivot  through  one 
extremity:  a  heavy  particle  is  placed  on  the  rod  when  it  is  in  ^ 
horizontal  position,  at  a  distance  a  from  the  point :  shew  that^  if 
m  be  very  small,  the  particle  will  reach  the  pivot  in  a  time  equal 

to  m'. 
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(21)  A  bead  is  placed  on  a  smooth  circular  wire,  which  re- 
eeiyes  a  given  angular  Telocity  in  its  own  plane  about  a  point  c£ 
its  circnmferenoe :  prove  that  the  initial  yelocitj  of  the  bead  is 
half  that  of  a  point  of  the  wire  the  distance  of  which  firom  the 
bead  is  equal  to  the  bead's  firom  the  fixed  point. 

(22)  If  the  circle  which  generates  a  cycloid  toU  along  the 
directrix,  supposed  horizontal,  with  a  certain  uniform  velocity^ 
shew  that  the  Telocity  of  the  describing  point  is  in  each  {losition 
the  same  as  if  it  had  slid,  acted  on  by  graTity  and  without  fric- 
tion, along  the  cycloid  firom  rest  at  a  cusp.  (The  Tcrtex  of  the 
cycloid  lies  below  the  directrix.) 

(23)  A  circular  hoop  of  radius  a  reyolTes  with  a  uniform 
angular  Telocity  6>  round  a  Tcrtical  diameter,  and  a  smooth  heavy 

ring  slides  upon  it :  shew  that,  when  <»  <  [  ^  j  ,  the  ring  may  per- 
form small  oscillations  of  the  period 


IT 


about  the  lowest  point 

(24)  A  particle  is  constrained  to  move  in  a  circle  and  is  acted 
on  by  a  force  tending  to  a  fixed  point  and  Tarying  iuTersely  as 
the  distance :  prove  that  the  sum  of  the  squares  of  the  Telocities 
of  the  particle  at  the  extremities  of  any  chord  drawn  through  the 
centre  of  force  is  constant. 

(25)  A  material  particle,  placed  at  a  centre  of  attraction 
varying  as  the  distance,  is  urged  fi'om  rest  by  a  constant  force, 
which  acts  for  one  sixth  of  the  time  of  a  complete  oscillation 
about  the  centre,  ceases  for  the  same  period,  and  then  acts  as 
before :  shew  that  the  particle  will  then  be  retained  at  rest,  and 
that  the  spaces  moved  through  in  the  two  periods  are  equal. 

(26)  The  inclination  of  a  smooth  inclined  plane  is  such  that 
the  pressure  on  it  of  a  body,  supported  by  a  string  parallel  to  die 
plane,  is  increased  by  one  half  when  the  string  is  cut  and  the 
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body  snpported  hj  moving  the  plane  horLEontaUy :  sfaew  that,  if 
the  plane  be  stopped  snddenlj  at  any  time  afifcer  the  commence- 
ment  of  the  motion,  the  body  will  strike  it  again  after  an  equal 
interval. 

(27)  A  particle,  acted  on  by  no  forces^  moves  in  a  rough 
groove  in  one  plane :  shew  that  the  difference  between  the  loga- 
rithms of  the  velocities  at  any  two  points  varies  as  the  angle 
between  the  tangents  at  those  points. 

(28)  If  the  arc  of  a  circle  containing  an  angle  cot''^(— /i)  be 
placed  so  that  its  bounding  chord  is  vertical :  then  the  times  of 
descent  down  all  chords  considered  rough,  which  axe  drawn  from 
the  highest  point,  will  be  equal,  /»  being  the  coefficient  of 
friction. 

(29)  A  particle,  attracted  towards  a  fixed  centre,  the  force 
varying  as  the  distance,  is  projected  with  a  given  velocity  from  a 
given  point :  supposing  the  locns  of  the  direction  of  projection  to 
be  a  plane,  the  locus  of  the  orbit  is  an  ellipsoid,  of  which  the 
particle's  original  position  is  an  umbilical  point. 

(30)  A  tube  of  small  bore,  in  the  form  of  a  logarithmic  spiral, 
revolves  with  a  uniform  angular  velocity  about  an  axis  passing 
through  its  pole  and  perpendicular  to  its  plane,  which  is  hori- 
zontal, and  contains  a  particle  which  moves  freely  in  it;  supposing 
the  initial  velocity  of  the  particle  relatively  to  the  tube  to  be 
equal  to  the  velocity  of  the  point  of  the  tube  in  contact  with  the 
particle,  shew  that  the  path  of  the  particle  is  another  logarithmic 
spiral.  * 

(31)  Shew  that  a  boat  must  be  rowed  with  a  velocity,  through 
the  water,  one  half  greater  than  that  of  the  stream,  so  that  it 
may  be  taken  a  given  distance  up  a  river,  with  the  least  possible 
expenditure  of  work.  (The  resistance  to  the  boat  is  supposed  to 
be  proportional  to  the  square  of  its  velocity  through  the  water.) 

(32)  A  particle  slides  down  a  smooth  inclined  phme  which 
moves  with  uniformly  accelerated  velocity  directly  forwards  on 
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a  horizontal  plane :  the  particle  and  plane  begin  to  moYe  at  the 
same  instant :  shew  that,  if  v  be  the  velocity  of  the  particle 
relativelj  to  the  plane,  t?"  s  2^'«,  where  8  is  the  space  described 
along  the  plane,  and 

^'  s=^  sin  a  —  w  cos  a, 

a  being  the  inclination  of  the  plane  and  u  its  horizontal  ac- 
celeration. 

.  (33)  Two  heavy  particles  are  connected  by  a  fine  inelastic 
string,  which  is  jnst  stretched,  and  one  of  them  is  struck  in 
a  direction  perpendicular  to  the  string:  shew  that  they  will 
never  approach  each  other. 

(34)  The  two  parts  m^  m\  of  a  compound  vibrating  body 
have  their  centres  of  gravity  H^  H\  centres  of  oscillatioi^  0,  (7, 
and  point  of  connection  P  in  a  straight  line  passing  through  8 
the  axis  of  suspension :  8H^  A,  8E!  ^  k\  80  =  i,  SO  =  ?, 
8P==e,  and  r,  r',  are  the  respective  expansions  of  linear  units 
of  the  masses  for  a  given  ri^e  of  temperatuilB.  Shew,  first,  that 
the  change  of  V  for  the  given  change  of  ttoiperature  is 


.•r  +  e(r-r')(2-^); 


and  then  that  the  length  L  of  the  compound  pendulum  is  un- 
altered by  temperature  if 

,j._  mrhl  +  mVh'V  +  m'h'e  {r  -  r') 
*^'"     mrh  +  mVh'  +  m'e{r^r')     ' 

(35)  When  a  circular  lamina,  the  plane  of  which  is  vertical, 
rolls  along  a  horisEontal  plane,  shew,  by  calculating  the  valae  of 
each,  that  the  diminution  of  pressure  arising  fix>m  the  centrifugal 
force  is  compensated  by  the  increase  of  pressure  arising  from  the 
effective  force  on  each  particle  in  the  direction  of  its  motion. 

(36)  Shew  that  if  one  of  a  free  system  of  particles,  which 
attract  one  another  with  forces  varying  as  the  mass  and  distance, 
have  at  any  instant  the  same  position  and  the  same  velocity,  in 
magnitude  and  direction,  as  the  centre  of  gravity  of  the  syBtein, 
it  will  coincide  with  it  throughout  the  motion. 
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(37)  Two  solid  globes,  each  of  radius  a  and  density  A, 
attracting  bj  the  force  of  gravity  two  minute  spheres  at  the 
extremities  of  the  arms  of  a  torsion  balance  in  directions  perpen- 
dicular to  the  arms  and  at  a  distance  h  from  their  centres,  were 
observed  to  retain  the  spheres  at  a  distance  s  from  their  position 
of  rest ;  and  the  time  of  a  free  oscillation  of  the  balance  was 
found  to  be  ^  seconds :  shew  that,  if  i  be  the  length  of  a 
seconds  pendulum,  and  R  the  Earth's  radius,  the  density  of  the 
Earth  is  equal  to 


Rh 


s 


nearly. 


(38)  A  slender  rod,  suspended  horizontally  by  two  equal 
strings  attached  to  two  points  equidistant  from  its  ends,  per- 
forms small  oscillations  round  a  vertical  line  through  its  middle 
point :  prove  that,  if  in  the  position  of  equilibrium  the  strings 
are  inclined  at  equal  angles  to  the  vertical,  the  time  of  oscilla- 
tion is  the  same  as  it  would  be  if  the  strings  were  parallel,  of  a 
length  equal  to  the  projection  of  either  of  them  on  a  vertical  line, 
and  at  a  distance  equal  to  a  mean  proportional  between  their  dis- 
tances at  the  points  of  suspension  and  attachment  respectively. 

(39)  The  form  of  a  homogeneous  j^olid  of  revolution,  of  given 
superficial  area,  described  upon  an  axis  of  given  length,  is  such 
that  its  moment  of  inertia  about  the  axis  is  a  maximum :  prove 
that  the  normal  at  any  point  of  the  generating  curve  is  three 
times  as  long  as  the  radios  of  curvature. 

Mackenzie  and  Walton;  Solutions  of  the  Cambridge  Problems 
:fbr  1854. 

(40)  When  a  flat  body,  resting  upon  a  horizontal  plane, 
receives  a  blow,  shew  that,  in  the  time  which  the  system  takes 
to  make  a  complete  revolution,  the  centre  of  gravity  will  advance 
over  a  space  equal  to  the  circumference  of  the  circle  described 
about  the  spontaneous  centre  of  rotation  as  centre  and  passing 
through  the  centre  of  gravity. 

(41)  Two  rigid  bodies  move,  acted  on  by  no  force,  about 
fixed  points :  the  principal  moments  of  inertia  of  the  one  about 
its  fixed  point  are  in  the  duplicate  ratio  of  the  corresponding 

w.  s.  36 


562  MISCELLANEOUS  PROBLEMS. 

moments  of  the  other :  prove  that  the  initial  circmiiBtanoes  may 
be  so  adjusted  that,  if  the  angles  which  the  instantaneous  axis 
makes  with  the  corresponding  principal  axes  are  at  anj  instants 
equal  each  to  each  in  the  two  bodies,  their  angolar  velocities  aie 
also  equal. 

(42)  A  circular  plate  revolves  about  its  centre  of  gravity, 
which  is  fixed :  if  ay  be  the  angular  velocity  about  the  instanta- 
neous axis  at  the  commencement  of  the  motion  and  this  axis 
then  make  an  angle  a  with  the  plane,  the  instantaneous  axis  will 
make  a  complete  revolution  in  the  time 

27r 

ft)  (1  +  3  sin"  a)*' 
Grriffin ;  Solutions  of  the  Examples  appended  to  a   TVeaive 
on  the  Motion  of  a  Rigid  Body, 

(43)  Dato  Pendulo  turbinante,  composito  ex  ponderibns  non 
in  commimi  turbinationis  piano,  sed  vel  in  alio,  vel  in  aliis 
diversis  planis  inhaBrentibus ;  demissisque  rectis  perpendiculari- 
bus  ad  commune  planum  turbinationis  ex  ponderibus ;  si  ponders 
singula  ducantur  in  distantias  suarum  perpendicularium~  ab  axe 
turbinationis  et  porro  in  altitudines  superficierum  conicarum, 
quas  rectffi  a  ponderibus  ad«verticem  turbinationis  eductas  de^cri- 
bunt;  deinde  summa  productorum  dividatur  per  id,  quod  fit 
ducendo  ponderum  summam  in  distantiam  centri  gravitatis  com- 
munis omnium  ab  axe  turbinationis :  habebitur  distantia  Centri 
turbinationis,  seu  longitude  Penduli  simplicis  circuitus  minimos 
iisdem  cum  composito  temporibus  facientis,  sive  altitudo  snpei^ 
ficiei  conicae,  quam  Pendulum  quodlibet  simplex  describens 
Pendulo  dato  composito  erit  isochronum*. 

John  Bernoulli;  Acta  Enid.  Lips.  1715.  Jun.  pag.  242. 
Opera,  Tom.  II.  p.  187. 

I  Let  G  (fig.  259)  be  the  centre  of  graTity  of  any  rigid  body,  acted  on  by  gravity, 
and  rerolying  conically  aboot  a  fixed  point  C  to  which  it  ii  fized^  the  path  of  each  of 
ita  particles  being  a  horizontal  oirde.  Let  CO  be  a  rertioal  line.  The  body  ia  called 
a  turbinating  pendulum,  C  the  vertex  of  turbinationt  CO  the  euns  of  turbiaatiom,  the 
plane  OCO  the  plane  ofturbination;  the  centre  o/turbinaOon  of  the  compound  p«n- 
dalum  is  a  point  in  the  axis  of  torbination  at  a  distance  from  the  rertex  of  torbioation 
eqnal  to  the  altitude  of  the  conical  superficies  described  by  a  simple  pendnlam  turbi- 
nating isochronoQsly  with  the  compoand  pendolnm.  A  simple  pendnlam  ia  aald  to 
make  circuitus  minimoe  when  the  conical  angle  is  indefinitely  amalL 
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The  copy  of  Bernoulli's  programme*  which  had  been  received 
by  the  celebrated  David  Gregory,  was  seen  some  years  ago  by 
the  author  of  this  work,  in  the  possession  of  the  lamented 
Mr.  Gregory,  late  Fellow  of  Trinity  College.  The  following 
reprint  of  the  challenge  will  probably  be  acceptable  to  those 
who  take  an  interest  in  the  antiquities  of  science. 

Acuttsstmis  qui  toto  orbe  floreni  MaJthemaJticis, 

S.  P.  D. 

JOHANNES  BERN'OULLI,   MATH.   P.P. 

'^  Cum  compertum  habeamus,  vix  quicquam  esse  quod  magis 
excitet  generosa  ingenia  ad  moliendum  quod  conducit  augendis 
scientiis,  qukm  difficilium  pariter  et  utilium  qua&stionum  propo- 
sitionem,  quarum  enodatione  tanquam  singulari  si  qua  ali&  via 
ad  nominis  claritatem  perveniant  sibique  apud  posteritatem 
setema  extruant  monumenta :  Sic  me  nihil  gratius  Orbi  Mathe- 
matico  facturum  speravi  quam  si  imitando  exemplum  tantorum 
Virorum  Mersenni,  Fascalii,  Fermatii,  praesertim  recentis  illius. 
Anonym!  ^nigmatistse  Florentini,  aliorumque  qui  idem  ante 
me  fecerunt,  praestantissimis  hujus  sevi  Analystis  proponerem 
aliquod  problema,  quo  quasi  Lapide  Lydio  suas  methodos  ex- 
aminare,  vires  intendere  et  si  quid  invenirent  nobiscum  com- 
municare  possent,  ut  quisque  suas  exinde  promeritas  laudes 
^  nobis  public^  id  profitentibus  consequeretur. 

'^  Factum  autem  illud  est  ante  semestre  in  Actis  Lips.  m.. 
Jun.  pag.  269.  Ubi  tale  problema  proposui  cujus  utilitatem 
cum  jucunditate  conjunctam  videbunt  omnes  qui  cum  successu 
ei  se  applicabunt.  Sex  mensium  spatiimi  ^  prima  publicationis 
die  Geometris  concessum  est,  intra  quod  si  nulla  solutio  prodiret 
in  lucem,  me  meam  exhibiturum  promisi :  Sed  ecce  elapsus  est 

*  See  page  812. 


564  APPENDIX. 

terminus  et  nihil  solutionis  comparuit ;  nisi  quod  Celeb.  Leib- 
nitius  de  profdndiore  G^ometrift  prseclarfe  meritus  me  per  lit^as 
certiorem  fecerit,  se  jam  feliciter  dissolvisse  nodum  pulcberrinii 
hujus  uti  vocabat  et  inauditi  antea  problematis,  insimulque 
bumaniter  rogavit,  ut  praestitutum  limitem  ad  proximum  pascha 
extendi  paterer,  quo  interea  apud  Gallos  Italosque  idem  illud 
publican  posset  nuUusque  adeo  superesset  locus  ulli  de  angusdi 
termini  querelse ;  Quam  honestam  petitionem  non  solmn  indulsi, 
sed  ipse  banc  prorogationem  promulgare  decreyi,  visurus  num 
qui  sint  qui  nobilem  banc  et  arduam  qusestionem  aggiessuii, 
post  longum  temporis  intervallum  tandem  Enodationis  compotes 
fierent.  Illorum  interim  in  gratiam  ad  quorum  maniis  Acta 
Lipsiensia  non  perveniunt,  propositionem  bic  repeto. 

PKOBLEMA   MECHANICO-QEOMETRICUM    DE   LINEA 

CELERRIMI   DESCENSUS. 

*'  Determinare  lineam  curvam  data  duo  puncta  in  diversis  ab 
horizonte  diatantiis  et  non  in  eadem  redd  verticali  jposita  ocm- 
necteniem,  super  qua  mobile  proprid  gravitate  decurrens  et  a 
superiori  puncto  moveri  incipiens  citissime  descendat  ad  punctum 
inferius, 

^^  Sensus  problematis  bic  est,  ex  infinitis  lineis  qus  duo  ilia 
data  puncta  conjungunt,  vel  ab  uno  ad  alteram  duci  poasunt 
eligatur  ilia,  juxta  quam  si  incarvetur  lamina  tubi  canalisve 
formam  babens,  ut  ipsi  impositus  globulus  et  liberb  dimissus 
iter  suum  ab  uno  puncto  ad  alteram  emetiatur  tempore  hre- 
vissimo. 

'^Ut  vero  omnem  ambiguitatis  ansam  prsecayeamus,  scire 
B.L.  volumus,  nos  bic  admittere  Galilaei  bypotbesin  de  cajus 
veritate  seposit^  resistentift  jam  nemo  est  saniorum  Greometranim 
qui  ambigat,  Vehcitates  scilicet  acquisitas  gravium  cadentiutn 
esse  in  suhduplicata  ratione  altttudinum  emensarum^  quanquam 
aliJts  nostra  solvendi  methodus  universaliter  ad  quamvis  aliam 
bypotbesin  sese  extendat. 

*'Cum  itaque  nihil  obscuritatis  supersit,  obnix^  rogamus 
omnes  et  singulos  hujus  eevi  Geometras,  accingant  se  promts, 
tentent,  discutiant   quicquid  in  extremo  suarum    methodonmi 
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recessu  abscondituin  tenent ;  Bapiat  qui  potest  premium  quod 
Solutori  paravimus,  non  quidem  auri  non  argenti  summam  quo 
abjecta  tantum  et  mercenaria  conducuntur  ingenia,  k  quibus  iit 
nihil  laudabile  sic  nihil  quod  scientiis  fructuosum  expectamus, 
sed  ctim  virtus  sibi  ipsi  sit  merces  pulcherrima,  atque  gloria 
immensum  habeat  calcar,  offerimus  praemium  quale  convenit 
ingenui  sanguinis  Viro,  consertum  ex  honore,  laude  et  plans  u, 
quibus  magni  nostri  ApoUinis  perspicacitatem  publicfe  et  pri- 
vatim,  scriptis  et  dictis  coronabimus,  condecorabimus  et  cele- 
brabimus. 

"Quod  si  verb  festum  paschatis  praeterierit  nemine  deprehenso 
qui  quaesitum  nostrum  solvent,  nos  quae  ipsi  invenimus  publico 
non  invidebimus;  Incomparabilis  enim  Leibnitius  solutiones  turn 
suam  turn  nostram  ipsi  jam  pridem  commissam  protinus  ut  spero 
in  lucem  emittet,  quas  si  Greometrae  ex  penitiori  quodam  fonte 
petitas  perspexerint,  nuUi  dubitamus  quin  angustos  vulgaris 
Geometriae  limites  agnoscant,  nostraque  proin  inventa  tanto 
pluris  faciant^  quanto  pauciores  eximiam  nostram  quaestionem 
soluturi  extiterint  etiam  inter  illos  ipsos  qui  per  singulares  quas 
tantopere  commendant  methodos,  interioris  Geometriae  latibula 
non  solum  intimfe  penetr^sse,  sed  etiam  ejus  pomoeria  Theore- 
matis  suis  aureis,  nemini  ut  putabant  cognitis,  ab  aliis  tamenjam 
long^  priils  editis  mirum  in  modum  extendisse  gloriantur. 

PEOBLEMA   ALTERUM    PURE    GEOMETRICUM,   QUOD    PRIORI    SUB- 
NECTIMUS  ET  STRENiE  LOCO   ERUDITIS  PROPONIMUS. 

"Ab  Euclidis  tempore  vel  Tyronibus  notum  est;  Ductam 
utcunque  k  puncto  dato  rectam  lineam,  k  circuli  peripheric,  ita 
secari  ut  rectangulum  duorum  segmentorum  inter  punctum  datum 
et  utramque  peripheriae  partem  interceptorum  sit  eidem  constanti 
perpetuo  aequale.  Primus  ego  ostendi  in  eod.  Actor.  Jun.  pag. 
265.  banc  proprietatem  infinitis  aliis  curvis  convenire,  illamque 
adeo  circulo  non  esse  essentialem.  Arrepta  hinc  occasione,  pro- 
posui  Geometris  determinandam  curvam  vel  curvas,  in  quibus 
non  rectangulum  sed  solidum  sub  uno  et  quadrato  alterius 
segmentorum  aequetur  semper  eidem;  sed  k  nemine  hactenus 
solvendi  modus  prodiit ;    exhibebimus  eimi  quandocunque  desi- 
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derabitar:  Quoniam  autem  non  nisi  per  cuitbs  tranaoendeatea 
quaesito  satisfacimus,  en  aliud  cujus  aolutio  per  meife  algelnricaB 
in  nostra  est  potestate.  QucBritur  Curva,  efus  jmfprietatisy  vi 
duo  ilia  segmenia  ad  qya/mcunque  potentiam  daiam  devaia  et 
simul  sumta  fcbciarU  vhique  unam  eandemque  summam, 

^'Casum  simplicissimum  existente  sc«  numeio  potentiie  1. 
ibidem  in  actis  pag.  266.  jam  solutum  dedimus,  generalem  Teri> 
solutionem  quam  etiamnum  premimus,  Analystis  eroendam 
relinquimus/' 

Dabam  Groningae  ipsis  Cal.  Jan.  1697. 

(rroningtf  J)fpiM  CaiharimB  Ztrndi,  Promneiaiu  Aeademue  Tjfpofrcpkm^  1697. 


THE   END. 
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